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ON GRAY IMAGES OF CONSTACYCLIC CODES OVER THE FINITE
RING Fy + u1Fo + uslFo

MUSTAFA OZKAN', ABDULLAH DERTLI?, YASEMIN CENGELLENMIS!, §

ABSTRACT. We introduce the finite ring Fo + u1F2 + ualFo, ui? =y , w2 =0 , UL U =
ug.u1 = 0 which is not a finite chain ring. We focus on (1 + u2) -constacyclic codes over
Fs + uilF2 + u2F2 of odd length. We prove that the Gray image of a linear (1 + wu2)
-constacyclic code over Fa + u1F2 + uzlF2 of odd length n is a quasi-cyclic code of index
4 and length 4n over Fs.
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1. INTRODUCTION

In [6], Wolfman showed that the Gray image of a linear negacyclic code over Z, of
length n is distance invariant (not necessarily linear) cyclic code. It was shown that, for
odd n, the Gray image of a linear cyclic code over Z,4 of length n is equivalent to a binary
cyclic code. In 2006, J.F. Qian et al. introduced linear (1 + u)-constacyclic codes and
cyclic codes over Fo + ulFo and characterized codes over Fo which are the Gray images
of (1 4 u)-constacyclic codes or cyclic codes over Fo + ulFy in [4]. In [1] , they extended
the result of [4] to codes over the commutative ring F,r + uF,x where p is a prime,k € N
and u? = 0, In [5], it was introduced (1 + u?)-constacyclic codes or cyclic codes over
Fy + uFy + u?Fy, u? = 0 and characterized codes over Fy which are the Gray images of
(1 4+ u?) -constacyclic or cyclic codes over Fy + ulFy + u?Fo. In [2], it was introduced
(1 —wu™)-constacyclic codes over Fo +uFao+ ... +u™Fy , ™! = 0 and characterized codes
over Fo. In 2011, (14wv)-constacyclic codes over Fo+ulFs+vFg +uvFy were studied. (1+v)
-constacyclic codes over Fo + uFg + vFy + uvFy , u? = v = 0,u.v — v.u = 0 of odd length
were characterized with the help of cyclic codes over Fo + ulFo + vIFy + uvFs . A new Gray
map was defined. It was shown that the image under the Gray map of (1+ v)-constacyclic
codes over Fo +ulFy 4+ vFg +uvFy are cyclic codes over Fy+ulFy in [3]. In 2013, X. Xiaofang
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studied (14v)-constacyclic codes over the ring Fo +uFs+vFs, u? = v? = 0,u.v = v.u = 0,
(1 4+ v)-constacyclic codes over Fy + uFy + vy of odd length are characterized with the
help of cyclic codes over Fy + ulF2 + vFs in [7].

This paper is organized as follows. In section 2, we give some knowledge about the ring
R =Fy + wiFy + weFs , w12 = w1 , us® = 0,u1.up = ug.u; = 0 and the codes over R .
In section 3, we have the relationship between cyclic code over and (1 + ug)-constacyclic
code over R . In section 4, the Gray image of (1 4 wuz)-constacyclic code over R of odd
length is obtained.

2. PRELIMINARIES

The ring R = Fy + u1lFy + uolFy is defined as a chacteristic 2 ring subject to the
restrictions w12 = uy , us? =0, u1.us = us.uy = 0. The isomorphism Fy + u1Fy + upFy =
Folui,ug)/ < u? = uy,u3 = 0,ujus = ugu; = 0 > is obvious to see. The elements of R
may be written as 0, 1, u, ug, L +uy, 1+usg, ug +us, 1+uy +us. Addition and multiplication
operations over R are given in the following tables :

TABLE 1
@ 0 1 Ul U 14w 14 w9 UL F U | 1+us +us
0 0 1 Ul U 14w 1+ us UL F U | 1+us +us
1 1 0 14 uy 1+ u9 U1 U9 T4ur+us | Ul + U2
uUq Up 14w 0 U] + Ug 1 14 up +ug U9 1+ us
U2 U2 1+us | up 4+ uo 0 L+ w1 + ug 1 U1 1+w
1+ wu; 1+ up U1 1 1+ u1 + ug 0 U1 + U2 1+ us U
14+ uo 14+ uo U 1+ ug + us 1 U1 + U2 0 1+ up
UL+ ug | U+ U2 | 14w tus U2 Uuq 14 ug 14w 0 1
T4ur+us | 14urfug | U+ U2 | 14 ug 14wy U uq 1 0
TABLE 2

® 0 1 uj | U2 1+ uy 1+ ug up +ug | 14+ uy +ug

0 0 0 010 0 0 0 0

1 0 1 Uy | U2 1+u 1+ us up +ug | 1+ up + ug

Ul 0 Ul up | 0 0 Ul Ul 0

u9 0 u9 0 0 (5 (%) 0 U9

14w 0 14+ u; 0 | us 1+ u 1+ up 4+ uo U 14+ up + us

1+ us 0 1+ us uy | ug | 14wy 4+ uo 1 uy + ug 1+w

Ul + U2 0 Ul + U2 up | 0 U9 Ul + U2 Ul U9
14ur+ug |0 14+ur4+us | 0 |ue | 14+ u +u 1+w U9 14wy

The units of R can be found to be following R* = {1,1 4+ u2} . It can be easily find all
the ideals of R to be listed as,
{0} =1y C I,, C Ly 4uy C R=TI14qy,
{0} =1y C Iy, C Iiyuy, = Liyuytuy, CR= 114,
R is not a finite chain ring. It has got two maximal ideals, I, , 14, and [, . It is semi
local ring. Morever, R is principal ring. We take R to be a natural extension of the ring
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Ry = Fy + usFs, us? =0 . The elements of Ry may be written as 0,1, ug, 1 + ug where 1
and 1 + ug are only units in Ry. Rp has three ideals (0), (1) and (u2).

A linear code C' over R(or Ry ) of length n is a R (or Rz ) submodule of R™ (or
R>™). A linear code C over Fs of length n is a Fo subvector space Fo". An element of
C is called a codeword . Each codeword c¢ in such a code C is an n-tuple of the form
¢ = (CoyC1y-.esCn—1) € R" (or Ry" , F§ ) and can be represented by

n—1 .
c=(co,C1y..eyCn—1) < c(x) = > ca' € R[z] (or Ra[x] , Falz] ).
i=0

The Gray map ®; on R is given by

®; : R — R
a+uib+ugcr ®1(a+ urb + ugc) = @1(r + ui1q) = (u2.r,q)

where 7 = a + uoc and g = b + ugc. We will extend ®; to R"™ naturally as follows
q)l(c()a Cly--ey Cnfl) = (UQ.’I"O, U2.T1y -+, U2.Tn—1,490, 41, ---» qnfl) where C; = T+ U2.¢; for all
1=0,1,....,n—1.

The Gray map ®5 on Ry is given by

P, RQ — F%
s+ ugt = (s,1)
where s,t € Fy. We will extend ®2 to Ry naturally as follows
Py : Ry — F3"
(Co, ..... ,Cn_l) — (So, ...... ,Sn_l,to,....,tn_l)
where ¢; = s; +ua.t; , s;,t; € Fo forallt =0,1,...,n — 1.
The weight wy(r) of r € R is given by

0 ;=0
1 ; T:1,U1,U2
wl(r)_ 2 5 r=14u1,1+us,u; +us

3; r=14+u+uo
This extends to a weight function in R™. If r = (rg,71,....,7n—1) € R"™ then w(r)

n—1
=>" wi(r;) . The distance d;(x,y) between any distinct vectors z,y € R™ is defined to
i=0

be w; (x —y) . The di minimum distance of C' is defined as d;(C') = min{d;(z,y)} for any
z,y e C ,x#y.
The weight ws(t) of t € Ry is given by
0 ;t=0
’U)Q(t): 1 N tzl,UQ
2 ;5 t=14uy
This extends to a weight function in R} . If t = (to,t1,....,tn—1) € RY then wy(t)=
n—1
> wa(t;). The distance da(x,y) between any distinct vectors z,y € Ry is defined to be
i=0
wa(x —y) . The do minimum distance of C' is defined as da(C) = min{da(z,y)} for any
z,y € C ,x#y.
Let C be a code over Fy of length n and let ¢ = (co, c1,...,¢n—1) be a codeword of C.
The Hamming weight of C' is defined as
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where wy(¢;) = 1if ¢; =1 and wy(¢;) = 0 if ¢; = 0 . The minimum Hamming distance
of C'is defined as dy = min{dy(c, )} for any ¢, € C,c # (.

®; and @, are distance preserving map from (R",d;) to (R3",ds) and (R3",ds) to
(F4", dp), respectively.

Expressing elements of R as a + u1b+ usc = r + u1q where r = a 4+ usc and ¢ = b+ usc
are both in Ry, we see that

wi(a + urb + uze) = wi(r + u1q) = wa(uzr, q) = wy(0,b,a,c)
A cyclic shift on R™ is a permutation ¢ such that
o(co, €1y ey Cn—1) = (Cn—1, €0, -y Cn—2)
A linear code C' over R of length n is said to be cyclic code if it is invariant under the
cyclic shift o(C) = C.
A (1 + ug)-constacyclic shift v act on R™ as
’y(Co, Cly ey Cn—l) = ((1 + u2)cn_1, COy veny Cn_g)

A linear code C over R of length n is said to be (1 + ug)-constacyclic code if it is
invariant under the (1 + ug)-constacyclic shift y(C) = C.
Let C be a code of length n over R and P(C') be its polynomial representation,

n—1
P(C) = {Z rixt (royT1y ooy Tp—1) € C}

i=0
A code C of length n over R is cyclic if and only if P(C) is an ideal of R[z]/ (z" — 1).
A code C of length n over R is (1 4 ug)-constacyclic if and only if P(C) is an ideal of
Rla]/ (2" = (1 + ug))
Let a € R3" with a = (ag,ay, ..., agn—1) = (a]aM), o ¢ R for all i = 0,1. Let 0®?
be the map from R3" to R3" given by

0 (a) = (o)l (a))

where ¢ is the usual cyclic shift. A code C of length 2n over Ry is said to be quasi-cyclic
code of index 2 of 0®%(C) = C.

Let a € F§® with a = (ag,a1, ..., aan_1) = (aP]aM]aP|a®), D € F} for all
i=0,1,2,3. Let 0®* be the map from F3" to F3" given by

%4 (a) = (o(a®)o(@V)|o(@®)]o (o))

where o is the usual cyclic shift. A code C of length 4n over Fy is said to be quasi-cyclic
code of index 4 of o®4(C) = C.

3. THE RELATIONSHIP BETWEEN CYCLIC CODES OVER R AND (1 + u2)-CONSTACYCLIC
CoODES OVER R

Suppose n is odd. Let
pwoo Rlx]/ (2" —1) — Rlz]/ (" — (1 + u2))
r(z) — r((14 uz)x)

The p is a ring isomorphism. So I is an ideal of R[z]/ (z™ — 1) if and only if (1) is an
ideal of R[x]/ (" — (1 + u2)) .
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If @ is given as follows,
n : R'"— R"
ro= (roy e Tn_1) = (10, (1 + ug)r1..., (1 + u2)" trp_1)
then we have,

Proposition 3.1. A code C of length n over R is cyclic code if and only if i(C') is linear
(1 + ug)-constacyclic code.

4. (1 + ugz)-ConsTACcYCLIC CODES OVER R OF ODD LENGTH AND THEIR IMAGES

Firstly, we obtained even length quasi-cyclic codes of index 2 over Ry as the ®; Gray
images of (1 + wug)-constacyclic codes over R, later we obtained the ®9 Gray image of
quasi-cyclic code of index 2 over Ry with length even.

Proposition 4.1. 0%2®; = &1y

Proof. Let ¢ = (co,c1,...,¢n—1) € R™ where ¢; = r; + uiq; for i = 0,1,..,n — 1. If
@1 (co, €1y vy Cn1) = P1(rot+uiqo, T1HULqL, o Tno1+ULGn—1) = (U270, U2TL, o, U2T—1, G0, -+ Gn—1)
then 0®2®(c) = (ugTn—1, U270, ..., UTn—2,Gn—1, G0, -+, Gn—2)-

On the other hand ~(cq,...,cn—1) = ((1 + u2)cp—1,co, ..., cn—2) where (1 + ug)cy,—1 =
Tn—1+uorn_1+u1gn_1. Then ®1(v(c)) = P1((Tn_1+u2Tn_1) +U1qn_1,70 +U1q0;s --r T2+
U1Gn—2) = (U2Tp—1,U2TO; -y U2T1—25 Gn—1, 405 ++s n—2)- O
Theorem 4.1. A code C of length n over R is (1 + ug)-constacyclic code if and only if
®,(C) is quasi-cyclic code of index 2 and length 2n over Rs.

Proof. Suppose C is (1 4 ug)-constacyclic code, then «(C) = C. By applying ®1, we have
®1(y(C)) = ®1(C). By using the Proposition 4.1 , we have 0%2(®1(C)) = ®1(v(C)) =
®,(C). So ®,(C) is quasi-cyclic code of index 2. Conversely, if ®;(C) is quasi-cyclic
code of index 2, then 0®2(®1(C)) = ®(C). By using the Proposition 4.1, we have
o22(®1(C)) = ®1(y(C)) = ®1(C). Since P4 is injective it follows that (C) = C. O

Now, we will obtain the ®3 Gray image of even length quasi-cyclic code of index 2 over
Ry.

Proposition 4.2. ¢®1®y = $yo®?
Proof. It is proved as in the proof of the Proposition 4.1. O

Theorem 4.2. A code B length 2n over Rs is quasi-cyclic code of index 2 if and only if
®o(B) is quasi-cyclic code of index 4 over Fy with length 4n.

Proof. 1t is proved as in the proof of the Theorem 4.1. . O

Corollary
A code C odd length n over R is (1 + ug)-constacyclic if and only if ®o(P1(C)) is
quasi-cyclic code of index 4 and length 4n over Fs.

5. CONCLUSION

It is introduced that the finite ring Fo + u1Fo + ’LLQ]FQ,U% = uq, u% = 0,u1us = uguy = 0.
Also, it is obtained that the Gray image of linear (1 + ug)-constacyclic code over R of odd
length n.
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