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Abstract: In the present note we have considered M™ to be a Riemannian manifold admitting a semi-symmetric
recurrent metric connection. The aim of the present paper is to obtain the conditions under which the quasi-
conformal curvature tensor and M-projective curvature tensor of semi-symmetric recurrent metric connection
and the Riemannian connection to be equal.
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1. Introduction

Let M™ be an n-dimensional Riemannian manifold with Riemannian metric g and Levi-Civita
connection V. An affine connection V on a Riemannian manifold is called a recurrent metric
connection [5] if there exist a differentiable 1-form g on M™ such that

holds for all differentiable vector fields X, Y, Z... on M™, u is called the 1-form of recurrence.

If, further, the torsion tensor T(X,Y) =VyY —V,X — [X,Y] of the connection V is of the
form

T(X,Y) = n(V)X — n(X)Y

where T is a differential 1-form on M™, then V is called a semi-symmetric recurrent metric
connection on M".

[4] have defined a connection of the form

VY =V ¥ 4+ a(V)X — g(X,Y) —%p.(X)Y (1.1)
where «a is a differentiable 1-form given by
a(X) = n(X) = (), (12)
and A is a differentiable vector field satisfying
g4, X) = a(X). (1.3)
For the connection (1.1) it has proved that
Vx(¥,2) = u()g(Y,2) (1.4)

so, the connection V on a Riemannian manifold is called a recurrent metric connection [5].

Further the torsion tensor T (X, Y) for the connection V gives
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TX,Y) =n(V)X —n(X)Y
then V defined in (1.1) is called a semi-symmetric recurrent metric connection.
2. Curvature Tensor.

The curvature tensor R(X,Y)Z of M™ with respect to the semi-symmetric recurrent
metric connection V is defined as

E(X, Y)Z == VXVYZ - VYVXZ - V[ij]Z (2.1)
From (1.1) and (2.1), we have
RX,Y)Z=R(X,Y)Z —A(Y,2)X + A(X,2)Y — g(Y,Z)LX

+9(X,Z)LY —dp(X,Y)Z (2.2)

where
AY,Z) = (Vya)(Z) — a(Na(Z) + 3 a(A)g(Y,Z) (2.3)
LY =V, A—a(Y)A + %a(A) (2.4)

and R(X,Y)Z is the Riemannian curvature tensor for the connection V [2].

Again, if S is the Ricci tensor of M™ with respect to the semi-symmetric recurrent
metric connection V and S(Y, Z) is the Ricci tensor of connection V,

then from (2.2) ,we have
S(Y,Z) =S(Y,Z) — (n — 2)A(Y,Z) — trace (A) g(Y,Z) + du(Y,Z) (2.5)
and QY = QY — (n—2)LY —trace() Y , (2.6)

where Q is the Ricci operator defined by g(QX,Y) = S(X,Y) and Q is the Ricci operator
with respect to the semi-symmetric recurrent metric connection defined by g(QX,Y) =
S(X,Y).

Also the scalar curvature is given by

r=r—2(Mn-—1)trace(1) 2.7)

where r is the scalar curvature of the manifold and 7 is the scalar curvature of the manifold
with respect to the semi-symmetric recurrent metric connection.

3. Quasi-Conformal Curvature Tensor

For an n-dimensional Riemannian manifold, the quasi-conformal curvature tensor
C(X,Y)Z is given by

C(X,Y)Z = aR(X,Y)Z + b[S(Y,2)X — S(X,2)Y + g(Y,2)QX — g(X,Z)QY] —

r

~(-%+2b) [g(r, 2)X - g(X.2)Y] 3.1)
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where a and b are non zero arbitrary constants and r is the scalar curvature of the manifold.
The notion of quasi-conformal curvature tensor was introduced by [6]. If a = 1 and

1 .
b=-— —5 then quasi-conformal curvature tensor reduces to conformal curvature tensor [1].

A quasi-conformal curvature tensor C(X,Y)Z with respect to a semi-symmetric
recurrent metric connection V in an n-dimensional Riemannian manifold is defined by

CX,Y)Z =aR(X,Y)Z+b[S(Y,Z2)X —S(X,Z)Y + g(Y,Z2)QX — g(X,Z)QY]

—%(ﬁ n 2b) [g(Y,2)X — g(X,Z2)Y]. (3.2)

By using (2.2), (2.5), (2.6), (2.7) and (3.1) in (3.2) , we have
CX,Y)Z=CX,Y)Z—-{a+bn—-2)A(,2)X —A(X,Z2)Y + g(Y,Z)LX

—g(X, 2)LY] — a du(X,Y)Z — [2b — 2D (=% +2p)|

n—-1
traceM)[g(Y,2)X — g(X,Z)Y] + bldu(Y,Z)X —du(X,Z)Y]. (3.3)
If C(X,Y)Z = C(X,Y)Z, then from (3.3), we have
{a+b(n—2HAY, 2)X — A(X, 2)Y + g(¥, Z)LX — g(X, Z)LY]

a

+ Zb)l trace(A)

+adu(X,Y)Z + le - Z(nn_ L (n —

[g(Y,2)X — g(X,2)Y] — b[du(Y, 2)X — du(X,Z)Y] = 0. (3.4)
Taking scalar product with respect to Z in (3.4), we have
(an+2b) du(X,Y) =0,
which gives du(X,Y) = 0, provided that (an + 2b) # 0.
that is, u is closed 1-form.
Hence we can state the following :

Theorem 3.1. A necessary condition for the quasi-conformal curvature tensor of a semi-
symmetric recurrent metric connection be equal to the quasi-conformal curvature tensor of
the Riemannian manifold is that the differential 1-form p defining the recurrence is closed,
that is du = 0, provided that (an + 2b) # 0.

Again, let u is given by

u = 2m and 1-form 7 is closed, (3.5)
then, from (1.2), (2.2), (2.4), (2.5), (2.6) and (3.5), we find that

RX,Y)Z=R(X,Y)Z and S(Y,2)=S(,2)
and consequently from (3.3), we have

CX,Y,Z)=C(X,Y,2).

Hence, we have the following theorem:
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Theorem 3.2. The sufficient condition for the equality of the quasi-conformal curvature
tensor of a semi-symmetric recurrent metric connection and the Riemannian connection on a
Riemannian manifold are that the relation

u=2m and  I-formmis closed
hold good.
4. M-Projective Curvature Tensor

In the paper [3] defined a tensor M-projective curvature tensor M(X,Y)Z on a
Riemannian manifold as

1
M(X,Y)Z =R(X,Y)Z — D [S(Y,2)X — S(X,Z)Y

+9(Y,2)QX — g(X,Z)QY] (4.1
M-projective curvature tensor for the connection ¥ is given by

M(X,Y,Z)=R(X,Y,Z) — Z(nl_l) [S(Y,2)X —S(X,2)Y + g(Y,Z)QX —

9(X,2)QY] (4.2)
By using (2.2), (2.5), (2.6), (2.7) and (4.1) in (4.2), we get

_ n
M Z = MX,VZ = 50— A0, DX = A, 2)Y + g (1, 2)LX
trace(A)
—9X,D)LY] ————[g(X, 2)Y — g(¥, 2)X]
- (nl_l) [du(Y, 2)X — du(X, 2)Y] (4.3)

If M(X,Y,Z) =M(X,Y,Z), then from (4.3), we get

n[AY,2)X —AX,Z2)Y + g(Y,Z)LX — g(X,Z)LY]

+2 trace(M)[g(X,2)Y — g(Y,Z)X] + [du(Y,Z)X — du(X,Z)Y] = 0. 4.4
Contracting with respect to Z, we have

n[AY,X) —A(X,Y) + gV, LX) — g(X,LY)] + 2 trace(D)[g(X,Y) — g(V, X)]

= du(X,Y) = du(Y, X). 4.5)
Hence, we have the following:

Theorem 4.1. A necessary condition for the M-projective curvature tensor of a semi-
symmetric recurrent metric connection be equal to M-projective curvature tensor of the
Riemannian manifold is that the differential 1-form u defining the recurrence is symmetric.

Again, let u is given by
u=2m and I-form 7 is closed, (4.6)
then from (1.2), (2.2), (2.4), (2.5), (2.6) and (4.6), we find that
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R(X,Y)Z=R(X,Y)Z and S(Y,zZ)=S(,2)
and consequently from (4.3),we have
M(X,Y,Z) = M(X,Y,Z).
Hence, we have the following theorem:

Theorem 4.2. The sufficient condition for the equality of the M-projective curvature tensor of
a semi-symmetric recurrent metric connection and the Riemannian connection on a
Riemannian manifold are that the relation

U =2m and I-formm is closed

hold good.
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