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GLOBAL COLOR CLASS DOMINATION PARTITION OF A GRAPH

V. PRABAYT, V. SWAMINATHAN?, §

ABSTRACT. Color class domination partition was suggested by E. Sampathkumar and
it was studied in [1]. A proper color partition of a finite, simple graph G is called a
color class domination partition (or cd-partition) if every color class is dominated by
a vertex. This concept is different from dominator color partition introduced in [[2],
[3]] where every vertex dominates a color class. Suppose G has no full degree vertex
(that is, a vertex which is adjacent with every other vertex of the graph). Then a color
class may be independent from a vertex outside the class. This leads to Global Color
Class Domination Partition. A proper color partition of G is called a Global Color
Class Domination Partition if every color class is dominated by a vertex and each color
class is independent of a vertex outside the class. The minimum cardinality of a Global
Color Class Domination Partition is called the Global Color Class Domination Partition
Number of G and is denoted by Xgca(G). In this paper a study of this new parameter is
initiated and its relationships with other parameters are investigated.

Keywords: Color class domination partition, Global color class domination partition,
Dominator color class partition, Global color class domination number.

AMS Subject Classification: 05C69

1. INTRODUCTION

Let G be a finite, simple and undirected graph. A proper color partition of G is
a partition of V(G) into independent sets of G. Several types of proper color partitions
have been studied earlier. One of them is dominator coloring [[2], [3]]. In this coloring,
each vertex dominates a color class. The minimum cardinality of a dominator color class
partition is denoted by x4(G). A slight variation of this coloring is called a color class
domination partition. In this partition, each color class is dominated by a vertex. In
graphs without any full degree vertex, Global counter part of this concept can be defined.
In this paper this new concept is introduced and studied.
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2. GLOBAL COLOR CLASS DOMINATION PARTITION

Definition 2.1. Let G be a finite, simple and undirected graph. Let I1 = {V1,Va, ..., V}}
be a proper color partition of G. Il is called a global color class domination partition if for
every color class V;, there exists a vertex u; which dominates V; and there exists a vertex
w; ¢ Vi which is independent of V;, 1 <1i < k. The minimum cardinality of a Global color
class domination partition is called the Global color class domination number of G and is
denoted by Xgcd(G).

If G does not have a full degree vertex, then IT = {{v1}, {v2},...,{vn}} is a global color
class domination partition of G.

3. Xged(G) FOR STANDARD GRAPHS

4 ifn=4,5
Xcd(Pn) itn>6
Xged(P2) and xgeq(Ps) do not exist.
4 ifn=4
(5) chd(cn) = 5 ifn=>5
Xcd(Cn) ifn>6
Xgcd(C3) does not exist.
(6) Xged(P) =5 where P is the Petersen graph.
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Here {{v1,v3}, {va,va},{vs,v6}, {v7,vs}, {vg,v10}} is @ minimum global color class
domination partition of P.

4. MAIN RESULTS
Theorem 4.1. max{x.q(G), @} < Xged(G)

Proof. Let II be a minimum global color class domination partition of G. Then II is a color
class domination partition of G. Therefore xcq(G) < Xged(G). Let II = {Vi,Vo,..., Vi}
be a minimum global color partition of G. Then there exist x1,xo,...,x; such that x;
dominates V;, (1 < i < k) and y1,¥2,...,yr such that y; is independent of V;, (1 < i < k).
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Let S = {x1,22,...,%Zk,Y1,Y2,-..,Yrt- Then S is a global dominating set of G. Therefore
70(@) < |S] < 2k, 229 < k = x,0a(G). Therefore maz{xea(G), 222} < xpea(@). O
Remark 4.1. Let G = Ps. 74(G) = 2 . Xgea(G) = Xea(G) = ["F2] = 4. Therefore
maz{xea(G), “5} = max{3,4} =4 = xyea(G).

Theorem 4.2.

i AC) =15 = Xged(G)

Proof. Let I1 = {V;, Va,...,Vi} be a minimum global color partition of G. Since each V;

is dominated by a vertex say z;. deg(z;) > |V;|, (1 < i < k). Therefore |V;| < A(G),

(1 < i < k). That is, 1r£1a<xk(\Vz\) < A(G). Since each V; is independent of some y;,
[

(1<i<k),eachV;is dominated by y; in G, (1 < i < k), therefore |V;| < degg(y;) < A(G).
§5(G) <n—A(G)—1. A(G) < n—§(G) — 1. Therefore |V;| < min{A(G), < n—46(G) -1},
(1<i<k). n=Vi|+|Va|+...+|Vo| <min{|V1|} + min{|Va|} +... +min{|V;|}. n =k

min{A(G),n — 6(G) — 1}. mm{A(G)j;_l_é(G)} <k = xged(G). O

Remark 4.2. The above bound is sharp. For: Let G = Ps. X404(G) = 4, A(G) = 2,
0(G) = 1. Therefore min{A(FPs),n—1—45(Fs)} [V (Ps)]

=6
2

w

’ minA(P@-),T'rLL—l—é(P(;)
chd<P6) .

Observation 4.1. Let G =Ca. Xged(C20) = Xed(Co0) = 2—20 = 10. x(Co) = 2 and
Y4(C20) = 7. Therefore X(G) + v4(G) =2+ 7 =9 < xgea(G) where G = Coy.

Let G = Cs. Xged(Cs) = 3. x(Cs) =2 and v4(Cs) = 2. Therefore x(G) +74(G) =2+2 =
4 > xged(G) where G = Cs.

Let G = Py. Xged(Ps) = 4. x(Py) = 2 and v4(Psy) = 2. Therefore x(G) + v4(G) =
2+2 =4 = x4d(G) where G = Py. Therefore there is no relationship between Xgeq(G)
and X(G) + % (G).

Observation 4.2. Let G be the disjoint union of connected graphs G1,Go,...,Gg. Then
chd(G) = chd(Gl) + chd(GZ) +o+ chd(Gk)-

Theorem 4.3. Let G have isolates. Then X gcd(G) = Xcd(G).

Proof. Let ui,us,...,ux be the isolates of G. Let Il be a minimum color class domination
partition of G. Since u;, (1 < i < k), are isolates, {u;}, {ua},...,{ux} all belong to II.
Therefore II is also a global color class domination partition of G. Therefore x4.q4(G) <
’H‘ = Xcd(G)- But Xcd(G) < chd(G)' Hence chd(G) = Xcd(G)' U

Theorem 4.4. Let G be a bipartite graph without isolates and the cardinalities of the
bipartite sets of G are > 2. Then v(G) = v4(G) = Xcd(G) = Xged(G) if N(u;) #Y for
any u; in X and N(v;) = X for some v; inY.

If N(u;) =Y for any u; in X and N(v;) = X for some v; in'Y, then v(G) = v4(G) =
Xcd(G) =2 and chd(G) =4.

If N(u;) #Y for any u; in X and N(v;) = X for some v; in'Y, then v(G) = v4(G) =
Xcd(G) =k—+1 and chd(G) =k+2.

Proof. Let G be a bipartite graph without isolates and let X, Y be the bipartite sets of
G. Let |X| > 2, |Y| > 2. Since G is bipartite without isolates, G = K, U Ks. Any subset
of V(G) containing a vertex from X and a vertex from Y is a dominating set of G. Any
dominating set of G contains at least one vertex from X and at least one vertex from Y.
Therefore any dominating set of G is also a dominating set of G. Therefore ¥(G) = 7,(G).
Let {uj,ug,...,u,} be a vy-set of G. Let uj,ug,...,ux € X and ugiq, Uks2,...,Ur € Y.

min{A(Ps),n—1—06(Ps)} -
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Consider V; = N(ul)—U;;ll N(uj). Ifu; € X,thenV; C Y. Ifu; € Y, then V; C X. Let u;,
and u;, € X. Without loss of generality ¢; < i9. Then V;,NV;, = ¢. Ifu;, € X and u;, €Y,
then Vi, NV;, = ¢. Therefore Vi, V3, ..., V, are mutually disjoint. If u; € X, V; C Y, then
Vi is independent. Therefore II = {V1,Va,...,V,} is a partition of G into independent
sets. V; is dominated by w;, (1 <i < k). If N(u;) =Y , then V5, V3, ...V} are empty.
If N(ugy1) = X, then Viyo, Virs,..., V. are empty. Therefore {uj,urs1} is a minimum
dominating as well as global dominating set of G, that is, v(G) = v4(G) = 2. Let II =
{Vi —{ur}, Va —{ur}, {ur}, {u,}} is @ minimum global color class domination partition of
G. Therefore xgca(G) = 4. II} = {V4, V41 } is a minimum color class domination partition
of G. Therefore x.q(G) = 2. Suppose N(u1) & X.But N(ugs1) = X. Therefore V; G Y.
Suppose Vo = N(uz) — N(u1) = ¢. Then N(uz) C N(uy). Therefore D = {uj,us,...,u,}
is a dominating set of G. There v(G) < r , a contradiction. Therefore Vo # ¢. A
similar argument shows that V3, Vy, ...,V are empty. Since Viyi1 = X, Viyo,..., V. = ¢,
therefore IT = {V1, ..., Vi, Vi1 — {ur}, {ur}} is a minimum global color class domination
partition. Therefore x.4(G) = k + 2. Since Vi11 = X, D = {ug,uz, ..., U, Upy1y 18
a minimum global color class domination partition. Therefore x4.4(G) = k 4 2. Since
Vi1 = X, D = {uy,ug,...,ug, ugs1} is a minimum dominating set of G. |D| =k+1 <.
Therefore yv(G) =k + 1, 74(G) =k + 1, xca(G) =k + 1, xgea(G) =k + 2.

Suppose N(u1) &Y, N(ugy1) & X. Then Va, ..., Vi, Vigo,...,V, are non-empty.Il =

{Va, ..., Vi, Vkya,..., V. } is a minimum global color class domination partition of G. It
is also a minimum color class domination partition of G. Therefore v(G) = 7,(G) =
Xcd(G) = chd(G) =T. O

Proposition 4.1. x,q(G) =2 iff G = Ko.

Proof. Suppose Xged(G) = 2. Let I1 = {V1, Va} be a x,eq-partition of G. Vi is dominated
by a vertex of V5 or V] is a singleton. Since there exists a vertex in V; which is not adjacent
with any vertex of Vo, Vj is a singleton. Similarly V4 is a singleton. Let Vi = {u}, Vo = {v}.
If u and v are adjacent, then G = K5 and hence G has a full degree vertex, a contradiction.
Therefore v and v are not adjacent. Therefore G = Ko.

The converse is obvious. O

Theorem 4.5. 2 < x4.4(G) < n
Theorem 4.6. Let G be disconnected. Then Xgea(G) =n iff G = K, UK,, .. .UK,,.

Proof. Let X4ed(G) = n. By hypothesis, G is disconnected. Let G1,Gbs,...,G) be the
components of G. Suppose G; has two independent points u, v such that they are adjacent
with a common vertex. Then {u,v} is an element of a xg4cq-partition. Therefore xgeq4(G) <
n, a contradiction. Hence either GG; is complete or any two independent vertices of G; has
no common adjacent vertex. In the latter case, there exists a path of length at least three
between v and v. Let u = uy,us,...,u, = v be a shortest path between u and v of length
at least three. Then u and ug are independent and have a common vertex, a contradiction.
Therefore G; is complete. Therefore G = K, UK,,...UK,,.

The converse is obvious. 0

Corollary 4.1. If each K,, is a singleton, then G = K,,.

Remark 4.3. Let G be a connected graph without full degree vertex. Suppose |V (G)| = 3.
Then there exists no graph without full degree vertex. Let |V (G)| = 4. Then Py and Cy are
the only connected graphs without full degree vertex such that xgca(G) = 4. Let |V(G)| = 5.
Let G;, 1 <1 <4 be the graphs given below:
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AN :

G4 Go G3 Gy

Then these are the four graphs without full degree vertex on five vertices such that x4eq4(G) =
5.

Definition 4.1. Let G be a connected graph. Define N;(G) as follows: A vertex set of
N;i(G) is same as V(G). Two vertices in N;(G) are adjacent if they are independent and
they have a common adjacent vertex.

Example 4.1. Let G = C4 and N;(G) be the graphs given below:
v V2 U1 V2

had

Vg V3 U4 U3

G N;i(G)

Theorem 4.7. Let G be a connected graph without a full degree vertex. Then xgca(G) =n
iff for any edge uv in N;i(G), {u,v} is a mazimal independent set in G.

Proof. Suppose for any edge zy in N;(G), {z,y} is a maximal independent set in G. Since
G is connected and G has no full degree vertex, there exist two independent vertices which
have a common adjacent vertex. (For : if v and v are independent and d(u,v) = 2, then
u and v have a common vertex . Suppose d(u,v) > 3. Let u = uj,ug,...ur = v be a
shortest path between v and v. Clearly &k > 4. Then u,us are independent and have a
common vertex ug). Hence N;(G) has at least one edge. Let uv be an edge of N;(G).
Then {u,v} is a maximal independent set of G. Therefore there exists no vertex w in G
such that w is non-adjacent with u and v. Therefore x4cq(G) = n. Conversely, let G' be
connected without full degree vertex and chd(G) = n. Let zy be an edge in N;(G). Then
x and y have a common adjacent vertex in G. Since x4.4(G) = n,  and y do not have a
common non-adjacent vertex. Hence {x,y} is a maximal independent set in G. ([l

Example 4.2. Let G = C4 and N;(G) be the graphs given below:

vy V2 U1 U2

Also {v1,v3} is a mazimal independent set in G as well as {va,v4}. Therefore xgea(G) = 4.



686

TWMS J. APP. ENG. MATH. V.9, N.3, 2019

REFERENCES

Chitra, S., (2012), Studies in Coloring in Graph with Special Reference to Color Class Domination,
Ph.D. Thesis, M.K. University.

Chitra, S., Gokilamani and Swaminathan, V., (2010), Color Class Domination in Graphs, Mathematical
and Experimental Physics edited by S. Jayalakshmi et. al., Narosa Publishing House.

Gera, R., (2007), On Dominator Coloring in Graphs, Graph Theory Notes, N.Y., 52, pp. 25-30.
Gera, R., Horton, S., and Rasmussen, C., (2006), Dominator Colorings and Safe Clique Partitions,
Congr. Num. 181, pp. 19-32.

Haynes, T.W., Hedetniemi, S.T., and Slater, P.J.; (1998), Fundamentals of Domination in Graphs,
Marcel Dekker Inc.

Mrs. V. Praba received her Masters degree in 1990 and M.Phil. degree in
1994 from Bharathidhasan University. She has completed GRAD(OR) course from
ORSI,Kolkota in 2005 and is an associate life member of the society. She is currently
working as an Associate Professor of Mathematics in Rajalakshmi Engineering Col-
lege, Chennai. She has 25 years of teaching experience. Her research interest includes
Operations Research and Graph Theory.

Dr. V. Swaminathan received his Masters degree in 1968 from University of
Madras, M.Phil. (1978) degree from Madurai University and Ph.D degree in 1982
from Andhra University. He is currently working as Coordinator, Ramanujan Re-
search Center in Mathematics, S.N. College, Madurai, India. He has published more

. than 50 research articles . He has 45 years of teaching experience and 25 years of
/ ! research experience. His research interest include Boolean like rings, Analysis and

! Graph Theory. He is also a reviewer of American Mathematical society.




