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Asymptotically Lacunary J.-Equivalence of Sequences of Sets
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Abstract

In this study, we introduce the notions of Wijsman asymptotically strongly p -lacunary invariant equivalence ([ W%,,],), Wijsman
asymptotically lacunary J -invariant equivalence (W5,,) and Wijsman asymptotically lacunary J -invariant equivalence (W¥;,)
for sequences of sets. Also, the relationships among the notions of Wijsman asymptotically lacunary invariant equivalence, Wijsman
asymptotically lacunary invariant statistical equivalence, [ W%, ], W¥%,, and W7, are investigated.
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Oz

Bu ¢alismada, kiime dizileri icin Wijsman asimptotik kuvvetli p -lacunary invaryant denklik ([ W4,,],), Wijsman asimptotik lacunary
J -invaryant denklik ( nyg) ve Wijsman asimptotik lacunary J : -invaryant denklik ( Wé;ﬁ) kavramlar: tanitildi. Ayrica, Wijsman
asimptotik lacunary invaryant denklik, Wijsman asimptotik lacunary invaryant istatistiksel denklik, [Wh., ]p, W, ve W kavramlari

arasindaki iligkiler aragtirilds.

Anahtar Kelimeler: Asimptotik denklik, Lacunary dizi, J -yakinsaklik, Invaryant yakinsaklik, Kiime dizisi, Wijsman yakinsaklik

1. Introduction

'The notion of statistical convergence was firstly introduced
by Fast (1951) and this notion has been studied by Salat
(1980), Fridy (1985) and many others. Then Fridy and Orhan
(1993), using the notion of lacunary sequence 8 ={k.,},
defined the notion of lacunary statistical convergent
sequence.

Let 0 be a mapping such that 0:N"— N" (the set of
positive integers). A continuous linear functional ¥ on (.,
the space of bounded sequences, is said to be an invariant
mean or a 0 -mean if it satisfies following conditions:

1. ¥(z,) =0, when the sequence (2.) has z,>0 for all
n b

2. ¥(e)=1,where e=(1,1,1,...) and
3. ¥(2ow) =¥(z,) forall (z,) €.
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The mappings o are assumed to be one-to-one and such
that 6" (n) #n for all m,n € N, where ¢"(n) denotes
the  th iterate of the mapping ¢ at n.Thus ¥ extends the
limit functional on ¢, the space of convergent sequences, in
the sense that ¥ (z,)=limz, forall (z,)€c.

Many authors have studied on the notions of invariant
mean and invariant convergent sequences (for examples, see
Mursaleen 1979, Mursaleen and Edely 2009, Nuray et al.
2011, Raimi 1963, Savas 1989, Schaefer 1972).

The notion of lacunary strong o -convergent sequence
was defined by Savag (1990). Then, Savas and Nuray
(1993) introduced the notion of lacunary o -statistically
convergence. Recently, the notions of lacunary invariant
summability and the space [Vgg]q have been studied by
Pancaroglu and Nuray (2013).

The idea of J -convergence which is a generalization of

statistical convergence was introduced by Kostyrko et al.
(2000).

A family of sets J € 2" is called an ideal if



Giille, Ulusu / Asymptotically Lacunary J -Equivalence of Sequences of Sets

o eTJ,i) EFeEeJ=EUFeYJ,

i) EeJANFCE=sFedg.

An ideal J C2" is called non-trivial if N & and a
non-trivial ideal J C 2" is called admissible if {n} e J
for each n € N (the set of natural numbers).

All ideals in this study will be assumed to be admissible in
2" (the power set of N).

A family of sets FC 2" is called a filter if

Wd&EF i) EFeFfF=>EnFe¥ ,

i) FEeFANF2E=FeF .

Foranyideal J C 2" thereis a filter FT) corresponding
with J such that

FAT)={McN:(FEe T )M =N\E)}.

A sequence (2,) is said to be T -convergent to L if for
every € > 0, the set

E.={k|z.,—L|=¢e}
belongs to J .Itis denoted by J —lim z, =L.

A sequence (x,) issaid tobe J~ -convergent to L if there
exists aset M ={m: < m, < ..} e F(J) such that

lni;g T, = L.
Itis denoted by J~ —limz, = L.

An admissible ideal J C 2" is said to satisfy the property
(AP) if for every countable family of mutually disjoint sets
{E,E,,...} belonging to J there exists a countable family
of sets {F.,F, ...} such that the symmetric difference
E;AF; is a finite set for j€N and F=(U, F;) €9 .

By a lacunary sequence we mean an increasing integer
sequence 0 = {k,} suchthat ko,=0and h, =k, —k, 1 —
as 7 — oo. The intervals determined by 8 is denoted by
I.= (krr—l,kr] .

Recently, the notions of 06 -uniform density of a subset
E of N and corresponding . -convergence for real
sequences were introduced by Ulusu and Nuray (2016) as
follows:

Let 8 ={k,} bea lacunary sequence, £ € N and

s, = min |[En{c"(n):m eI} |and
S, = max |[En{c"(n):mel}

If the following limits exists

Vi) = lim 3= and Vi(E) = lim ",
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then V,(E) and V;(E) arecalledalower 68 -uniformdensity
and an upper 00 -uniform density of the set E , respectively.
If E(E') =V,y(E), then V,(E) = E(E) =V,y(E) is called
the 00 -uniform density of E.

The class of all E C N with V,(E)=0 is denoted by J .
Obviously s is admissible ideal in 2" .

A sequence (z,) is said to be lacunary 7, -convergent or
J oo -convergent to L if for every € > 0, the set

E.={k|x,—L|>¢€}

belongs to T, ie, Vo(E.)=0. It is denoted by
Jew—limz,=1L.

The notion of convergence for real sequences has been
extended by many authors to notions of convergence for
sequences of sets. One of these extensions considered in this
study is the notion of Wijsman convergence (for examples,
see Baronti and Papini 1986, Beer 1985, 1994, Kisi and
Nuray 2013, Nuray and Rhoades 2012, Pancaroglu and
Nuray 2013, Pancaroglu Akin et al. 2019, Sever et al. 2014,
Ulusu and Nuray 2012, Ulusu and Dundar 2014, 2018,
Wijsman 1964).

Let (X,0) be a metric space. For any point € X and any
non-empty subset A of X, the distance from x to A by

d(z,4) = infp(z,a).

Throughout the study, (X, 0) will be taken as a metric space
and A,A;, B, will be taken as any non-empty closed subsets
of X.

A sequence {A,} is said to be Wijsman convergent to A if
foreach z € X,

lkigcl d(x,Ak) = d(ac,A) .

A sequence {A,} is said to be Wijsman lacunary invariant
convergent to A if for each z € X,

1@2%2 d(x,Acn) = d(x,A),

" kel

uniformly in m =1,2,... .
Let 0 <p < oco.A sequence {A;} is said to be Wijsman
strongly p -lacunary invariant convergent to A if for each
relX,

.1

11}1,1;1_2‘ d(x,Acin) —d(x,A) ’” =0,

" kel

uniformly in m .

A sequence {A;} is said to be Wijsman lacunary invariant
statistical convergent to A if for every € > 0 and each
reX,
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lim - {k € I: | d(2,40) —d(2,4) |2 €} | =0,

uniformly in m .

Marouf (1993) presented definitions for asymptotically
equivalent sequences and asymptotic regular matrices. Then,
the notion of asymptotically equivalence has been developed
by many others (for examples, see Hazarika 2015, Patterson
and Savag 2006, Savas and Patterson 2006, Savag 2013).

Two non-negative sequences (x,) and (y.) are said to be
asymptotically equivalent if
Tn

li =1.

nlg y"

It is denoted by x, ~ y..

The notion of asymptotically equivalence for real

sequences which was defined by Marouf (1993) has been
firstly extended by Ulusu and Nuray (2013) to notion of

asymptotically equivalence for sequences of sets. For more
detail, see Pancaroglu et al. (2013).

For any non-empty closed subsets A.,B.SX, where
d(z,A,) >0 and d(z,B;) >0 for each z€X, two
sequences {A,} and {B,} are said to be Wijsman
asymptotically equivalent if for each z € X,

1 d(I,Ak)
% d(z,B,)
It is denoted by A; ~ B.

=1.

As an example, let’s consider the following sequences of
circles in the (z,y) -plane:

A ={(z,y)a*+y*+2kr =0} and
Bi={(z,y)z’+y*—2kx=0}.

Since

= d(z,B,)

:]_’

the sequences {A,} and {B,} are Wijsman asymptotically
equivalent, i.e., Ay ~ B.

The term d(z;A,,B;) is defined as follows:
d(l‘,Ak)

d(z:A.B) = d(z.B,) = EAVB:
L, ./I/'EAkUBk

Two sequences {A,} and {B.} are Wijsman asymptotically
lacunary invariant equivalent of multiple L if for each
reX,
lrLIEhLZ d(X;Ao"'(m),Bo"‘(m)> = La

"kel

uniformly in m . It is denoted by A WfﬂBk.
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Two sequences { A, } and { B, } are Wijsman asymptotically
lacunary invariant statistical equivalent of multiple L if for
every € > 0 and each x € X,

]TLrQhLJ {kel:] d (23 A4, Boty) — L | = e}l=0,
uniformly in m . It is denoted by A, ZB..

From now on, for short, we use d.(A4) d.(4,), and
d.(A.,B:) instead of d(z,A),d(z,A.) and d(z;A., By),

respectively.

2. Results

In this section, we introduce the notions of Wijsman
asymptotically strongly p -lacunary invariant equivalence
([Wh.],), Wijsman asymptotically lacunary J -invariant
equivalence (W%,) and Wijsman asymptotically lacunary
J" -invariant equivalence (W3:,) for sequences of sets.
Also, the relationships among the notions of Wijsman
asymptotically lacunary invariant equivalence, Wijsman
asymptotically lacunary invariant statistical equivalence,
[Wh.], W5, and W5, are investigated.

Definition 2.1 Two sequences {A.} and {B,} are said
to be Wijsman asymptotically lacunary J, -equivalent or
Wijsman asymptotically J ., -equivalent of multiple L if
for every € > 0 and each z € X, the set

E:.={kl|d.(4,B,)—L|>¢€}

belc;erlgs to T, ie., Vo(Ez)=0.In this case, we write
A, B, and simply Wijsman asymptotically  J s
-equivalent if L =1.

The class of all Wijsman asymptotically T, -equivalent
sequences will be denoted by W5, .

Theorem 2.1 Let d.(A)=0(d.(B))).If A, V@Bk, then
WNgg

A ~ B

Proof. Let m € N be an arbitrary and &€ > 0 is given. Now,
we calculate

T(0,m).= hiz d. (Aot Bom) — L |.
Foreach re X, ’we have
TOm)<T.(0,m)+T.(0,m),
where

1
Tl (6, m): = }Tr kzl:
Idx(AakmmBEo“’(m))*LIZE

‘ dx (Aok(m), BG‘(m)) —L ‘

and

T.(0mr= %

r kel
1d(Agk o), Bokm)—LI< €

d. (Ao, Bom) —L|
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For each z € X and every m =1,2,..., it is obvious that
7,(0,m) < €. Since d.(A,)=0(d.(B:)), there exists a
K > 0 such that

|dr (Adk(m);Bdk(m)) - L | S K

foreach z € X(k€1I,m=1,2,...).So, this implies that

T(0,m) <4 [{k € I | d.(As.Bin) — L |2 €}
k — >
SKmax|{k€] | d. (A, Borim) —L |= €}
h,
— S,
h,*

WN,
'Then, due to our hypothesis, A ~'B,.

Definition 2.2 Let 0 < p < oo. Two sequences {4,} and
{B:} are said to be Wijsman asymptotically strongly p
-lacunary invariant equivalent of multiple L if for each
zeX

llmh >l d.

" kel

o(m),Bc (m)) L‘ - O

uniformly in m .In this case, we write A [Wﬁ’]ka and simply
Wijsman asymptotically strongly p-lacunary invariant
equivalentif L=1.

Theorem 2.2 1f 4, "“"B, then A, "B, .
Proof: Let A, "B, and & > 0 be given. For each z € X,
we can write
k;\ d«(Acn, Botww) — L |’
o*ms Botm) — L |/

= 2
kel
1d(Agkm), Bokim)—LI=> €

¢ ck(m),Ba‘<m)) —L | > 8} ‘

= m o) (W‘)’BO‘(W!)) —L ’ > 8} ‘

and so

h' ; m)s ok(m)

> gr oy Botom) — L | > 8} ‘
h,

— e Sr

=g’ o

for all m . By our assupt1on this implies that hm}jv =0
and consequently A, ~'B,.

Theorem 2.3 Let d.(4,) = O(d.(B:)).If A, %Bk , then

[wh.]

A, ~'By.

Proof. Let d. (A,)= O(d (Bk)) and € >0 is given.
Also, we suppose that A, ~Bk By assumption, we have
Vyo(Ez.)=0. Since d.(4:) =O0(d.(B;)), there exists a
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K > 0 such that
| dm (Aa‘(m)dek(M)) —L | <K ’

for each € X(ke€l,m=1,2,..). Then, for each z€X

we get
o (m),BO' (m)) L |
" kel
= B LV
~h Z oy Botm) — |
r kel
1d (Ao, Bokm)—LI= €
1
+F Z o'y Bo

! kel,
|d(Ackm,Bokom)—LI< €

«mBom) —L|> €
o ma i om) = L| }’+e"
<Ky +e,

for all m . Hence, for each x € X we have

hmh Z‘d(A ‘s Botaw) =L "= 0.

" kel
This completes the proof.

Theorem 2.4 {_,et d.(4) =
and only if 4, ~ B;.

Proof. This can be obtained from Theorem 2.2 and Theorem
2.3.

O(d (Bk>) Then Ak ka lf

Now, we shall state a theorem that gives a relation between
Wf'lfnﬁ and WSée .

Theorem 2.5 Two sequences {4,} and {B,} are Wijsman
asymptotically 7. -equivalent of multiple L if and only
it these sequences are Wijsman asymptotically lacunary
invariant statistical equivalent of multiple L.

Definition 2.3 Two sequences {A,} and {B:} are Wijsman
asymptotically lacunary 77 -equivalent or Wijsman asymp-
totically ¥ s -equivalent of multiple L if and only if there
exists a set M={m;<m, < ..<m. <.} €F(Tw)
such that for each z € X |

limd, (4,,Bn)=L.
In this case, we write A B, and simply Wijsman
asymptotically T s -equivalent if L = 1.

Theorem 2.6 If two sequences {4,} and {B:} are Wijsman
asymptotically T -equivalent of multiple L, then these
sequences are Wijsman asymptotically s -equivalent of
multiple L.

Proof. Let . A, Wjj&Bk .Then, there exists a set H € J, such
that for M = N\H ={m, <m, < .. <m; < ..} and
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each z€X,

limd. (A,.,B.)=L. 1)
Given € > 0. By (1), there exists ko € N such that
|d.(A.,B.) —L|<€,

for each k > k,. Hence, for every € > 0 and each z € X,

it is obvious that
{keN:|d.(A,B)—L|>e}

2
CHU{m1<mz<<mk(,} ( )

Since Y .» is admissible, the set on the right-hand side of
(2) belongs to J s . Therefore, A: ZB,.

The converse of Theorem 2.6 holds if J.s has property
(AP).

Theorem 2.7 Let . has property (AP). If two
sequences {A:} and {B;} are Wijsman asymptotically
J w0 -equivalent of multiple L, then these sequences are
Wijsman asymptotically 7 -equivalent of multiple L.

ngﬁ Suppose that s satisfies condition (AP) and
A: < B:. Then, for every € > 0 and each x € X, we have

{k:1d.(A4,B)—L|=e}eTm.

Put

E ={kl|d.(A4,B,) —L|>1}

and

E,,,Z{k:%ﬁ |d. (A, B) —L| < nll },

for n>2(ne N).Obviously, E.NE;,=Jforeach x € X
and 7 # 7. By condition (AP), there exists a sequence
of {F,},.r such that E;AF; are finite sets for j€ N
and F = (U, F;) € T It is enough to prove that for
V=NN\F and each z € X, we have

limd. (4, B,)= L. (3)

kev

Let 6 > 0. Choose n €N such that n—-}-l < 6. Hence,
foreach xr € X

n+1l
{k:|d.(A,B)—L|>6}cC UEJ
Since E;AF;(j=1,2,..,n+1) are finite sets, there exists
ko € N such that
n+l
(UE)n{k:k > ko}=<
j=1

n+1l

Ej>ﬁ{k:k > kot (4)

i=1

If K>k and kK& F, then k& UiLiF, and by (4),
k & U3Z1E; . But then, for each x € X we get
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1
n+1

and so (3) holds. Consequently, we have A, "B,

d.(A, B)—L|< <0

3. Conclusion

In this study, we introduced some asymptotically equivalence
notions in Wijsman sense for sequences of sets. Also,
relationships among the new asymptotically equivalence
notions were given. Furthermore, the relationships among
some of the new asymptotically equivalence notions
introduced by us and other notions previously introduced
on the asymptotically equivalence of sequences of sets were
investigated.
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