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ABSTRACT. The aim of this paper is to obtain a new theorem dealing with absolute
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1. INTRODUCTION

Let A = (any) be a normal matrix and (s,) be the sequence of the nth partial sums of
the series > a,, then we define

An(s) = Zam,sv. (1)
v=0

Let (0,,) be any sequence of positive constants. The series > a,, is said to be summable
|A, 0|k, k> 1, if (see [2])

ieﬁ-ﬁmn(s)w < 0. (2)
n=1
where
AA,(s) = An(s) — Ap—1(s). (3)

One can also see [1] for this method. If we take 6, = n, then the |A,6,|; summability
reduces to |Al; summability (see [3]).

Given a normal matrix A = (a,,), we associate two lower semimatrices A = (@) and
A = (éiny) as follows:

n
ny = E ani, n,v=0,1,... Aapy, =any —apn-1,v a—19=0 (4)
=0
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and
agp = Qoo = Apo, py = Aanv =0npy —Ap—1p, N = 1,2,.. (5)
It may be noted that A and A are the well-known matrices of series-to-sequence and

series-to-series transformations, respectively. Then, we have

n

An(s) = Z_(:)anvsv = Z Ay Qy (6)

v=0
and

AAp(s) = lnuay. (7)
v=0
We say that A is a normal matrix if A is lower triangular and a,, # 0 for all n.

2. THE KNOWN RESULT

Sulaiman [4] has proved the following theorem for matrix summability methods.
Theorem 2.1 Let (),), (X,,) be two sequences such that > >° ; n~'\, X, is convergent,
and the conditions

nAXN, = O0(\,), n— 0, (8)
n
Z Ay = O0(nA,), n — oo, 9)
v=1
are satisfied. Let A be a lower triangular with non-negative entries satisfying
ano =1, n=0,1,.., (10)
An—1,p > Qny, forn>v+1, (11)
Nan, = 0(1), 1= 0(na,) (12)
n—1
Z Applny = O(any,). (13)
v=1

v
If t* = O(1)(C, 1), where t, = ﬁ > ra,, then the series ) a,A\, X, is summable |A[,,
r=1
k> 1.

3. THE MAIN RESULT

The aim of this paper is to generalize Theorem 2.1 for |A, 6,,|; summability method in
the following form.
Theorem 3.1 Let A be a positive normal matrix satisfying the conditions (10)-(13) of
Theorem 2.1. Let (0,a,,) be a non-increasing sequence. If (0,,) is any sequence of positive
constants such that

i (enann)k_lan,v =0 {(evavv)k_l} ) (14)
n=v+1

Z (Ontnn)* | Adgy| = O {(evavvJ)k_lauv} ; (15)

n=v+1

and all the conditions of Theorem 2.1 are satisfied, then the series ) a, A\, X, is summable
|A, 0y, k > 1, where (\,) and (X,,) are as in Theorem 2.1.
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We need the following lemmas for the proof of Theorem 3.1.

Lemma 3.1[4] If > n~1), is convergent, then (),) is non-negative, non-decreasing,
Anlogn = O(1), and nAN, = O(1/(logn)?).

Lemma 3.2[4] If > n~1)\, X, is convergent, and the conditions (8) and (9) of Theorem
2.1 are satisfied, then

nAAX, = 0(1), (16)
D> AAX, =0(1), n— oo, (17)
n=1

> nAA’X, =0(1), m— oo, (18)

n=1

Lemma 3.3[4] Under the conditions (10) and (11) of Theorem 2.1, we have

n—1
Z ‘Aanv’ < Gnyns (19)

v=0
dn,fu—‘rl > 07 (20)

m+1
> = O(1). (21)

n=v+1

PrROOF OF THEOREM 3.1

o0
Let (V,,) denotes the A-transform of the series > a,A,X,,. We write ¢, = A, X,,, so
n=1
we have

n n
x A 1A
AV, = § An,wlyPy = E UV GpyUGyPy

v=1 v=1
Applying Abel’s transformation to this sum, we have that

v n

n—1
AVn = Z Av(dn,vgovvil) Z 0y + ann@nnil Z Vay

v=1 r=1 v=1

n—1
- 1. 1A 1. n+1
= Z(’U + 1)tv(v 1(1) + 1) 1an,v()0v + ('l) + 1) 1Aanv(;0v + (U + 1) 1an,v+1A30v) + Tanngontn
v=1

n—+1

n—1 n—1 n—1
— Z 'Ufltv&n,v@v + Z tUAa,ngU + Z tv&n,v—i—lA@v + AnnPnln
v=1 v=1

v=1

= Vn,1 + Vn,2 + Vn,3 + Vn,4-

To complete the proof of Theorem 3.1, by Minkowski’s inequality, it is sufficient to show
that

oo
> 0 Vi [F< oo, for r=1,2,3,4. (22)

n=1
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First, by applying Holder’s inequality with indices k¥ and k', where k> 1 and % + % =1,
we have that

m+1 m+1 n—1 k

SO Vo =D 05D S v anatuen

n=2 n=2 v=1

m+1 k-1

< Z 0’“ 1 Zv tﬁ }w kan 2Py (Z Ay ln, U)
m+1 n—1 m m+1

=0(1) Y (Onann)* Y thape@lan, = 0(1) > awthol > (Ontnn)* " an
n=2 v=1 v=1 n=v+1
m m

= 0(1) Y (00a00)" ™ avutiel = O(1) > " (Buawn)* b puthv™,
v=1 v=1

using nX, A\, = O(A\, X)) = O(1) from Lemma 3.2 and writing ¢, = A\, X,, we have that

m+1

Z ek ! | Z 9 avv k l(pvtﬁv_l = O 91&11 Z@vtk
v=1
m—1 m
U=1 v=1
m—1
=0(1) ) v 0y + (v + 1) Apy) + O(1)om
v=1
m—1 m—1
=0(1) > vy +0(1) Y Apy + O(1)em
v=1 v=1
AKX
= 0(1) 0 L O A X, = O0(1), as m — oo,

by virtue of the hypotheses of Theorem 3.1 and Lemma 3.3. Now, using Holder’s inequality,
and by the hypotheses of Theorem 3.1 and Lemma 3.3. we have that

m+1 m+1 n—1 - k

2 0 [ Vaz = 3 07D Aantupy

n=2 n=2 v=1

m—+1 -1

< Z ok~ IZtkmamy% (me)
m+1 m+1

=0(1) Z nlnn) k ! Ztv90v|Aam}| Ztv(pv Z nann)k_1|Aanv|
n=2 n=v+1

m m

=0(1) Z(Qvaw)k_lawtﬁgoﬁ = Z(Qvaw)k_lv_ltﬁcpv =0(1), as m — oo,

v=1 v=1
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as in the case of V;, ;. Furthermore, we have that

m+1 m+1

Z 9k 1 | Vn3 ‘k Z ek 1
m+1 k—1
< Z Hk ! Z tv vv an v+1 A‘Pv (Z avvan v+1>

m+1

=0@ )Z (Onann)*~ 1Zt§ ivkanv—l—l(A@v)

Z an, ’U-‘rlt A(Pv

m m+1
=0 Y thal ¥ (At D (Bnann) anwn
=1 n=v-+1
m
0y ayy kilaql);ktk(A@v = Z 0 avv k ! k 1tk(A§0v)k IASOU
v=1

0oa00) HEAQ, (VAP

= 0(1) Y _(Buavn)
v=1

=0(1) ) (Buaw)
1

by using nA(A,X,,) = O(1) from Lemma 3.1 we have that

m+1 m
D05 [ Vi [F= 0(1) (Gran) 1) thAe,
n=2 v=1

=0(1) th(A)\va + Ar1AX,) =0(1) as m — o0, (see [4] for detail).
v=1
Finally, as in the case of V;, 1, we have that

il - n+1 K

Zeﬁil ‘ Vn,4 ’k: Zeﬁil anntnSOn

n=1 n=1
m m

=0(1) Z(enann)k_lanntfé@ﬁ =0(1) Z(enann)k_ln_ltfﬁpn =0(1) as m — oo,
n=1 n=1

by the hypotheses of Theorem 3.1 and Lemma 3.3. This completes the proof of Theorem
3.1.

In the special case, if we take 6, = n and A as a lower triangular matrix in Theorem 3.1,
then we obtain Theorem 2.1.
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