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ON A DISTRIBUTION OF THE PROCESS DESCRIBING A SERVICE
SYSTEM WITH UNRELIABLE DEVICES

T.M. ALIEV!, E.A. IBAYEV!, V.M. MAMEDOV?, §

ABSTRACT. In the paper, the distribution is found for the process {n:,&:},t > 0, in the
terms of Laplace transformation. The considered process describes the queuing system
with nonhomogeneous Poisson stream of demands and n unreliable devices. It is essential
that the process {n¢,&:},t > 0, for & > n is a homogeneous with respect to the second
component Markov process. The results obtained in the paper are based on the theory
of matrices and solution of the system of linear integral equations.
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1. INTRODUCTION

In solution of many problems of the theory of queuing systems, the principles of the
theory of controlled Poisson processes with or without boundaries are often used. This
principle indeed is:

Given controlled Poisson process with boundary i.e. the Markov chain {8, m:},t > 0 in
the phase space T' x NT, where T' = {«, 3, ...} — is finite set, N* = {0,1,...} and having
known transmission probability on the small interval (¢,¢+ A).

As a controlled Poisson process without boundary is understood as homogeneous with
respect to the second component Markov process {ay,ng, }, t > 0, in the phase space
T x N, N={0,£1,+2,...}..

Our aim is finding a relationship between the processes {/3;, m;} and {oy, n.}.

Suppose that the local transition probabilities of the process {3, m;}, t > 0 depend on
such natural number ¢ that for m; > ¢ the increment of the process {3;, m:} stochastically
equivalent to the increment of the process {ay, n}. If m; € [0, c— 1], then evolution of the
process {0, m;} is described by some auxiliary Markov chain with known local transition
probabilities.
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We assume that ny;g — ni—o > —2, t > 0 with probability 1. It means that with the
probability 1, the process n; does not have negative jumps different from -1, and for the
local characteristics, it is true that

¢Est)=0 (t>0; a,BeT; k<-2).

Such processes in the case of integer phase is natural to be called as “lower continuous”
processes [1].

From the theoretical point of view, the problem is completely solved in [2]. In the
present work following to [2] in the terms of Laplace transformation the distribution of
the process {m:,&}, t >0, is found describing the queuing system with nonhomogeneous
Poisson stream and no reliable devices. The similar problems are considered in [3], [4]. In
differ from those works, we use the principles of theory of controllable Poisson processes
with and without boundaries.

2. MAIN RESULTS

Let the queuing system gets the waiting nonhomogeneous Poisson stream of demands with
intensity.

)\:iAk<OO'
k=1

Then, by A | 0 the probability that in the interval (¢,¢+A) the system will get k£ demands
is equal to A\yA +0(A), k> 1..

The service time has exponential distribution with parameter p. Each device can be
broken with probability vA + o(A), during service in the interval (¢,¢ + A) and then
repaired. The repairing time is exponential function with parameter 7.

It is assumed that getting and service of the demand and breaking and repairing of the
devices are independent from each other.

Consider two dimensional random process

& = {n, &}, >0,
where 7, € {0,1,...,n}— is a number of broken devices at the time ¢, & € {0,1,2, ..., }— is
a number of demands in the system at the moment ¢, nis a number of service devices.
To study &;, we consider the random process {n; ,d*} in the phase space T' x N, where
T ={0,1,...,n}, N ={0,£1,£2,...}, and with the following transition probabilities by
AlO:

(m,r —1) = (n —muA + o(A)
A (m—1,7) =mnrA + o(A)
(m,r) — < (m,r)=1—=[A+mr+ (n—m)(p+v)A+o(A) (1)
(m,r+ k)= A +0(A), k>1
(m+1,7) = (n—m)vA+o(A)

(m=0,1,....n; r=0,%£1,...)
As one can see from (1) the process {n;,&;} is homogeneous with respect to the second

component Markov process [5].
Introduce the denotations

Py (t,r)=P{nf =m, & =r/ni=1, & =0}
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Using (1) we get
Piplt 81) = Py (1)1 = (A + -+ v)(n = m)) AL+
P+ DA Y Pt At

(1= 6,m) P @rﬂm+1%A+Ufﬂwﬂn—m+ Vv, (6 r)A + o(A).

I,m+1
From the last we obtain

Py (t,r)

G = —[A+mr+ (n—m)(u+v)] Py (tr) + (n—m)uby, (6 r+ 1)+

r—1
+ 2 AP (t0) + (1= bmn) (m + V)7 B, (8, 7)+ (2)
j=—00

+(1 = dmo)(n —m+1vE, (L),

where ¢;; is Kronecker’s symbol, [,m = 0,1,...,n; r=0,£1,£2,...
Let us introduce the generating function

(lete Z]Dlmtr ‘9‘:1

r=—00

I,m=0,1,...n
Then the system (2) on the generating functions takes the form

76%%? 2) [(AO) = A+ (n—m)u(5—1) —mr — (n—m)v] ¢}, (t,0)+
3)
+(1 = bpn) (m + 1)”@Zm+1(t7 0) + (1 = Omo)(n —m + 1)V@Zm—1(t7 0)
Introducing the function

Yun(t,9) = PO (2,6)
one can write the system (3) in the following form

3¢zm( 0) _ [(n _ m) (7 — 1) mm — (n — m)V] wlm(ta 9)+
u—&mxm+1hmmH@9) (4)
+(1 = Omo)(n — m + L)y 1 (¢, 0)
I,m=0,1,...,n
From (4) follows that if nf = m, then & = £/(m) is a Poisson process with parameter
A = (n —m)p. Denoting

Ym(0) = (n —m)p <;—1> —mrn—(n—m)y, m=0,1,...,n
O(t.0) = {wno(t,0), Yun (£, 0), ... ¥1a(1,0)}
() 7w 0 .. 0
nv (0 27 .. 0

o= "
0 0 e e UYR(0)
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we can write the system (4) in the following matrix form

0Y(t,0)

=T(0)y(t,6).

from this

(t,0) = 4(0,0) exp{t, T(0)},

where (0, 0)is a known vector.
Finding (¢, ) makes possible to find transition probabilities {Pp, (t,r)} of the process
{ni, &}

Now let us investigate the main process {n;, &}, t > 0..
By the description of the process {n;, &}, ¢t > 0 it is easy to see that by A | 0 it has the
following transition probabilities

(m,r —1) = min(r,n — m)uA + o(A)
A (m+1,7) = min(r,n — m)vA + o(A)
(m,r) — < (m,r)=1—[A+min(r,n —m)(u+ v) + ma]A + o(A) (5)
(m,r+ k)= XA+o0(A), E>1
(m—1,7) = mrA + o(A)

m=20,1,..n; r=0,1,2,...

As one can see from (5) the process {n;, &}, t >0 for & > n is homogeneous with respect
to the second component Markov process.
Let us denote

P, (t)=P{n=m, &=r},
m=20,1,...n; r=20,1,2,...
Then using (5) we obtain

dP:’jL;(t) = — [+ mnm + min(r,n — m)p + min(r,n — m)v| Py, »(t)+

+min(r,n —m+ 1)vPy,_1,(t) + (m+ 1)mPpy1.(t)+
T

+min(r 4+ 1,n — m)uPryr41(t) + D Por—i(t) — i, (6)
=1
m=0,1,...n—1; r=0,1,2,...
dPyo(t
WE0l®) _ (x4 nm) o), (7)
dt
dPy,(t) !
= (A ) P (1) + vPa1e () + Z; i P gi(t). (8)

Considering transition function

Pm(t,0) = Prp(t)0" 9] <1
r=0

Multiplying both sides of (6) by #"and taking a sum from 0 to cowe get
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Z der( )9r = —(A+mm) Y Py (£)07—

r=0 r=0
—(v+p) Z min(r,n —m)Py, »(t)0" +v Y min(r,n —m+ 1)Py,_1,(¢)0"+
7‘:(2><> o r=0 (9)
+(m+1)m Y Prg1,()0" + 1Y min(r + 1,n — m) Py, 41 (8)07+
r=0 r=0
—{—Z ZPmT (N0, m=0,1,...,n—1.
r=01i=

We assume that Py ,(t) = 0 for any » > 0. Note that

n—m—1

> “min(r,n — m) Py (80" = (n — m)gm(t,0) + > (r—n+m)Pur(t)0".
r=0
Considering this from (9) we have

Gem(L0) — (n — m + 1) vpm_1(t,0) + [MO) + &(n —m) — (A +mm) — (n —m) (v + )] oml(t, )+

(m+D7mome1(t,0)+v > (r—n+m—1)Py_1,)8" — (v+ p) i_njol(r —n+m)Pp,(t)0"+

r=0

n—m-—1
FESY (= n 4+ m)Pur(t)07, (m=0,1,..,n—1)
r=

where A(0) = Y A\p0F 0] <1
r=1
By the similar way from the equations (7) and (8) one can get
Oom(t,0
Spa(t) = v 1(t,0) + [A(0) — X — na] pu(t,0) — vPy10(t).
Introduce
gm(0) = A(0) + §(n —m) — (A +mm) = (n —m)(v + p),

n—m—1

)
Un(t.0) = (= =) (=t m) P (08" + y"g;(r i m— 1) P, (D)6,
(m=0,1,...,n)

Suppose that

-1
Z 7Py (t)0" =0
r=0

As a result we get the following system of differential equations

2200 — 4o(@)po(t, 8) + T (. 6) + Yolt, 6)
8tpgtt 0) nmpo(t, 0) + q1(0)p1(t,0) + 2mpa(t, 0) + 1 (¢, 0) (10)

Introducing the denotations
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#o(t, 0) Yo(t,6)
@’(t, 9) _ %01(75, (9) ’ 1;(7; 9) _ (0 (t, 9)
ou(t.0) i d)

@@ T 0 0

nvo q(0) 27 0

0 0 0 gn1(0) nm
0 0 v qn(0).

We can write the system (10) in the following matrix form

OB(t, 0 . .
L) Qe ) +0t,0),
from this we have [6]
t
B(t,0) = §(0,0)e" ) + / =R (1, 0)dr, (11)
0

where F(0,6) is an initial solution that is assumed known.
From the theory of homogeneous with respect to the second component Markov processes
is known the following representation for e/@Q():

[Z]
L1R0) _ Hnj(tﬁ)HZj:O’

where 7;;(t,0) (i,j =0,1,...,n)—is a generating function for the Markov process {1/, &/},
that is homogeneous with respect to the second component.
Since the behavior of the process {n;,&/} is as the process {n;, &, } by & > n, then

rij(t79) Z glj(t k?)(g |9‘ =1
(i,5 =0, 1 )

Taking equal the corresponding components at the right and left sides of the equality (11)
we obtain

ZrthLpZOH /Zr’“ Vi (T, )]
=0

In the last passing to the expressions for oy, 1, and ri;we get

00 ) n S ; e
3 P09 = Y ( Pi'(9)0j> ( 2 gkt m>9’"> +

1%0 N [(g - MO— :)grziol(r —n +TZ)1;:(T)9T] [m:zoooo grit — T, m)em} dr+  (12)
+if0 fiv [:g;(r i 1)P,~_17T(T)97“] [m:fio gt — 7, m)om] dr,

where P;;(0) -is a known initial distribution. It is easy to check that
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>

" z 3 Py (O)gnilt, —r>) oi—r,
7=0r=1 \2=0
where
J
dij(i,t) = Y Pan(O)gri(t,j —m),  (k=0,1,...n).
m=0
Denoting
ajr(k,t) = Z Pij(0)gri(t, —r).
i=0
we have
Z Z 'T’(kat)ej_r => 2 aj-i-m,m(kvt)ej"‘
J= 07;2 j=0m=1 (14)
Z z ajr(k, )67 7"
j=0r=j+1

Now let’s deal with the second expression under the sign of integral in the left hand side
of (12). Using the representation

Z gkz t m Z gkz t m 9 + Z gkz eimv (|0| = 1)

we obtain
H - m _ - m - —m
(5-n-v) 30t = 3 a0+ 3 gt =m0~

where
Now it is easy to show that

—i—1

[(“—M—V) 5 gm(t—ﬂm)ﬁm} rzlj (r = n+§)Pu(r)0"| =

6
~ m:‘—oo. o .7”20‘ (15)
- Z ak’t(t - 7—7.7)6] + Z ak’t(t -7, _])aijv
j=0 J=1
where
n—i—1
akz Z Ez,r ka - T,J— T)a
r=0

gir(T) = (r —n+1)Py (7).
Similarly for the third expression under the sign of integral in the right hand side of (12)
we get
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S r—nti—1)P, T(T)er} [ S gt —7m)em | =
7“:0 m=-—o00 (16)

- Z "Ykz(t_,r J)ej + Z ’Ykl( 7_j)97j7
7=0 j=—1

where

7k1 Zgz lr gkz Taj _T)-

Denoting

my,j(t) = Y di;(i,1),
1=0

bk,j (t) = 2—31 aj—i—m,m(ka t)-

On the base of (13)-(16) we obtain

) ) [es) . ) )
Z PkJ(t)Hj = Z mk,j(t)w + Z bk’j(t)ej‘i‘
7=0 7=0
£35S a4y (z Joanlt = r.a)ir ) o'+
j=0r=75+1 7=0
+ Z <Z f() akz - T, _])dT> 0_]+
7j=1 \i=

”MS

< Z fo Vei(t j)dT> 07 + Zio <Z I3t — 7, —j)d«9> 0—i
2ot

Taking equal the coefﬁ(nents at the same degrees of fin the last relations we get

n t n t
Py j(t) = my j () + b ; () +Z/ aki(t—T,j)dTJrVZ/ Vi(t — 7, 5)dT,
i=0 70 i=0 70

or

Pk] fk,j +Z/ /Bkz T,J)at,

where

g () = mye () 4 b, (1), .
Considering the expressions for ay; and ~g; for Bx; we obtain

Bri(t —7,7) = nf ei1r(T)gri(t — 7,5 — 1) + €in(T)qri(t — 7,5 — 1) =

r=0

= nz:; w(ir—m+i—1gr(t—71,5 —r)P(1)+ (r —mn+1i)qg(t — 7,5 — )P (7)].

Finally we have
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Pioj(t) = frj(t)+

n n—
+ ;) Zofg w(ir—n+i—1)gg(t —7,j —7)Pi_1,(7) + (r —n+i)qri(t — 7,5 — r)Pir(7)] dT
i=0r=
k=0,1,..,n, j=01,2, ..
(17)
To find P ;(t), (k=0,1,...,n, j=0,1,2,..) it is sufficient to solve the system (17) for
given values of k.7 =0,1,....,.n— 1. .
In the case of n = 1 according to (17) we get the system

Py j(t) = fry(t) + [y Frj(t — 7)Poo(r)dr, (18)
(k=01 j=01,.)
where

Fj(t) = (0 +v)gro(t, j) — vgr(t, j) — pgro(t-j +1).
Assuming £ = 0 and j = 0 in (18) one can have

Poo(t) = foolt) +/0 Foo(t —7)Poo(T)dr

or in the terms of Laplace transformation

Poo(t) = foolt) + Foo(t)Poo(t),
from which follows

P(L()(t) = 7]00’9(15) .
1 — Foo(t)
Knowing Py o(t) on the base of (18) it is possible to find the distribution {P ;(t)} for the
values k=0,1; 7=0,1, ....
In the general case solution of the system of linear integral equations (17) does not meet
any difficulties. [7].
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