
SDU Journal of Science (E-Journal), 2013, 8 (2): 190-194                                       
____________________________________________________________ 

	
   190	
  

 
A Note On The Quasi-Conformal And M-Projective Curvature 

Tensor Of A Semi-Symmetric Recurrent Metric Connection On A 
Riemannian Manifold 

Rajesh Kumar1,* and Jagannath Chowdhury1 
1Department of Mathematics, Pachhuanga University college, Aizawl-796001, Mizoram, India. 

*Correspending author e-mail: rajesh_mzu@yahoo.com 
 

Received: 06 March 2013, Accepted: 12 October 2013 
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1. Introduction 

Let 𝑀!  be an n-dimensional Riemannian manifold with Riemannian metric 𝑔 and Levi-Civita 
connection  ∇. An affine connection ∇  on a Riemannian manifold is called a recurrent metric 
connection [5] if there exist a differentiable 1-form 𝜇 on 𝑀! such that                                                                                                                                               
                                                                  (∇!𝑔) 𝑌,𝑍 = µμ 𝑋 𝑔(𝑌,𝑍) 

holds for all differentiable vector fields 𝑋,𝑌,𝑍… on 𝑀!, 𝜇 is called the 1-form of recurrence.   

If, further, the torsion tensor   𝑇 𝑋,𝑌 = ∇!𝑌 − ∇!𝑋 − [𝑋,𝑌]  of the connection ∇ is of the 
form 

                            𝑇 𝑋,𝑌 = 𝜋 𝑌 𝑋 − 𝜋(𝑋)𝑌  

where  𝜋 is a differential 1-form on 𝑀!, then ∇ is called a semi-symmetric recurrent metric 
connection on 𝑀!. 

[4] have defined a connection of the form 

  ∇!𝑌 = ∇!𝑌 + 𝛼 𝑌 𝑋 − 𝑔 𝑋,𝑌 − !
!
µμ 𝑋 𝑌  (1.1) 

where  𝛼 is a differentiable 1-form given by 

𝛼 𝑋 = 𝜋 𝑋 − !
!
µμ 𝑋 ,                                                         (1.2) 

and  𝐴 is a differentiable vector field satisfying 

𝑔 𝐴,𝑋 = 𝛼(𝑋).                       (1.3) 
For the connection (1.1) it has proved that 

                                                                (∇!𝑔) 𝑌,𝑍 = µμ 𝑋 𝑔(𝑌,𝑍)                                                       (1.4) 

so, the connection ∇ on a Riemannian manifold is called a recurrent metric connection [5]. 

Further the torsion tensor 𝑇 𝑋,𝑌  for the connection ∇  gives 
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                                                                      𝑇 𝑋,𝑌 = 𝜋 𝑌 𝑋 − 𝜋 𝑋 𝑌 

then  ∇  defined in (1.1) is called a semi-symmetric recurrent metric connection. 

2. Curvature Tensor. 

The curvature tensor  𝑅(𝑋,𝑌)Z   of   𝑀!  with respect to the semi-symmetric recurrent 
metric connection ∇ is defined as  

                 𝑅 𝑋,𝑌 Z = ∇!∇!𝑍 − ∇!∇!𝑍 − ∇[!,!]𝑍                                                  (2.1) 

From (1.1) and (2.1), we have 

𝑅 𝑋,𝑌 𝑍 = 𝑅 𝑋,𝑌 𝑍 − 𝜆 𝑌,𝑍 𝑋 + 𝜆 𝑋,𝑍 𝑌 − 𝑔 𝑌,𝑍 𝐿𝑋 

                                              +𝑔(𝑋,𝑍)𝐿𝑌 − 𝑑µμ(𝑋,𝑌)𝑍                                                        (2.2)                                                 

where  

                             𝜆 𝑌,𝑍 = ∇!𝛼 𝑍 − 𝛼 𝑌 𝛼 𝑍 + !
!
𝛼 𝐴 𝑔(𝑌,𝑍)                                (2.3) 

                             𝐿𝑌 = ∇!𝐴 − 𝛼 𝑌 𝐴 + !
!
𝛼 𝐴                                                                   (2.4) 

and 𝑅(𝑋,𝑌)Z    is the Riemannian curvature tensor for the connection ∇ [2]. 

Again, if 𝑆  is the Ricci tensor of 𝑀! with respect to the semi-symmetric recurrent 
metric connection ∇ and  𝑆(𝑌,𝑍) is the Ricci tensor of connection ∇, 

then from (2.2) ,we have  

                 𝑆 𝑌,𝑍 = S Y, Z − n− 2 λ Y, Z − trace  (λ)  𝑔 Y, Z + 𝑑𝜇 Y, Z                   (2.5) 

and                               𝑄𝑌 = 𝑄𝑌 − 𝑛 − 2 𝐿𝑌 − 𝑡𝑟𝑎𝑐𝑒(𝜆)  𝑌    ,                                          (2.6)  

where 𝑄 is the Ricci operator defined by 𝑔 𝑄𝑋,𝑌 = 𝑆(𝑋,𝑌) and 𝑄 is the Ricci operator 
with respect to the semi-symmetric recurrent metric connection defined by  𝑔 𝑄𝑋,𝑌 =
𝑆(𝑋,𝑌) . 

Also the scalar curvature is given by 

                        𝑟 = 𝑟 − 2 𝑛 − 1 𝑡𝑟𝑎𝑐𝑒(𝜆)                                                               (2.7) 

where 𝑟 is the scalar curvature of the manifold and 𝑟 is the scalar curvature of the manifold 
with respect to the semi-symmetric recurrent metric connection. 

3. Quasi-Conformal Curvature Tensor 

For an 𝑛-dimensional Riemannian manifold, the quasi-conformal curvature tensor 
𝐶(𝑋,𝑌)𝑍 is given by 

𝐶(𝑋,𝑌)𝑍 = 𝑎𝑅 𝑋,𝑌 𝑍 + 𝑏 𝑆 𝑌,𝑍 𝑋 − 𝑆 𝑋,𝑍 𝑌 + 𝑔 𝑌,𝑍 𝑄𝑋 − 𝑔 𝑋,𝑍 𝑄𝑌 −
                                                                          !

!
!

!!!
+ 2𝑏 𝑔 𝑌,𝑍 𝑋 − 𝑔 𝑋.𝑍 𝑌                                                    (3.1) 
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where 𝑎 and 𝑏 are non zero arbitrary constants and 𝑟 is the scalar curvature of the manifold. 
The notion of quasi-conformal curvature tensor was introduced by [6]. If 𝑎 = 1 and  
𝑏 = − !

!!!
 , then quasi-conformal curvature tensor reduces to conformal curvature tensor [1]. 

A quasi-conformal curvature tensor 𝐶 𝑋,𝑌 𝑍 with respect to a semi-symmetric 
recurrent metric connection ∇ in an 𝑛-dimensional Riemannian manifold is defined by 

𝐶 𝑋,𝑌 𝑍 = 𝑎𝑅 𝑋,𝑌 𝑍 + 𝑏 𝑆 𝑌,𝑍 𝑋 − 𝑆 𝑋,𝑍 𝑌 +   𝑔 𝑌,𝑍 𝑄𝑋 − 𝑔 𝑋,𝑍 𝑄𝑌  

                      − !
!

!
!!!

+ 2𝑏 𝑔 𝑌,𝑍 𝑋 − 𝑔(𝑋,𝑍)𝑌 .                                            (3.2) 

By using  (2.2), (2.5), (2.6), (2.7) and (3.1) in (3.2) , we have 

𝐶 𝑋,𝑌 𝑍 = 𝐶 𝑋,𝑌 𝑍 − 𝑎 + 𝑏 𝑛 − 2 [𝜆 𝑦,𝑍 𝑋 − 𝜆 𝑋,𝑍 𝑌 + 𝑔 𝑌,𝑍 𝐿𝑋 

                                     −𝑔(𝑋,𝑍)𝐿𝑌]− 𝑎  𝑑𝜇(𝑋,𝑌)𝑍 − 2𝑏 − ! !!!
!

!
!!!

+ 2𝑏  

                                   𝑡𝑟𝑎𝑐𝑒 𝜆 𝑔 𝑌,𝑍 𝑋 − 𝑔 𝑋,𝑍 𝑌 + 𝑏 𝑑𝜇 𝑌,𝑍 𝑋 − 𝑑𝜇(𝑋,𝑍)𝑌 .     (3.3) 

If  𝐶 𝑋,𝑌 𝑍 = 𝐶 𝑋,𝑌 𝑍, then from (3.3), we have 

𝑎 + 𝑏 𝑛 − 2 𝜆 𝑌,𝑍 𝑋 − 𝜆 𝑋,𝑍 𝑌 + 𝑔 𝑌,𝑍 𝐿𝑋 − 𝑔 𝑋,𝑍 𝐿𝑌  

+𝑎  𝑑µμ 𝑋,𝑌 𝑍 + 2𝑏 −
2 𝑛 − 1

𝑛
𝑎

𝑛 − 1+ 2𝑏 𝑡𝑟𝑎𝑐𝑒 𝜆  

         𝑔 𝑌,𝑍 𝑋 − 𝑔 𝑋,𝑍 𝑌 − 𝑏 𝑑µμ 𝑌,𝑍 𝑋 − 𝑑µμ 𝑋,𝑍 𝑌 = 0.                  (3.4)  

Taking scalar product with respect to 𝑍 in (3.4), we have  

                  𝑎𝑛 + 2𝑏   𝑑µμ(𝑋,𝑌) = 0, 

which gives   𝑑µμ 𝑋,𝑌 = 0 ,   provided that  𝑎𝑛 + 2𝑏 ≠ 0. 

that is,  𝜇 is closed 1-form. 

Hence we can state the following : 

Theorem 3.1.   A necessary condition for the quasi-conformal curvature tensor of a semi-
symmetric recurrent metric connection be equal to the quasi-conformal curvature tensor of 
the Riemannian manifold is that the differential 1-form 𝜇 defining the recurrence is closed, 
that is 𝑑𝜇 = 0, provided that    𝑎𝑛 + 2𝑏 ≠ 0. 

Again, let 𝜇 is given by 

 𝜇 = 2𝜋  and   1-form 𝜋 is closed,        (3.5) 

then, from (1.2), (2.2), (2.4), (2.5), (2.6) and (3.5), we find that  

                    𝑅 𝑋,𝑌 𝑍 = 𝑅 𝑋,𝑌 𝑍      and          𝑆 𝑌,𝑍 = 𝑆(𝑌,𝑍) 

and  consequently from (3.3), we have 

                      𝐶 𝑋,𝑌,𝑍 = 𝐶 𝑋,𝑌,𝑍 .   

Hence, we have the following theorem: 
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Theorem 3.2.  The sufficient condition for the equality of the quasi-conformal curvature 
tensor of a semi-symmetric recurrent metric connection and the Riemannian connection on a 
Riemannian manifold are that the relation             

 𝜇 = 2𝜋       and       1-form 𝜋 is closed 

hold good. 

4. M-Projective Curvature Tensor 

 In  the paper [3] defined a tensor M-projective curvature tensor 𝑀(𝑋,𝑌)𝑍 on a 
Riemannian manifold as  

𝑀(𝑋,𝑌)𝑍 = 𝑅(𝑋,𝑌)𝑍 −
1

2(𝑛 − 1)     [𝑆(𝑌,𝑍)𝑋 − 𝑆(𝑋,𝑍)𝑌 

                                                              +𝑔(𝑌,𝑍)𝑄𝑋 − 𝑔(𝑋,𝑍)𝑄𝑌]            (4.1) 

M-projective curvature tensor for the connection 𝛻  is given by    

𝑀 𝑋,𝑌,𝑍 = 𝑅 𝑋,𝑌,𝑍 − !
! !!!

𝑆 𝑌,𝑍 𝑋 − 𝑆 𝑋,𝑍 𝑌 + 𝑔 𝑌,𝑍 𝑄𝑋 −
                                                  𝑔 𝑋,𝑍 𝑄𝑌               (4.2) 

By using (2.2), (2.5), (2.6), (2.7) and (4.1) in (4.2), we get 

𝑀 𝑋,𝑌 𝑍 = 𝑀 𝑋,𝑌 𝑍 −
𝑛

2 𝑛 − 1 [𝜆 𝑌,𝑍 𝑋 − 𝜆 𝑋,𝑍 𝑌 + 𝑔 𝑌,𝑍 𝐿𝑋 

−𝑔(𝑋,𝑍)𝐿𝑌]−
  𝑡𝑟𝑎𝑐𝑒 𝜆
𝑛 − 1 [𝑔 𝑋,𝑍 𝑌 − 𝑔(𝑌,𝑍)𝑋] 

                                  − !
! !!!

𝑑𝜇 𝑌,𝑍 𝑋 − 𝑑𝜇 𝑋,𝑍 𝑌                                                      (4.3) 

If  𝑀 𝑋,𝑌,𝑍 = 𝑀(𝑋,𝑌,𝑍), then from (4.3), we get 

                   𝑛 𝜆 𝑌,𝑍 𝑋 − 𝜆 𝑋,𝑍 𝑌 + 𝑔 𝑌,𝑍 𝐿𝑋 − 𝑔 𝑋,𝑍 𝐿𝑌  

                                        +2  𝑡𝑟𝑎𝑐𝑒 𝜆 𝑔 𝑋,𝑍 𝑌 − 𝑔 𝑌,𝑍 𝑋 + [𝑑µμ 𝑌,𝑍 𝑋 − 𝑑µμ 𝑋,𝑍 𝑌] = 0.           (4.4) 

Contracting with respect to Z, we have 

                        𝑛 𝜆 𝑌,𝑋 − 𝜆 𝑋,𝑌 + 𝑔 𝑌, 𝐿𝑋 − 𝑔 𝑋, 𝐿𝑌 + 2  𝑡𝑟𝑎𝑐𝑒 𝜆 𝑔 𝑋,𝑌 − 𝑔 𝑌,𝑋
+    [𝑑µμ 𝑌,𝑋 − 𝑑µμ 𝑋,𝑌 ] = 0 

⇒ 𝑑µμ 𝑋,𝑌 = 𝑑µμ 𝑌,𝑋 .                     (4.5) 

Hence, we have the following: 

Theorem  4.1.  A necessary condition for the M-projective curvature tensor of a semi-
symmetric recurrent metric connection be equal to M-projective curvature tensor of the 
Riemannian manifold is that the differential 1-form µ defining the recurrence is symmetric. 

Again, let µ is given by 

𝜇 = 2𝜋    and   1-form 𝜋 is closed,                                                                      (4.6) 

then from (1.2) , (2.2), (2.4), (2.5), (2.6) and (4.6), we find that 
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𝑅 𝑋,𝑌 𝑍 = 𝑅 𝑋,𝑌 𝑍          and          𝑆 𝑌,𝑍 = 𝑆(𝑌,𝑍) 

and consequently from (4.3),we have 

                   𝑀 𝑋,𝑌,𝑍 = 𝑀 𝑋,𝑌,𝑍 .   

Hence, we have the following theorem: 

Theorem 4.2.  The sufficient condition for the equality of the M-projective curvature tensor of 
a semi-symmetric recurrent metric connection and the Riemannian connection on a 
Riemannian manifold are that the relation  

                             𝜇 = 2𝜋    and   1-form 𝜋 is closed 

hold good. 
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