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ON A ROBIN PROBLEM IN ORLICZ-SOBOLEV SPACES

MUSTAFA AVCI*, KENAN SUSLU? §

ABSTRACT. In the present paper, we deal with the existence of solutions to a class of
an elliptic equation with Robin boundary condition. The problem is settled in Orlicz-
Sobolev spaces and the main tool used is Ekeland’s variational principle.
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1. INTRODUCTION

In this article, we are concerned with a Robin problem settled in Orlicz-Sobolev spaces

of the form

—div(a(|Vu(z)|)Vu(z)) + a(lu(z)u(z) = Af(u(z)), z€Q 1)

a(\Vu(x)D&é—gf) + b(m)|u(z)|p_2u(:v) = 0, x €90

where  is a bounded domain in RY (N > 3) and has a Lipschitz boundary 9, A > 0 is
a real parameter, 7 is the unit exterior vector on 92, b € L>(9) with inf,cgq b(x) > 0,
and f is a real valued continuous function. The function ¢(t) := a(|t|)t is an increasing
homeomorphism from R onto R. We want to remark that if we let a(t) = [t|P~2 , problem
(1) turns into the well-known p-Laplace equation. p-Laplace equations have been studied
by many authors because of their various applications to different disciplines see, e.g.,
[2, 20, 33] and references therein.

The study of variational problems in the classical Sobolev and Orlicz-Sobolev spaces is
an interesting topic of research due to its significant role in many fields of mathematics,
such as approximation theory, partial differential equations, calculus of variations, non-
linear potential theory, the theory of quasiconformal mappings, non-Newtonian fluids, im-
age processing, differential geometry, geometric function theory, probability theory, mag-
netostatics, and capillarity phenomena (see, e.g.,[3, 7, 8, 9, 10, 13, 14, 16, 23, 27, 30, 31]).
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Moreover, problem (1) posses more complicated nonlinearities, for example, it is inho-
mogeneous, so in the discussions, some special techniques will be needed. However, the
inhomogeneous nonlinearities have important physical background. Therefore, equation
(1) may represent a variety of mathematical models corresponding to certain phenomenons

(see, e.g., [23]), e.g.,

(1) Nonlinear elasticity: ¢(t) = (1+¢*)" -1, a > 1,

(2) Plasticity: o(t) = t* (log (1+ 1)), a > 1,8 > 0,

(3) Generalized Newtonian fluids: ¢(t) = fot s!=< (sinh ™! s)ﬁ ds,
0<a<l,8>0.

Problem (1) is settled in Orlicz-Sobolev spaces and treated by variational approach
and the main medium is Ekeland’s variational principle. In Section 2, we give the basic
knowledge and preliminary results. In Section 3, we show that problem (1) has a nontrivial
weak solution. At the end of Section 3 we provide an example to illustrate the main result,
i.e. Theorem 3.1. To the authors’ best knowledge, the results obtained in the present
papers are not covered in the literature, and therefore, it has a potential to contribute it.

2. PRELIMINARIES

To deal with problem (1), we use the theory of Orlicz-Sobolev spaces since problem (1)
contains a nonhomogeneous function ¢ in the differential operator. Therefore, we start
with some basic concepts of Orlicz-Sobolev spaces. For more details we refer the readers
to the monographs [1], [29], [32], [35], and the papers [13], [23],[26], [31].

The function a : (0,00) — R is a function such that the mapping, defined by

{2

is an odd, increasing homeomorphism from R onto R. For the function ¢ above, let us
define

@@:A¢@@,¢@:A¢*@mteR (3)

then the functions ® and ® are complementary N-functions, i.e. Young functions satisfying
the following conditions: ® is a convex, nondecreasing and continuous function; ®(0) = 0;
®(t)

O(t) > 0 for all ¢ > 0; limy—o 2 = 0; limy 00 22 = J00 (see e.g., [1],32],35]). On the

other hand, ® satisfies the following
O(t) = sup{st — ®(s): s >0}, t>0.
Moreover the following Young inequality holds
st < ®(s) + ®(t) for t,s € R.

These functions allow us to define the Orlicz spaces L (£2) and Lg(12), respectively.
In the sequel, we use the following assumption:
o to(t) _te(t) _ o to(t)
1< =inf —— < —- < =
TRV T e 7 TR0 o)
By help of assumption (4), the Orlicz space Lg(2) coincides with the equivalence classes
of measurable functions u : {2 — R such that

/MMMWK%, (5)
Q

< 00. (4)
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and is equipped with the Luxembourg norm

o ::inf{k>0: /Q<I>(’u(]:)’)dx§1}. (6)

For Orlicz spaces, Holder inequality reads as follows (see [1],[35])

/ wodzr < 2|ullpy @ llullg@ forallu € Lo(R) and v € Lg(9).
Q
The Orlicz-Sobolev space W Lg(£2) building upon Le () is the space defined by

W!Le(Q) := {u € Ls(Q): (Q), i= 1,2,...,N} .

U
6:@'

which becomes a Banach space under the norm

N ou
ulli,e = |ule +ZH%H¢' (7)
i=1 ’

The spaces Lg(£2) and W!Lg () generalize the usual spaces LP(2) and W1P(Q), re-

L

spectively, where the role played by the convex mapping ¢t — » is assumed by a more

general convex function ®(¢). More clearly, for the case ®(t) := |t[P, we replace Lg(S2)
by LP(Q) and WL (Q2) by WIP(Q) and call them Lebesgue spaces and Sobolev spaces,
respectively.

Through this paper, we use the notations W'Lgy = WH® and L = L®, and assume
that
the function t — ®(\/t) is convex for all ¢ € [0, c0). (8)

Proposition 2.1 (see [24]). Assume that Q is a bounded domain with smooth boundary
0Q. Then the embedding WHP(Q) — L"() is compact provided 1 < r < p*, where
p* = NN—_’; if p < N and p* := 400 otherwise.

Proposition 2.2 (see [18, 24|). Assume that  is a bounded domain and has a Lipchitz
boundary O2. Then the embedding WP (Q) < L"(98) is compact provided 1 < r < p*.

Remark 2.1. By help of the assumption (4), the Orlicz-Sobolev space WH®(Q) is contin-
uously embedded in the classical Sobolev space W#°()). On the other hand, W1#°(Q) is
compactly embedded in L™ (), and hence, Wh®(Q) is continuously and compactly embed-
ded in the classical Lebesgue space L™ () for all 1 <1 < ¢f.

Proposition 2.3 ([1, 23]). If (4) and (8) hold then the spaces L®(Q) and Wh®(Q) are
separable and reflexive Banach spaces.

Proposition 2.4 (see [25, 31]). Let define the modular p(u) := [o(®(|Vul) + ®(|u|))dz
Whe(Q) — R Then for every un,u € WH%(Q), we have
(@) lullfq < p(u) < ullfo if llullie <1

0 .
(i) ullfe < p(uw) <[lullfe if lulie >1
(1i) |lup —uli,0 = 0 < p(u, —u) =0
(tv) |lup —ulj1,0 = 00 & p(u, —u) = 0o

Proposition 2.4 (ii4) — (iv) means that norm and modular topology coincide on L®(Q)
provided ® satisfies (4), which enables that ® satisfies the well-known As-condition, i.e.,

D(2t) < K®(t) for all t € [0,00).

where K is a positive constant (see e.g, [31]).
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3. MAIN RESULTS

Definition 3.1. We say that u € WH®(Q) is a weak solution of problem (1) iff
/(a(|Vu|)Vu - Vo + a(|ul)uv)dz +/ b(x)|ulP2uvdy = )\/ f(wvdz, Yve WH?(Q)
Q 09 Q

where dvy is the measure on the boundary OS).

The energy functional corresponding to problem (1) is defined as I : WH®(Q) — R,

= U ul))dx Mup — w)dx
I<u>./9<<1><rv )+ B(Jul))d *fm 2y A/{)F( \dz,

where F(u) = [ f(s)ds.
Remark 3.1. The operator
(N (u),v) = /(a(\VuDVu -V + a(|u|)uv)dz,
Q
defined from WY®(Q) to its dual space (WV®(Q))*, is of type (S4), that is, u, — u in
WH2(Q) and limsup(A’(uy,), up — u) <0 imply w, — u in WH®(Q), see [23].

We will assume the following assumption.
(F) f:Q — Ris a continuous function and there exist constants ¢;,cz > 0 such that
crlt]T < f(t) < eoft]?7, with 1 <s<q< ¢,
The main result of the present paper is the following.
Theorem 3.1. Suppose that the functions @ and ® are as defined in Section 2, and
condition (F) holds. If in addition, the inequalities
q <o, §<p<po,
hold, then there exists \* > 0 such that for any A € (0, \*) problem (1) has a nontrivial
weak solution in W1 (Q).

To obtain the main result, first we need to prove the following lemmas.

Lemma 3.1. The functional I is well-defined on WH®(Q) and Fréchet differentiable, i.e.,
I CYWH2(Q),R) and its derivative is

(I'(u),v) = / (a(|Vul)Vu - Vo + a(|u])uv)dz —i—/ b(x)|ulP?uvdy — )\/ f(u)vdz.
Q o9 Q
Proof. In [30], the authors showed that the operator
M) = [ (@(17u]) + @((ul))da
Q

is well-defined and of class C*(W1®(Q),R). Moreover, from condition (F), we have 0 <
F(u) < %[ul|?. Therefore, considering the continuous embeddings W2 (Q) — LP(0RQ)

and WhH®(Q) < LI(9), it follows
b
) < A+ [ 22
an P
which means that I is well-defined on W1 ®(0Q).
Since A € CY(W1H®(Q),R), it is enough to show that the operator J given by

J(u) = /m b@) ey — )\/QF(u)da:

p

|u]pd7+)\62/ lu|fdx < oo
qa Jo
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is of class C1(W1®(Q),R). To this end, first, it must be shown that for all v € W1 ®(Q)

(J'(u),v) = lim Juttv) = Ju) = /39 b(x)|ulP2uvdy — )\/Q f(u)vde,

t—0 t

and then it must be obtained that J’ : WH®(Q) — (WH®(Q))* is continuous.
The continuity properties of | - | and f along with the definition of F', allow us to apply
the mean value theorem, that is,

P |ylP F(u
()0 = tim [ AD Pl / =,
t—=0 Jogq P t t—0

= lim b(x)|u + thv[P~2(u 4 thv)vdy — A lim/ f(u+ tv)vde,
t—0 90 t—=0 Jo

where u,v € W1®(Q) and 0 < 6 < 1. Now, if we apply the Young’s inequality along with
the inequality |a + b|™ < 2™ 1(|a|™ + |b|™), for all a,b € RY and m > 1, consecutively
to the both integrands on the right-hand side of the above expression, and use condition
(F), it reads

p—1 _ p—1 —
|b(z)|u + t0v|P~2 (u + thv)v| < b(x) <2(§1)\u|p + (2(271) + 1)]v|p> (9)

and

a—1(, _ q—1¢,
at oo < o (Z Doy D ) (10)

The right hand sides of the inequalities (9) and (10) belong to L'(Q). Therefore, by the
Lebesgue dominated convergence theorem along with the continuity properties of f and
| |, we have

(J'(u), >:/ b(x) hm |+ t0v[P~% (u + thv)vdy — /\/%i_r)r(l)f(u—i—tﬁv)vda:

/b Y|P~ 2uvdy — )\/f Jodz.

Since the right-hand side of the above expression, as a function of v, is a continuous linear
functional on W1®(Q), it is the Gateaux differential of .J.

Next, we proceed to the continuity of J’. To this end, we assume, for a sequence u, C
WH2(Q), that u, — u € WH®(Q). Then, using condition (F), it reads

) = 0] < | [ bGa) a2, |ur”u>vdw|+x' [0 = Flun)yuie

< / b() (fun P+ [l ol + c2h / (ltnl?™" + ]9l da
o0 Q

Since u,, — u € WH®(Q), by the compact embeddings WH®(Q) — LP(9Q) and WH®(Q) —
L%(Q)), up to a subsequence still denoted by (u,,), we have

up — u in LP(09),

up — u in LI(Q),

un(x) — u(z) ae.x € Q,
and there exist w € LP(0Q2) and ¢ € LI() such that |u,(z)| < w(x) and |u,(z)| < ¢(z),
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a.e. x € 002 and a.e. x € ), respectively, for all n € N. Therefore, using Holder inequality
and considering b € L>(01), it reads

(T (n) = (), 0)] < 3 /muwrp-l + JulP~H)vldy + C2A/Q(\¢!q_1 + [ul ™) [v]dz

< eall[wP ™ posm-1a0) + [l poro-1a0)) ol e o0)
+ 05(H¢’q_1’Lq/q—1(Q) + "u‘q_l‘Lq/q—l(Q))h)‘Lq(Q) € Ll(Q)

Now, we mention the following inequality given in [15]: for 1 < k < oo there exists a
constant Cy > 0 such that

1€1F72¢ — 1¢1F72¢)| < Crl€ = ¢I(€] + [¢))F2, Ve, ¢ e RN,

Moreover, considering that u, () — u(z) a.e.z € Q and f is continuous, we obtain that
Tim (£ (@) — Fu(@))] = 0, lim_[b)(un () 2unx) — fu(e) P~2u(z))] = 0.

If we take into account the above inequalities and apply the Lebesgue dominated conver-
gence theorem once more, it reads

R / f(un) = f(@)| =0, lim [ [o(@)(junl"*un — [ufP~>u)| = 0,

which means, as a conclusion, that
. / / .
nhﬁrglO sup || (un) — J(u) || (w12 @)+ = 0.
Therefore, J' : W1®(Q) — (WL®(Q))* is continuous. O

Lemma 3.2. There exists \* > 0 such that for any A € (0, \*) there exist 7,0 > 0 such
that for all w € WH®(Q) with |lu|l1.0 = 6 < 1 we have I(u) > 7 > 0.

Proof. By (F), we have F(u) < Z[u|?. From Proposition 2.4 and the continuous embed-
ding W1®(Q) < LI(Q), it follows

1) = [ (@(vul) + o(ul))ds + [ bl)

|u|pd'y—)\/ F(u)dx
Q P Q

— C m i
> [(@(9u) +(luhdr — e [ Hha
2

0
2 HUHf,@ - |U||(f,<1>

0_ CQ)\
> ([Jullfe -~ 7)

l[ull{ &
If we define the function

() = 570 — 2
q

then, U is continuous at 6 = 0 and ¥(0) # 0. If we put

A* = %5%"0—61 (11)

* . 1 (0] co\ 1/(‘:007Q)
then for any A\ € (0, \*), there is a real number §y := (569" + %) > 0 such that

in a neighborhood of the origin, where ¥ has the same sign with ¥(dy), it holds

1
T = 5(59"0 =W (dp) > 0.
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Therefore, for all A € (0, A\*) and any u € WH®(Q) with ||ul|;,.e =, we have I(u) > 7 >
0. (|

Lemma 3.3. There exists § € WH®(Q) such that 0 > 0, 6 # 0 it holds I(t0) < 0 provided
t > 0 is small enough.

Proof. First, we note that for 0 <t < 1 and s > 0 it holds ®(ts) < t¥°®(s). Indeed, from
the assumption (4), we have

from which we can proceed as follows

SOOsz/ ('D(Z)dz
ts * ts (I)(Z)

log s7° — log(ts)?° < log ®(s) — log ®(ts)
log ®(ts) — logt¥° < log ®(s)

and hence we obtain that
D(ts) < tPOPD(s).
Moreover, from (F), we have F'(u) > - |u|®. Thus,

b(x) S
I1(t9) < /Q<I>(|V(zt0)])4—<b(|(t0)|)d:c+/80 'y |tO|Pd~y 1)\/9
0 ﬁ x p _ ClAtS s T
<t%p(0) + 5 /mb( )|0Pdy /919! d

|6]°

to
dzx
s

S
< <p<e>+ / b<x>|e|pdv)—c“t [ ora,
o0 S Q

for0<t<land1<s<p<y. Thus,
I(t8) <0

for t < n'/(P=%) with

%fgwsdﬂ? }

0<np<min{l,
{ p(0) + Jon D) 0Py

0

B(0;6) = {u € Wh®(Q) : |lul1.e < 6}, and therefore, there is a constant ¢ such that
c:= infm I. Then, by Lemma 3.3, it follows that

—oo < c¢:= inf I <0. (12)
B(056)

Moreover from Lemma 3.2, we have

inf I>0. (13)
0B(0;6)
If we combine (12) and (13), it reads
0<e< inf I— inf I. (14)

0B(0;6) B(0;6)
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Since I is bounded from below and weakly lower semicontinuous, we can apply Ekeland’s
variational principle, given in [21], to the functional I : B(0;6) — R. Therefore, we can
find u. € B(0;0) such that

I(us) < inf T+4e (15)
B(0;6)
I(ue) < I(u) +¢llu — uell1,0, v ue (16)

From (14) and (15), we obtain that

Iue) < inf T+e< inf IT+e< inf T
B(0;0) B(0;0) 9B(0;0)

which means that u. € B(0;d). Let’s define the functional I : B(0;6) — R such that
I(u) == I(u) + €llu — uel|1.0

which is a perturbation of /. Then, from the above expressions, u. is a minimum point of
I. Hence, if we put u = u. + tv and take v € B(0; 1), it reads

T(us + tvt) — I(ue) >0,
provided t > 0 is small enough. The last inequality above leads us to

I(us +tv) — I(u.)

+ 6”’1)”1’(1) > 0.

If we let ¢ — 0, we obtain that t
(I'(ue),v) + €||lv]j1.6 > 0. (17)
If we replace v by —wv in the lines above, we obtain
—(I'(ug),v) +ellvllie >0, (18)
which means, along with (17),
(I (ue), v)| < eflv]l1e. (19)
By the definition of norm on (Wh®(Q))* for I’, it follows that
1T (ue) | (wro () < e (20)

Therefore, as a corollary of Ekeland’s variational principle, (15),(16) and (20) guarantee
that there is a minimizing sequence (wy) € B(0;0) of I such that
I(wy) = c= _inf T and I'(w,) — 0 in (WH%(Q))* (or equivalently 1T (wn) [l (w12 )y« — 0).
B(0;6)

(21)
To see how (21) holds, continue picking out the functions u. consecutively which provides
a sequence consisting of functions u.. Then, choose a sequence of wy, := u.—y/y,, i.€., put
e =1/nin (15) and (20), and repeat the steps infinitely times (i.e., n — c0), which leads
to e = 0, and consequently to (21).
On the other hand, from (21), (w,) is bounded in W1®(Q). By reflexivity of W1®(Q), for
a convenient subsequence (still denoted by w,), we have w, — w in WH®(Q). Moreover,
since

I (wn)l[wre@y = sup [{I'(wn),wn — w)],
llwn—wll1,6<1
(21) yields to
(I'(wn),wn —w) =0,
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which means that

(I'(wp),wn —w) = /Q(a(]anDanV(wn —w) + a(|wn|)wn (wn, — w))dz+

/ b(x) |wn [P 2w (wn — w)dy — )\/ fwp)(wp, —w)dx — 0.
09 Q

If we use the compact embeddings W1®(Q) < LP(9€) and W1®(Q) — L4(Q) along with
the Holder inequality, (F) and consider the fact that b € L>°(9Q), it reads

/89 b(ﬂf)’wn|p—2wn(wn - W)d’Y‘ < ‘b(x)|Wn|p_1|Lp/(p71)(aQ)|Wn - W|LP(BQ) — 0,

and

/ fwn)(wp —w)dx
Q

Therefore, we must have

<e / ownl"™ (wn — w)de] < [wal”™ pora—n @ylwn — wlzagq) = 0.
Q

(A (wn),wn, — w) = /Q(a(|an)anV(wn —w) + a(|wn|)wn (wy, —w))dz — 0.

Since the operator A’ is of type (S4), we obtain that w, — w in W1 ®(Q). Therefore, by
(21), we have

I(w)=¢<0 and I'(w) =0.
As a result, we infer that w is a nontrivial weak solution to problem (1) for any A € (0, \*).
The proof is completed. 0

Example 3.1. As an example, we can choose a(t) = [tP~2 and f(t) = [t|*~!. Then
problem (1) turns into
{ —div(|VuP=2Vu) + [ulf~2u = Mulf~!in Q

22
|Vu]p_2g—§; +b(@)|ulP2u = 0 on 09 (22)

which is the well-known p-Laplacian equation with Robin boundary condition. The energy
functional corresponding to problem (22) will be Y : WHP(Q) — R,

1 1 A
T(u) = /(]Vu\p—i—\u]p)dx—i—/ b(x)u\pdfy—/ (ulfdz.
P Jo p Joq B Ja

It is obvious that the all conditions of Theorem 3.1 hold, and hence, problem (22) has a
nontrivial weak solution.

Remark 3.2. We want to note that the results of the present paper obtained for the
constant exponents p,q, s can be extended to variable exponent case p = p(x),q = q(x),s =
s(x) under some appropriate assumptions. To be more clear, for variable exponent case,
problem (1) will turn to

—div(a(|Vu])Vu) + a(ju))u = Af(x,u) in Q (23)
a(\Vu])g—x +b(x)|[uP® =24 = 0 on ON

If we replace the assumption (F) with the following
(F1) f: QxR — R is a Carathéodory function and there ezist c1,co > 0 such that

[t < f(a,t) < eaft] 9
where s,q € C(Q) such that 1 <inf g s(z) =5~ < s(z) < q(z) < ¢},

then Theorem 3.1. will be as follows:
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Theorem 3.2. Suppose that condition (F1) holds. If in addition, the inequalities

supq(z) :==q" <o, pT <o, st<p
z€Q

hold, then there exists \* > 0 such that for any A € (0, \*) problem (23) has a nontrivial
solution in WH®(Q).

Remark 3.3. If we let a(t) = [t[P*™) 2 and f(z,t) = [t|*®)~1 in Ezample 3.1, problem
(22) turns into the well-known p(x)-Laplace equation which is formulated in the variable
exponent Sobolev spaces Wk’p(z)(Q), see, e.g., the papers [4, 5, 6, 11, 12, 18, 22, 28, 36, 37|
and the monographs [17, 19, 34] for the detailed background.
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