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ANNIHILATOR DOMINATION NUMBER OF TENSOR PRODUCT OF
PATH GRAPHS

K. SHARMA', U. SHARMA!, §

ABSTRACT. An annihilator dominating set (AD.S) is a representative technique for find-
ing the induced subgraph of a graph which can help to isolate the vertices. A dominating
set of graph G is called ADS if its induced subgraph is containing only isolated vertices.
The annihilator domination number of G, denoted by v, (G) is the minimum cardinality
of ADS. The tensor product of graphs G and H signified by G x H is a graph with
vertex set V = V(G) x V(H) and edge {(u,v), (v/,v")} € E whenever (u,v’) € E(G) and
(v,v") € E(H). In this paper, we deduce exact values of annihilator domination number
of tensor product of P,, and P,, m,n > 2. Further, we investigated some lower and
upper bounds for annihilator domination number of tensor product of path graphs.
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1. INTRODUCTION AND TERMINOLOGY

All graphs are considered to be only simple, undirected and finite graphs. Let G =
(V,G) be a graph. As usual, we denote V(G) as set of vertices of G and E(G) as set of
edges of G. In 1977, Cockayne and Hedetniemi [2] introduced an outstanding survey of the
results about dominating sets in graphs and used the notation v(G) for the domination
number. The beginning of extensive study of dominating sets took place in nearly 1960.
De jaenisch discovered and studied in depth the difficulties related to (n x n) chessboard
problem that how many number of queens are required to lead. Domination applies in
facility location problem like: hospitals, fire stations when a person needs to travel to get
to the nearest facility, the number of amenities are permanent and its required to mini-
mize the distance in one attempt. It also works on that problem where maximum space
to a facility is permanent and needed one attempt to minimize the number of amenities
compulsory. In case that everyone is serviced concepts from domination is also occur in
problems including discovering sets of representative in the administering communication
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or electrical network and in land reconnoitering i.e. an evaluator must remain in order to
acquire the estimations of height for a whole domain meanwhile the number of places are
minimized.

A set S C V(G) is a dominating set of graph G if every vertex of V(G) — S is adjacent
to atleast one vertex of set S. Domination number is the cardinality of the smallest dom-
inating set of G which is denoted by v(G). A dominating set of cardinality v(G) is called
a y—set.

In 2016, motivated by the study of domination and split domination, Kavaturi and
Vangipuram introduced a new parameter on domination which is said to be annihilator
dominating set (AD.S) and investigated some results of the annihilator domination number
for some standard graphs like : Ky, 1, Py, Cyn, W, Sy, etc. A dominating set of graph G
is called ADS if its induced subgraph is containing only isolated vertices. The annihilator
domination number of G, denoted by 7,(G) is the minimum cardinality of ADS. Annihi-
lator domination concept is widely applicable in real life situations like field of agriculture
(control of pests) and the department of defense (armaments, weapons and fundamental
commodities)[3].

In graph theory, many operations will be used like as: normal product, Cartesian
product, tensor product, Corona product, etc. but here bring to light on the “Tensor
Product”.The tensor product of graphs G and H signified by G x H is a graph with
vertex set V' = V(G) x V(H) (where x denotes the tensor product of sets) and edge
{(u,v), (v/,v")} € E whenever (u,u') € E(G) and (v,v") € E(H).

In 1997, Kulli and Janakiram introduced the split domination in graphs [5]. Some im-
portant Vizing - like conjecture for direct product graphs were analyzed by Klavzar and
Zmazek [4]. In 2007, Bresar et al. constructed a new approach to obtain dominating set
of direct product of graphs [1]. Sampathkumar [7] gave the important results over Kro-
necker product of graphs. In 1981, Laskar and Walikar [6] proposed the various interesting
results on domination related concept on graph theory and took different approaches to
the problem. In this paper, we provide an approach to finding ADS of tensor product of
path graphs and other graphs. It is based on the cardinality of the smallest annihilator
dominating set of G. This paper is organized as follows: In Section 2 contains the main
results of the paper and its graphs shown by example. In the Section 3, discussion and
conclusion is given.

Theorem 1.1. [3] In a graph G, ¥(G) < 75(G) < v,(G) where v5(G) be split domination
number and v,(G) be annihilator domination number.

Theorem 1.2. [3] If P, be a path with n-vertices, then ~y,(P,) = |[n/2], where |X|
represents the greatest integer less than or equal to X.
2. ANNIHILATOR DOMINATION OF TENSOR PRODUCT OF PATH GRAPHS

In this section, we determine the values of v, (P, X P,) when m > 2. Since P} x P, = P,,
we have:

Theorem 2.1. Forn > 2, let P, be a path with n - vertices, then we have
Ya(P2 x Pp) = 2[5 ].



802 TWMS J. APP. ENG. MATH. V.9, N4, 2019

Proof. Let V(P2) = {uw;, i = 1,2} , V(P,) ={v;, j =1,2,...,n},
Si = {(ui, vj) e V(Pax P,) | j =1,2,..m, i = 1,2} and (u;, vj) — (u}, o)) if u; = ]

RG]

Assume that the minimum annihilator dominating set of (P, x P,,) be
D = {(u1, var) U (u2, vag)} where 1 <k <[]

It is clear that |D| = 2[5 ].
We can check that D is annihilator dominating set for (P, x P,), see Figure 1. If the

FIGURE 1. An annihilator dominating set for (P x Pgs)

vertices of D will be deleted from (P x P,) then the resulting graph < (V — D) >
contains only isolated vertices. See Figure 2 for (P, x P).

O O O

O O O

FIGURE 2. The induced subgraph < (V — D) > for (P, x Ps)

This completes the proof of this theorem. O

Theorem 2.2. For n > 2, let P, be a path with n - vertices, then we have
Ya(P3 x P,) = n.

Proof. Let V(P3) = {u;, i =1,2,3} , V(P,) ={v;, j =1,2,...,n},

Si={(ui, vj) EV(Ps x Pp) | j=1,2,...,m, i=1,2,3} and (u;, vj) — (ug, vj) if uj =
or vj = v}, since V() = [ 5.

Assume that the minimum annihilator dominating set of (P35 x P,,) be

D = {(ug, vg)} where 1 <k <n.

It is clear that |D| = n.
We can check that D is annihilator dominating set for (Ps x P,), see Figure 3.
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FIGURE 3. An annihilator dominating set for (P x Py)

If the vertices of D will be deleted from (Ps x P,) then the resulting graph < (V — D) >
contains only isolated vertices. See Figure 4 for (P; x Py).

O O O O O O O

FIGURE 4. The induced subgraph < (V' — D) > for (P3 x Py)

This completes the proof of this theorem. O

Theorem 2.3. For n > 2, let P, be a path with n - vertices, then we have
Ya(Py x Py) = 4[2).

Proof. Let V(Py) = {w;, i =1,2,3,4} , V(P,) = {v;, j =1,2,...,n},
Si = {(us, vj) e V(Pax Py) | j =1,2,...,n, i = 1,2,3,4} and (u;, vj) = (4]

77

v;) if
u; = u; or v; = vj, since v4(Pn) = [5].
Assume that the minimum annihilator dominating set of (P x P,,) be

D = {(ulv U?k) ) (u27 UQk) ) (u37 /UQk) ) (u47 va)} Where 1 S k S L%J

It is clear that |D| = 4[%].
We can check that D is annihilator dominating set for (P x P,), see Figure 5.
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O <

FIGURE 5. An annihilator dominating set for (Py x Ps)

If the vertices of D will be deleted from (Py x P,) then the resulting graph < (V — D) >
contains only isolated vertices. This completes the proof of this theorem.
O

Theorem 2.4. Let P, be a path with n - vertices, for every n > 2 and P,, be also a path
with m - vertices, for every m =0 (mod 2), then we have

mn if n =10 (mod 2)
(P X Pp) = Tr%n— .
Ya(Fim X Po) {(21) if n=1 (mod 2).

Proof. Let V(Pp,) = {u;, i =1,2,3,....,m} , V(P,) ={v;, j =1,2,...,n},
Si = {(ui, v;) e V(P x Py) | j=1,2,...,n, i =1,2,3,...,m} and (u;, vj) — (u}

77

v) if
u; = u; or v; = v}, since Y4 (Pp) = [5].
According to the values of n, we consider following two cases:

Case I: If m =0 (mod 2) (say 2r) and n =0 (mod 2) (say 2s) where m,n > 2.
Assume that the minimum annihilator dominating set of (P,, x P,) be

D = {(uak, 1, Vaky—1) , (U2k,, Vaky—1)} where 1 < ki <m/2; 1 <ky <n/2.

It is clear that |D| = &2,

We can check that D is annihilator dominating set for (P, x P,), see Figure 6.

If the vertices of D will be deleted from (P, x P,) then the resulting graph < (V — D) >
contains only isolated vertices.

Case II : If m =0 (mod 2) (say 2r) and n =1 (mod 2) (say 2s + 1) where m,n > 2.

Assume that the minimum annihilator dominating set of (P,, x P,) be

D = {(ugk,-1, vor,) , (uok,, vor,)} where 1 < ks <m/2; 1 <ky<n/2.

It is clear that |D| = ™1

We can check that D is annihilator dominating set for (P, x P,), see Figure 7.
If the vertices of D will be deleted from (P, x P,) then the resulting graph < (V — D) >
contains only isolated vertices.
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u,v ., u,v u,v u,v, Uu,Vog 4 u v,

U, Va2 : i C i ————————— U5 1V oo
u 2rV1 ________ quVZS

FIGURE 6. An annihilator dominating set for (P, x P,) (Case I)

UzraV g, : : '; i: i ________ Uso i Vogia
|__,|2r\/l ———————— U5, Vosra
FIGURE 7. An annihilator dominating set for (P, x P,) (Case II)

This completes the proof of this theorem. O

Theorem 2.5. Let P, be a path with n - vertices, for every n > 2 and P,, be also a path
with m - vertices, for every m =1 (mod 2), then

w if n=0 (mod 2)
Ya(Pn X Pp) =% m|%] ifn=3,5 m#3
n|g] ifn=odd, n>T.

Proof. Let V(Pp,) = {u;, i =1,2,3,....,m} , V(P,) ={v;, j =1,2,...,n},

Si = {(ui, v;) e V(P X Py) | j 2,.m, i=1,2,3,...,m} and (u;, vj) = (uj, vj) if

L,
u; = u; or v; = v}, since 74(P,) = [ 5], see Figure 8.

Following three cases may arise according to the values of n.

Case I: If m =1 (mod 2) and n =0 (mod 2) where m,n > 2.
Assume that the minimum annihilator dominating set of (P,, x P,) be

D = {(uak,, vor,—1), (U2ky, Vak,)} where 1 < k; < |m/2]; 1 <ky <|n/2].
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v, u,v u_ v U,V 4 u,v

uv, *x @ LR =) SO -
usv, < xx{ T @T>—-———————
u.v, ~— 3 T~ TS~ ___
uv, o o oY To—————————

umf:l_vl ———————— umflvn
u,. v, : i : :— ———————— u.Vn
FIGURE 8. (P, x B,)

It is clear that |D| = (m—21)n‘

We can check that D is annihilator dominating set for (P,, x P,),

If the vertices of D will be deleted from (P, x P,) then the resulting graph < (V — D) >
contains only isolated vertices.

Case I : If m =1 (mod 2), m # 3 and n = 3, 5.

Assume that the minimum annihilator dominating set of (P,, x P,) be

D = {(ug,, vor,)} where 1 < k; <m; 1 <ky < |[n/2].

It is clear that |D| =m|%].

We can check that D is annihilator dominating set for (P, x P,).

If the vertices of D will be deleted from (P, x P,) then the resulting graph < (V — D) >
contains only isolated vertices.

Case IIT : If m =1 (mod 2) and n = odd, n > 7.

Assume that the minimum annihilator dominating set of (P,, x P,) be

D = {(ugg,, vi,)} where 1 <k; < |n/2|; 1<ky<n.

It is clear that |D| = n|% ].

We can check that D is annihilator dominating set for (P, x P,).

If the vertices of D will be deleted from (P, x P,) then the resulting graph < (V — D) >
contains only isolated vertices. This completes the proof of this theorem. O

Corollary 2.1. Let P, be a path with n - vertices and Py, be a path with m - vertices.
Then vo(Pp x Py) = mL%J = m~,(Pp), where m is even and n > 2.

Proof. Let the vertices of V(Py,) = {u;, i =1,2,3,....m} , V(P,) ={v;, j=1,2,....,n}.
Since, we have already proved in Theorem 2.4 that v,(Ppn x P,) = "* , where m,n are

(n=1)

both even and mT where m is even and n is odd. By combining above results, we get

n

Na(Pn X Py) = me

= m e (Pp) (by Theorem 1.2)
([l

Theorem 2.6. If m,n > 2, then v,(Pmn X Py) < 3%4(Pm)va(Pr).
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Proof. Let the vertices of V(Py,) = {u;, i =1,2,3,...,m} , V(P,) ={v;, j=1,2,...,n}.
Case I : If m is even
By Corollary 2.1, v,(Py, X Pp,) = mL%J We know that

mo_|m m

3 <|3]=m=s[3]
By combining above results, we get

Case II : If m is odd

By Theorem 2.5, v, (P, X Py) = (mél)n or mL%J or nL%J

Subcase I : 7,(Py, x P,) = (m —1)5. We know that

=[5
el
and 5= {%J (nis even)

By combining above results, we get

Yo (P X Prn) < 3%a(Pn)va(Pn)

Subcase II : v, (P, x P,) = m{%J Also % < L%J Using this inequality, we get
Ya(Prm X Pp) < 3%a(Pn)va(Pn)-

m n n

Subcase III : ~,(P,, X P,) = n[7J Also 3 < bJ Using this inequality, we get
Ya(Prm X Pp) < 394(Pm)7va(Py). Hence the result follows. O
Theorem 2.7. If m,n > 2, then v4(Pm X Py) > 294(Pn)va(Pr).

Proof. Let the vertices of V(Py,) = {u;, i =1,2,3,...,m} , V(P,) ={v;, j =1,2,...,n}.
Case I: If m is even
By Corollary 2.1, v,(P,, X P,) =m L%J We know that

% = L%J =m=2 L%J (m is even)

By combining above results, we get

Case II : If m is odd

By Theorem 2.5, v,(P,, X P,) = (mgl)n or mL%J or nL%J

Subcase I : v,(P,;, x P,) = (m —1)5. We know that
m—1 {TJ
2 L2

n1=3[3]
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and 2= [%J (nis even)

By combining above results, we get

(P x P) = (m = 1) =2| 2 || 2] = 23a(Pu)va(P2)

[\

Subcase II : v, (P, x B,) = m[%J Also % > L%J Using this inequality, we get
Ya(Prn X Pn) 2 2790 (Prm)Ya(Pr)-

Subcase III : ~,(P,, x P,) = n{%J Also § > {%J Using this inequality, we get
Ya (P X Pp) > 274(Py)7va(Pp). Hence the result follows. O

Theorem 2.8. If k is even and n > 2, then we get vq(Por X Pp) = 27,(Px X Py).
Proof. By Corollary 2.1

n
Ya(Par % P) = 2k 3 |
= Q’VQ(Pk X Pn)

Hence the result follows.

3. CONCLUSIONS

In this paper, an approach is presented to find the annihilator domination number of
tensor product of P, and P,, m,n > 2. Our main emphasis is to obtain the annihilator
domination number which are related to tensor product of path graphs. The main result
gives the value of v,(P,, x Py) for different cases. Further, we investigated some lower and
upper bounds for annihilator domination number of tensor product of path graphs.
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