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ON THE ESTIMATIONS OF THE SMALL EIGENVALUES OF
NON-SELF-ADJOINT STURM-LIOUVILLE OPERATORS

C. NUR', O. A. VELIEV?, §

ABSTRACT. We give a new approach for the estimations of the eigenvalues of non-self-
adjoint Sturm-Liouville operators with regular but not strongly regular boundary condi-
tions. Moreover we give the error estimations.
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1. INTRODUCTION

Let Ty (¢) and Py (q) for k = 1,2 be the operators generated in L2[0, 1] by the differential
expression —y” + ¢(z)y and the following boundary conditions:

Yo + By =0, yo+ (—=1)*y1 =0, (1)

vo+ (=1 41 =0, yo+ay1 =0 (2)
respectively, where ¢ is a complex-valued summable function on [0, 1], 5 and « are complex
numbers satisfying 5 # +1, a # £1 and yo = y(0), y1 = y(1), y5 = ¥'(0), v; = ¢/'(1).

In conditions (1) and (2) if 8 =1, 8= -1, a =1 and o = —1, then any A € C is an
eigenvalue of infinite multiplicity of 17 (q), T2 (q), Pi (q) and P (q), respectively. In (1)
and (2) if 5 = —1, @ = —1 and k = 1, then they are periodic boundary conditions; if
8 =1, a=1and k = 2 then they are antiperiodic boundary conditions. These bound-
ary conditions are regular but not strongly regular. Note that the boundary conditions
are strongly regular if and only if all large eigenvalues are far from each other [9]. This
easify to investigate the perturbation theory and Riesz basis property. If the boundary
conditions are not strongly regular then the eigenvalues are pairwise very close to each
other. This situation complicates the investigation of the perturbation theory. Therefore
the regular cases which are not strongly regular are still investigated. Only the special
cases, the periodic and antiperiodic problems, were investigated in detail. In [8] we ob-
tained the asymptotic formulas for the large eigenvalues by the asymptotic methods, but
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these formulas cannot be used for the small eigenvalues. In this paper we estimate the
small eigenvalues of the operators Ty and Pj by the numerical methods and give the error
estimations.

Let us mention the literature about the investigations of the small eigenvalues. There
are a lot of papers about the estimations of the small eigenvalues of Sturm-Liouville oper-
ators with the strongly regular boundary conditions (see for example [3, 4, 10] and their
references). In the numerical results about the regular but not strongly regular bound-
ary conditions, the estimations of the small eigenvalues for the periodic and antiperiodic
boundary conditions are the most widely-studied ones (see for example [5, 7] and their
references). There are also many papers concerning with the estimations of the small
eigenvalues for the Sturm type (separated) boundary conditions which are special cases of
the strongly regular boundary conditions including the Dirichlet and Neumann boundary
conditions (see for example [2, 3, 4] and their references).

We are interested in the numerical estimations of the small eigenvalues for the regular
boundary conditions that are not strongly regular in cases (1) and (2). There are only
two papers [1, 6] containing the estimations of the small eigenvalues for such boundary
conditions. In [6], C. J. Goh, K. L. Teo and R. P. Agarwal gave some results about the
estimations of the small eigenvalues in the case when the potential is real and continuous.
In [1], M. H. Annaby and R. M. Asharabi, estimated the small eigenvalues for the general
boundary conditions but their numerical example concerning with the operators T} (q)
and Py, (¢) is for the potential such that the exact eigenvalues are known.

In this paper we use a method different from the methods of the papers [1] and [6],
and give a new approach to get subtle estimations for the small eigenvalues when the
complex-valued summable potential is in the form ¢ (z) = Y .2, gx cos 2mkz. Note that,
for this potential, it is impossible to compute the exact values of the eigenvalues.

In this paper we essentially use the following equation obtained in [8] (see (55) of [8])

A—(2mn)? = Qn— A (A)} [A —(2mn)? — Pf — A’ ()\)] -
~[Pu+ BN [nn+@Q;,+ B (V)] =0, (3)

where the terms in this equation are defined in (19), (33), (34), (36) and (38) in [8].
Nevertheless, even if we use the same equation (4) in [8] and in this paper, the methods
of their investigations are absolutely different. In [8] we use the asymptotic formulas for
the large eigenvalues which can not be used for the small eigenvalues. Here we use the
numerical results. Moreover, this paper is the complement of [8] since they together study
all eigenvalues (the large eigenvalues in [8] and the small ones in this paper).

We will focus only on the operator T3 (¢). The investigations of the other operators
are the same. For simplicity of reading first let us give the brief scheme of the proofs of
the main results. To consider the small eigenvalues, first we prove (see Theorem 2.1) that
the small eigenvalues satisfy the equation (3) and using this equation we show that the
eigenvalue ), ; is the root of one of the equations:

A= @m) + 3 (@t P+ AN +4/() - VAR, (4)
A= @m)? + 3 [(@ut P+ AN + 4/ () + VAR, (5)

where A(\) = (Q, — P+ A(\) — A ()\))2 +4(P,+B(\) (mn+Q+ B ()\)). To use
the numerical methods, we take finite summations instead of the infinite series in the
expressions (4) and (5) and show that the eigenvalues are close to the roots of the equations
obtained by taking these finite summations. To find the roots of these equations, many
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numerical methods can be used such as the fixed point iteration and Newton method.
Since it is not necessary to compute the derivatives of the functions f;(z), j = 1,2,
defined in (16), we choose the fixed point iteration method. Then using the Banach fixed
point theorem, we prove that each of these equations containing the finite summations has
a unique solution on the convenient set (see Theorem 2.2). Moreover we give the error
estimations. To avoid eclipsing the essence by the technical details, some calculations and
estimations are given in the Appendix.
For simplicity of calculations we assume that g(x)

o0 [e.9] c
q(:c):qucos%rk:a:, sup |q (z)| == M < o0, ;|qk|::2<oo, |An (@) — An (0)] < M.

k=1
(6)
For ny # n,we have

Ao = (2rmg?| = [(27n)? = 2rn)?| = M 2 |42 (n = i) (0 + )| = M 2 6(n),  (7)

where 6(n) = 472 (2n — 1) — M.

2. MAIN RESULTS
To prove one of the main results Theorem 2.1 we use the following lemmas.

Lemma 2.1. If
4
5(n) > 5, (®)

then Ry (An,j) — 0 and R} (An ;) = 0 as k — oo for j = 1,2, where where

Ry (Mnj) = Y {Ck—H (q¥nj,sin2mng12) + My (fﬂ/n,j, SOZ,CH)} ;

M1y Mg41
Ry (Mng) = Y {Ck+1 (q¥n,j,sin 2mny12) + M1 (q\Pn,j:@:kH)}:
M1y Mg41

Cra1, Myy1, 6k;+]_, Mk+1 are defined in the Appendix and U, ; is the normalized eigen-
function corresponding to the eigenvalue A\, ;. Here the summations are taken under the
conditions n; #n and n; = 0,1, ... fori=1,2,....

Proof. By the estimations which were done in subsection 3.1 of the Appendix, we have

|Rk (A”J)‘ < Z Q(TL, nl)Q(’IlQ, TL21) Q(nk—‘rla nk) (2(] ,j s SHL 7mk+1x) .
25 F ) (e )t o)

where q(s,m) := (¢s—m — gs+m). One can easily see that there exists a nonnegative integer
nY such that

’Rk ()\n,j)| < ' (Z )M) S(ng,ng, . ,nk—i-l)

o Ao — (2mn1)°

where
0

S (n3, ms npe1) = Z q(n2,ny) ... q(ngs1,n) (qWn 5, sin 2mng )
N2,y M1 ()\n,j — (27rn1)2) (An,j — (27rn2)2> e (An,j — (27Tnk+1)2)

9—(k+1)
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It follows from (6) and (7) that

Q(n, nl)
2 A (27n1)?

ni n,g

<

0 (n)

Repeating this process k + 1 times and taking into account that ||, ;|| = 1 and that

. : M
(@0, sim2mn512)] < oo [sin 2] < 5
we obtain
Mkt M e\
R = .
B (Anj)] < V2251 (§ (n ))kH V/22k+1 (5(n)>

Thus this with (8) implies Ry, (A, ;) — 0 as k — oo for j = 1,2. In the same way we prove
the same result for R} (A ;). O

Lemma 2.2. If (8) and the condition

1 121 1)? :
() > € (5) M (2 * e (ﬂ))?) , )
hold, where (
B 4(B+1) B 1
A0 = 1P (- 15)| o

and C (B) is defined in (11), then the inequality \un,jIQ—i— |vn,j|2 > 0 is satisfied for j = 1,2,
where uy; and vy ; are defined by (27) in [8].

Proof. Suppose to the contrary u,; = 0, v, ; = 0. Since the root functions of T} (0) form
a Riesz basis, we have the decomposition (26) in [8] for the normalized eigenfunction W, ;
corresponding to the eigenvalue A, ; of T (¢). To get a contradiction, it is enough to show
that ||, ;|| < 1 for j = 1,2. By the Riesz basis property, there exists a bounded and
boundedly invertible operator A which takes the orthonormal basis {e; : i € Z} to this
basis, say Ae_j = o and Aep = cos2mkx. Therefore there exists C (/) such that

[e.e]

JA| <C(B) & ATy (x) =) (U, sin2mka) e + (Tn;, 0F) €] - (11)
W
Therefore by (11) and Parseval’s equality we have

o0
1012 < [|AA T, 4)° < C? A 0, = 02 Y [\(\Ilnd-,sin 2k + | (W4, 012 -

k=0
k#n
(12)
Now using (20) in [8], (7) and Bessel inequality we obtain that
2 12
: 2
Z I( n],sm27rk:z < 2 Z (q\IJnJ, V2 sin 27rl<:x> < GO (13)
By (21) in [8], we have
2
2
> k(q¥, 2k > U, i,
Z ‘(\Pnd, (,Dk < Z 92 it (q ]7Sln Q 2.’13') 2 (q »J 90]@)2 ’ (14)
k=0 k=0 ()\ — (27k) ) im0 |Ang — (27k)
k#n k#n

k#n
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where 7y, is defined in (19) in [8]. Using (8) and taking into account that ¢ > 2M, we
12
obtain ﬁﬂQ (2n —1) > M and |\, ; — (27k)*| > 3272k Therefore, using the definition of

71, (15) in [8] and (10) and arguing as in the proof of (13) we obtain that the first and the
second term of the right side of (14) are not greater than

1218 + 1> M2 N 3(A(B)M)?
418 — 1)* 72(8(n))? (0(n))%

respectively. Thus using (12) we obtain

A 1 1 1218+ 1)? ) :
[W5,511 < MCM (2 + W + (A(B)) ) )

which contradicts to ||¥y, ;|| = 1 and completes the proof of the lemma. O

Now we are ready to prove the following theorem.

Theorem 2.1. If (8) and (9) hold then A\, is an eigenvalue of Ty if and only if it is a
root of the equation (3). Moreover A € U(n) := {(27m)2 — M, (2mn)? —I—M] is a double
eigenvalue of Ty if and only if it is a double root of (3).

Proof. Using (8), (9) and arguing as in the proof of Theorem 1 (b) in [8], we obtain the
proof. O

By Theorem 2.1, the eigenvalue A, ; is either the root of (4) or the root of (5). To
use the numerical methods, we take finite summations instead of the infinite series in the
expressions (4) and (5), and get

A= (@) 4+ 3 (Qut B + 1 OV, (15)

for j =1 and for j = 2, where

£ = 5 (s O+ A, () + (<17 2 /Ay 1), (16)

and the functions Zkﬁ (A), A} s (A) and Ay 5 (A) are defined and investigated in subsection
3.1 of the Appendix (see (A.2), (A.3), and (A.4)). By (A.1) in the Appendix, (15) becomes

A= (2mn)* + f; (\). (17)

Now we prove that the eigenvalues of T} are close to the roots of (17).

Theorem 2.2. Let (8) and (9) hold. Then for all z andy from [(27?71)2 — M, (2mn)? + M]

the relations

2
9
° <=, (18)

‘fj(x)*fj(y)‘<Kn|x*y‘v Kn:4(5(n))(5(n)—c) 16

hold for j = 1,2, and for each j, (17) has a unique solution ry, j on [(27m)2 — M, (2mn)? + M} .
Moreover
2ck+2

28 (8 (n))" (26 (n) — ¢) (1 — Kn)’

|/\n,j — Tn7j| < Vi=1,2 s>k (19)
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Proof. First let us prove (18) by using the mean-value theorem. For this we estimate
fi ()\)‘ By (16) we have

d
00 = & () e ) + (1 L)

dx dX R
i A Aps
(e

By the estimations (A.10), (A.11) and (A.12) in subsection 3.3 of the Appendix we prove
that

d ~ K, |d Ky |20 (V)]
il < 2n | & g n o |d Tk < 1
A< [ ] < BB s

respectively. Hence by (20) and (21) we obtain | f (/\)‘ < K, and since K,, can be written

= T 2 (56)

9
we get by (8) and the geometric series formula that K, < 6

Since the inequality
O <K <1 (22

holds for all  and y from {(27rn)2 — M, (2mn)? + M}, by the mean value theorem (18)

holds, and the equation (17) has a unique solution r, ; on {(27rn)2 - M, (27rn)2 + M| for

each j (j = 1,2), by the contraction mapping theorem.
Now let us prove (19). Let

H; (2) = 2 — (27m)° — f; (x). (23)

Using the definition of {r, ;}, we obtain H; (ry ;) = 0, for j = 1,2. Therefore by (4) and
(5) we have for A = A, ;

|Hj (A) — Hj (rnj)| = |Hj (V)]

=[5 A0+ 00) 4 (17 VAT - § (Aue )+ 44, 0) + (-1

<5 (140 = A 440 - T ]+ [VETT - 3]} 20

First let us estimate the first term of the right-hand side of (24).From the formula (A.3)
in subsection 3.1 of the Appendix and by arguing as in the proof of Lemma 2.1 and using
the geometric series formula we get

c

[(A" (M) — A s M) | < 2% (5 (n))* (26 (n) — ¢)’

for s > k (see (A.9) in subsection 3.2 of the Appendix).
Similarly, from the formula (A.2) in subsection 3.1 of the Appendix, for the second term
of the right-hand side of (24), we get

k+2

(25)

Ck+2

25 (5 (n))" (26 (n) — <)

A ()‘n,j) - Avk’,s ()‘n,j) <

(26)
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for s > k (see (A.8) in subsection 3.2 of the Appendix). Using (A.4) and (A.5) in subsection
3.1 of the Appendix, for the third term of the right-hand side of (24) we get

‘\/A (M) — \/Ak,s (Ang)

= (4 0s) = A ) = 20) = (s ) = Ay ) — a0 )|

< }A()\ ) — Aps (A -)‘ + A" (Anyj) — Al (Any)| < 2071 (27)
L TR ) 26 () — o
by (25) and (26). Hence by (24)-(27) we obtain
2Ck+2 '
[Hj (Anj) — Hj (rnj)| < , Vj=1,2. (28)

7 24 (8 (n))* (26 (n) — ¢)
To apply the mean value theorem we estimate )H J/ (N ‘:
[H; M| = 1= fF ]2 [1=[ff V]| 21~ Kn. (29)
By the mean value formula, (28) and (29) we get
By (hng) = Hy ()| = [ O] My — gl € € [(27m)” = M. (27m)” 4 0]
[Hj (Anj) = Hj ()| _ 2ch 12
me| 2@ em-o0-K)

[Anj —Tnjl = , Vi=1,2.

Now let us approximate 7, ; by the fixed point iterations:

Tnitl = (277”)2 + fi(@ni) & Ynit = (27m)2 + f2 (Yn,i) (30)
where f; (z) (j = 1,2) is defined in (16).
First, using (A.4), (A.6) and (A.7) in the Appendix, we get

e 1
1fi (Anj)| < 3 ’Ak,s (Anj) + A;c,s ()‘nvj)‘ + ’(_1)J 92 Aks (An.j)
5 (‘Ak,s ()\n,])‘ =+ ‘Ak,s ()‘n,J)’ + Ak7s ()\n’])> - 2 + 26 (n) —C

Similarly,

i (@nn?)| < 5 | (es (@nn)?) + A, (@) |+ 54/ 2k (270)7) <
=2 2

1 CQZk: < J gl + c? < |q2n| n c?
2\ 872 (20— 1) & 822 20— 1) Gl on—1)—¢c| = 2 "8m2@n-1) ¢
(31)

Theorem 2.3. If (8) and (9) hold then for the sequence {xy;} and {yn;} defined by (30),
the following estimations hold:

Ki |qon| ¢?
[Zni — Tl < (2(12K)+(1Kn)(871'2(2n1)C)>’ 32

2

’CI%! c
i — T'n K, , 33
[y = a2l < <2(1—K)+(1—Kn)(87r2(2n—1)—c) (33)
fori=1,23,..., where K, is defined in (18).
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Proof. Without loss of generality we can take x,, o = (27n)%. By (23) and (30) we have

(@ = rnal = | @70)? 4+ fi (2nie) = (270)* + fi () )|

=|fi (@niz1) = fr (Tn1)| < Ky |Tnict — Tp| < KL |Tpo — ol -
Therefore it is enough to estimate |z, 9 — ry,,1|. By definitions of 7, ; and z, o we obtain

Fnd — Zno = f1 (rea) + 270) = Zpo = fi (1) — f1 (Tno) + f1 ((27m)2>

and by the mean value theorem there exists x € [(27771)2 — M, (27n)* + M] such that
J1(rn1) = fi (xn0) = f1(x) (rp1 — xn0) . These two equalities imply that
(rnj — 2no) (1 — fi () = fi ((27m)2> . Hence by (22) and (31) we get

(Tn,l - xn,O) S

f1 ((27n)? . 2
IE—K%>fg<2d?;g)+(l—K%ﬂ&ﬂ@n—1)—@>

and

1 ’q2n’ CQ
P < K .
(i = Tnal < "<20—JQ)+(1—K%M&ﬂ@n—1)—d

One can easily show in a similar way to (32) that for the iteration (30),

i |QQn| c?
R < B ? + .
[Yni =72l < Ky <2 (1-K,) (1-K,)@7m?2n—-1)—c)

0

Thus by (19), (32) and (33) we have the approximations x,, ; and y,; for A, 1 and A, 2,
respectively, with the errors

An1 — xni| < & +K¢ < g2n| + ¢

’ T2k ) 20 (n)—e)(1-Ky,)  "\2(1-K,) (1-K,)@7*(2n—-1)-c)
P‘n? _ ynz| < Ck+2 +K’L < |QQn| + 62

’ T2k (20(n) —e)(1-K,)  "\2(1-K,) (1-K,)@7*(2n—-1)-c)

Remark 2.1. If q(z) = >°¥_; g cos(2kmzx), where p is a finite positive integer, then it
follows from the formulas (30) that forn > s+p+1

Tni = Yn,i = (27T7’L)2 s

since the multiplicands (qn—n, — Gnin,) and ¢ (n,n1) in fi (zn;) and fo (yni) are zero.

3. APPENDIX: CALCULATIONS AND ESTIMATIONS

3.1. Calculations of the terms of (3) for the case (6). When ¢ (z) has the form (6),
one can easily verify that

Qn — P:; = —2co, = —Q2n, Qn + P; = 0. (Al)

Therefore the functions used in (3) have the form:

; b1 (A) =0, a1 (A) = 41, ) 0 bk (A) =0,
) 2 (A= @rgi)?)

q (n’nl)
2 ()\ — (27ny)?

al ()\) =

).

)
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M Nk+1q (kg1 k)

2 ()\ - (27Tnk+1)2>27

Q(nk+17nk) . k: 1 2

A ()= 2 (A - (27mk+1)2) 7

Byi1(A) =

Cl ()\) = n—nm — Qn+n21 s M1 ()\) = 07 Ck+1 (/\) =a1a2...0k0k4+1, Mk+1 ()\) =0
2 ()\ — (2mny) )

Y1n1q (n,n1) ~ o qnni)
2 ()\ - (27m1)2)27 M= 2 ()\ - (27m1)2>

51 (A) =

)

for k=1,2,..., and

My11 (\) = MyBji1 = BiBs... Byyy

q (ﬂ, nl) q (n2, nl) - q (nk+1, nk)

ok+1 </\ - (27rn1)2) (A . (27m2)2> .. ()\ - (27rnk+1)2)
Using these functions, we obtain the followings:
S S
Z [Cm (qpn, sin 2mn,,x) + My, (QSOn, ‘P;m)} = Z a1a3 . . . am (qn, Sin 2N, x)
N1 yeeey =1 N1yeeey =1

_ . q(n,nl)q(ng,m)...q(nm,nm_l)q(n,nm) R
- Z 2 2 2 = ams (A),

m et [ 270 (A= 7)) (A= @eno)?) - (A = 27n)?)

S
Bm,s (A) := Z [Ci (g cos 2mna, sin 27ny, ) + My, (g cos 2mnz, ¢, )] =0,

ny,...,nm=1

k
Ars (V) =" s (V)
m=1

_ - (q (n,m))2 d q(n,n1)q(n2,n1)q(n,no)
,; 22 (A - (27m)’) i n1,n22=1 2% (A= (2mn1)*) (A - (27m2)?) ! 52

° q(n,n1)q(n2,n1)...q(nk,ng—1)q(n,ng)
e m;n:k:l ok-+1 <)\ - (217rn1)22> (i . (27m2k)2)k. .1. <)\ . (;ﬂnk)2> ’

k
ék,s ()\) = Z ﬁm,s ()\) =0,
m=1

S

ab s (A) = Z [5m (g cos 2mnx, sin 2mny,x) + M, (g cos2mnz, @Zm)}

N1,...,Nm=1

_ q(n,n1)q(n2,n1) ... q(Nm, Nm-1)
- nl,_%:mzl om+1 ()\ - (27m1)2> ()\ . (27m2)2> o ()\ . (27mm)2) !

(TL, nm) )
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m=1
: q(n,m)° . q(n,n1)gq(n2,n1)q(n,n2)
— + + (A.3)
,; 92 ()\ . (27rn1)2) m%zl 23 (A — (27m1)2> ()\ - (2m2)2)
N i Q(nynl)Q(nmnl)---Q(nkankfl)Q(nank)

n1yenp=1 2k+1 ()\ — (27rn1)2> ()\ — (27TTL2)2) - <)\ — (27rnk)2> ’
and using also (A.1), we have
~ 2 -
Dps V) = (Qu = Py Ay (V) = A4, ) +4 (Pa+ Brs (V) (1n+ Q5 + Bl (V)

(A4)

= (Qu = Py A ) = 44, 0)” = (A () = Ay () — 20

and
A = (AN = A (N) ~ q2n)” (A.5)

3.2. Estimations of gm, Al o A—ﬁm and A’ — A4 .. Using (6) and (7), in (A.2) and
(A.3), we obtain

~ 2 3 k1 2 k c J
M““wgﬂum+dwumﬁ+“*dﬂuamﬁ_2%muﬂ<%w0’ (A6)
C3 ck’Jr 1 62

+.. 4

2
A V] € o+ AT
’ kJ,S( )’ — 225 (n) 23 (5 (n))Q ( )
by the geometric series formula. N
By (A.2) and (A.3), and using the definitions of A (A, ;), Ak (Anj), A" (A\n;) and

Al (A\nj), for s > k we obtain

‘A (Anj) — Aps (An,j)‘ < ‘A (Anj) — A (A"’j)’ *

2k+1 (§ (n))* =3 (26 (n) —¢)’

: > g (n,n1) g (n2,11) - - . q (N, Nm—1) ¢ (1, 71
+ b ) AR mo m— ) m
;1 nnzﬂ gm-+1 ()\ - (27Tn1)2) </\ - (2m2)2) . ()\ - (27rnm)2>
ck+2 ck+3 ck+2
= 9k+1 (5 (n))kﬂ + k42 (5 (n))k+2 T = 9k (5 (n))k (25 (n) . C)> (A-S)
and Ck+2

(4" Ong) = A )| < 2k (5 (n))* (26 (n) —¢) (49)

3.3. Estimations of the derivatives. We use the following estimations for the proof of
Theorem 2.2:

Cgcl(x)’_';ialm‘_ _

q(n,n1)
2 <)\ - (27rn1)2>2 ’

d Ngt1,MN
aak+1 (A)’ = |— q< kil k) AR
2 <)\ - (27Tnk+1)2>
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d d d

d)\Ck+1( )| = ‘(CD\Ck> ap+1 + Ck <d>\ak+1>‘
< (k+1)q(n,n1)q(n2,n1)...q(Ngy1, %) b= 1.9
— 2k+1(5(n))k+2 b) - ) AR ]

d
dA

s d .
Z (d)\ Ck> (qpn, sin 2wnyx)

Tll,...,nkil

aks()‘)‘_

S

< ¥ kla (n, nl)HQ(n(zﬂ(”n))ikH! (nk,nkﬁ!\q(nénk)I?
Nny,...,np=1

d ~ k d k m—+1 62
—A = — Qs < , (A1
s 0] =| 35 dome O| £ X gt = i A
d)\Ml()\)‘_ dd)\Bl()‘)‘_ ~ gq(n,m) ’
2 (/\ - (27m1)2>
d qcos 2mny 1, @y, Npt1, N
‘CZ)\Bk+1()\)‘: _( + ; 15) _ q( k+1 k:)2 2;k=1,2,...,
<)\ — (2mnp41) ) 2 ()\ — (2mnps1) )
d ~ d d ~ ~ [ d
’d)\Mk—H (M| = ’d)\ <MkBk+1) ‘<d)\Mk> Byy1 + Mg <d)\Bk+1)
< (k-i-1)Q(mm)Q(n27n1])€-~2-Q(nk+17nk); k=12 ..
2k+1 (6 ()"
‘j)\a/ . ()\)‘ Z 1 <dd)\N> (qcos27m93,90nk)
N1y NE
>~ kq(n,n1)q(na,n1)...q(ng, ng—1) .
< (qcosan:C,gon); k=1,2,...,
m,.%:l 2k (8 (n))** g
k
d , , k:+1 C2
_ — _ < .
| | 3 | < X o G S =g A
and

A, ()] 2]@n = P A On) = 44, O)| |2 Aks ) = 4L, )
Vs V)] |@n = P A ) = 44, ()

C2

<2 (| e 0] + | 5544 0)) < S50 =9 (A-12)
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