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NEW REFINEMENTS AND INTEGRAL INEQUALITIES FOR
CONCAVE FUNCTIONS
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ABSTRACT. In this paper, we establish new refinements and integral inequalities includ-
ing concave functions. The reason why we choose the concave functions in this study is
that the methods we use are applicable to these functions. Also some applications are
provided.
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1. INTRODUCTION

We will start with the following definition that is well-known in the literature:
Definition 1.1. The function f : [a,b] — R, is said to be concave, if we have

tf(@)+ 1 —1) fy) < fltz+(1-1)y)
for all z,y € [a,b] and t € [0,1].

Geometrically, this means that if P, and R are three distinct points under the graph
of f with @ between P and R, then () is on or above chord PR. A huge amount of the
researchers interested in this definition and there are several papers based on concavity (or
convexity). Many important inequalities are established for the class of concave functions,
but one of the most important is so called Hermite-Hadamard’s inequality (or Hadamard’s
inequality).

This double inequality is stated as follows;
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Let f: I CR — R be a concave function and let a,b € I, with a < b. The following
double inequality;

o +10) bia/bf(x)dxg () 0

The above inequality is in the reversed direction if f is convex.

Due to the rich geometric interpretation of (1) there is growing literature providing
its new proofs, extensions, refinements and generalizations, see for example ([5]-[33]).
Namely, there are numerous inequalities in literature with connected (1) for different
kinds of concave (convex) functions.

In [2] and [34], Kirmac1 presented the following results for differentiable mappings, which
are connected with right hand side of Hadamard’s inequality, respectively.

Lemma 1.1. [2] Let f : I C R — R I C R,be a differrentiable mapping on I*, a,b €
I* (I* is interior of I) ,witha < b. If f' € L' [a,b], then we have

[ r@ar () =0 [/;tf’(ta+(1—t)b)+/1(t—1)f’(ta+(1—t>b>]

0 2

=

Lemma 1.2. [34] Let f : I C R — R be twice differentiable function on I° with f" is
integrable on [a,b] C I°. Then we have

(b—a)?
2

o0 f o [P0 s (59

1

where Iy = [t (t — %) f" (ta+ (1 —t)b) dt, I = fél (t—3)(t—1)f" (ta+ (1 —t)b)dt
and I°denotes the interior of I.

In [5], authors established some new integral inequalities connected the left hand side
of (1) for concave functions.

The main aim of this paper is to establish some new integral inequalities connected the
right hand side of (1) for concave functions. In other sense , This study is the continuation
of part of [5].

We consider the following useful inequality:

For all continuous concave functions f : [a,b] — R4 and all parameters p > 1.

(,;L/abfp(x)deS(pfl); <bia/abf(a:)da;> (2)

This inequality is well known in the literature as Favard inequality (see [3] )

2. MAIN RESULTS

Theorem 2.1. Let f: I CR — R, I C[0,00),be a differentiable function on I such that
f' € LY[a,b]. where a,b € I , a <b. If | f'|? is concave on [a,b], q > 1. Then we have the
following inequality:

[ @i (450 ®

T , (a—+3b , (3a+b
() 7))

qg—1 a 1
q 2 fl+q2
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Proof. From Lemma 1, we have

(53

% 1
= (b—a) [/0 t\f’(ta+(1—t)b)\dt+/l(1—t)\f’(ta+(1—t)b)\dt].

2

By using Holder inequality for ¢ > 1 and p = q%l, we obtain

o - %q%l T ! (ta _ q .
/Ot\f(ta+(1 t)b)\dtg(/o t dt> (/O |f (ta+ (1—1t)D)| dt> (4)
and
/11(1—75)‘f’(ta—i—(l—t)b)\dtg(/ll(l—t)qqldt> q ([\f’(ta+(1—t)b)\th>q.
2 2 2 (5)
It can be easily checked that

I g 1 a_ 277 (¢g—1)
/ tqldt:/ (1—trid=""—"9"2
0 i 2qg -1

Since |f’|? is concave on [a,b], we can use the Jensen’s integral inequality (see [1] ) to

obtain
1

/2 |/ (ta+ (1 —t)b)|"dt = /Zto\f’(ta+(1—t)b)\th
0 0

1 q

</°;t0dt> ! foéiodt/OQ(ta+(1_t)b)dt
e ome)l ()

, (3a+b
()

IN

1 q

2

1
2

and analogously
a

! 1
[ |f (ta+ (1 —t)b)|"dt < 3

Combining all obtained inequalities we get

o s (5)

qg—1

g—1 1 |7 1
(b—a) 5 1 21 1<
2(] 12 q 24q

g—1\% 1 ) (a+3b (Bath
= (b_a)<2q—1> 22‘§+ql2<f< 4 >‘+f( 4 >D

By (4) and (5) We obtain the required inequality (3). O

IN

Remark 2.1. Since |f'|? is — concave on [a,b] ,we can write following simple inequalities

[f'ta+ @ =))[" 2 t|f @|"+ @ -t)|f B
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or

Q=

|f (ta+ (1 —t)b)| > (t]|f (@)|"+ @ —t)|F B)|")e.

On the other hand, since ¢ > 1 we can use the power mean inequality (see [1]):

lf ' (ta+ (1 —=t)b)| >t|f' (a)]+ (1 —1t)|f (b)]. Namely the function |f'| is also concave
on [a,b].

Now using the fact that we can conclude

)+ 1 o)

2
s Al @I+ O+ O+ 51 @] 1 @)+ 1f ()]
- 2 2
thus
@I 1F O _ |5 ()] 1 | ()
2 - 2 '
Furthermore,
a=1 q-1
—1 q 1 1 —1 q 1 1 +
(2‘1(17_1> (223+(112>—>8f0rq—>oo,and<2‘2_1> (223+‘112>—>2f01"q—>1 ; SO

for ¢ € (1,00) and we obtain

1 _(a-1 = 1 1
8 S \2¢-1 2k ) T2

We can not generally make the decision which estimation is better. We can not write the

’ ’ 1( 3a+b 7( 3b+a
term w instead of (%5 )’;U (5 )‘ But the one given in Theorem 1 becomes
better as ¢ increases for ¢ € (1,00) . Hence we can write the following Corollary.

Corollary 2.1. Let f : I CR — R, I C [0,00),be a differentiable function on I such
that f' € L'[a,b]. where a,b € I , , a < b. If |f'|? is — concave on [a,b]. Then we can

rewrite inequality (3):
(b—a) (|, (a+3b L (3a+b
<O ()b )

1 b a+b
- de —
) e f< 2 >
The inequality in Corollary 1 is a variant of (Theorem 2 [5]).

This is a simple consequence of Theorem 2.1

Corollary 2.2. If f' is linear, we can give the following inequality as variant of (Theorem
2.2, 14]) :

1 b a+b qg—1 Kh 1 ,
e [rma (0| <00 (57h) T S ()

Remark 2.2. In according to Remark 1, since |f'|? is concave on [a,b], we know that the
function |f’| is also concave on [a,b]. Thus, we can use Favard’s inequality (2) in the proof
of following Theorem for concave functions.
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Theorem 2.2. Let f: I CR— R, I C[0,00),be a differentiable function on I such that
f' € LY[a,b]. where a,b € I , a <b. If |f'|? is concave on [a,b], q > 1, Then we have the

following inequality:

b_la/abf(x)dx—f<a;b>‘ < (q:uézllfq /:!f’(x)wx (6)

Proof. We proceed similarly as in the proof of Theorem 1, but firstly , using inequality
of Favard instead of Integral Jensen for integrals including functions in the right hand of
side of inequalities (4) and (5), respectively :

1

20y q i _ 1 b q '
(/O I (tat (1—1)D)] dt> - (Q(b_a_;b)/mu (2)] dx)

IN
|~
[\)
N =
B
(=
SN—"
—
(=
=
Py
S
~—
<y
8

and

1

! / q ! _ 1 7 /x q T
(/ I (ta+ (1 1)D)] dt) _ (2(0217_a)/a I ()] d)

T T | (@) do
29 (¢ + 1)« (%2 —a)Ja

1 1 1 [,
- == (q+1);b—a/a | (@)] de.

If necessary mathematical operations are performed, we obtain inequality (6). Namely,
Combining all obtained inequalities we get

o see=s (5)

1 11 S b
: (b_a)(q+1)§21fqb_“</a 1 (x)‘d$+/‘z“’}f (x)‘dx>
1 1

b
T e o @l

which completes the proof. O
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78
. hm 1 1 . hm 1 1 — 4
Corollary 2.3. Since g1+ 2% (q+1)% =1 and g = 0o 21T2q (q+1)% , we
< K .
7

can rewrite the inequality (6) with |f' (x)|

1 b b b
b/ f(ar)d;c—f(a;_ >’§4/ |/ (z)|dz < K (b—a)
—aJgq a
Theorem 2.3. Let f : I — R, I C [0,00) be twice differentiable function on I° such that
"€ Lla,b], 0<a<oo. If |f"|? is concave function on [a,b] C I, ¢ > 1 with t € (0,1).

1 a/bf(x)dx;[f(a);f(b)”(a;b)]

b—a
n(l, 43 n(3,.0
f <4a~|—4b + f 1t

Then, we have
(7)

. b=

96

Proof. From lemma 2 with properties of modulus we have

@110y (11)) <

b
1 1
- dr — =
b—a / fla)de =3 [ 2 2
a
| f”'| is also concave function, in this case we can use the Jensen

2
O (11 + 1)

Since |f”|? is concave, then

integral inequality for |I;| and |I5]
| = /§t<1—t) £ (ta+ (1 — ) b)) dt (8)
o \2
/5 (L)l Ji (=) (ta+ (1= t)b)dt
R Ji (5 =)
1],,(1 3
and
1
Bl = (t_;) (L= )| (ta+ (1 —1)b)] dt (9)
Ji (3 2= 3) (tat (1-0)b)dt
1) dt

1
f% (%_ﬂ_z

1

< D

< [(§-e-g)u)s
2
1

3 1

1!

— - =b].
s | <4a+ 4 )‘
It can be easily checked that

[t [ (i-3)a-na-g,
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and
2_ 1 —
g fa(2 —t2— 1) (ta+ (1 —t)b) dt _ f”<3a+1b>"
(HERCEDTT i
By (8) and (9) we obtain the required inequality (7). O

Theorem 2.4. Let f : I — R, I C [0,00) be twice differentiable function on I such that
"€ Lla,b], 0 <a < oo. If |f"|%is concave function on [a,b] C I, ¢ > 1, with t € (0,1).
Then, we have

e [0 (2] o

[/a2yf”(a:)\da:+/;|f”(x)\da:]

2

IN
—
@‘
@
o =

<ﬁ4—25—1r (s + 1))

I‘(s+%)

—a)
()
—9)

where s = Py and I" is BEuler Gamma function.

Proof. From Lemma 2, we have

b

bla/f(m)dx;[f(a);f(b)_i_f(a;—b)]'

x{/05t<t;) \f”(ta+(1t)b)]dt+/; <t;> (t1)]f”(ta+(1t)b)\dt}.

Using Holder’s inequality for ¢ > 1, we obtain

1

/;t(t—;) |f" (ta+ (1—1t)b)|dt

q—1

< (/f (t(t_;»q%dt)q (/Oé\f"<ta+<1—t>b)|th>i
/; (“;) (1= t)[£" (ta+ (1 —t)b)| dt

q

< (/; <<t—;> (1—t)>1 )21 (/;\f”(taﬂl—t)b)\th)

and

Q=
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[ ((=z)eo)

VAT (s + 1)

1
3 1\\°*
o (e=2))
0 2
= for Res > —1
I'(s+3)

Forg>1, s= q%a since Res is greater than —1, we can use the equality s = qiil in final
equality.

On the other hand , using inequality of Favard as in the proof of Theorem 2 for the
following inequalities;

where we will use the facts that

3 1 1 1 b
"(t 1—8)b)]dt < " d
[ 17 tas a—npfas 2 (qﬂ)é(b_a)/a;b\f (@)|da

and
a+b

! " _ q 1 1 1 B " () dae
/; 1 k(- < (qﬂ);(b_a)/a 7" ()] d

Combining all obtained inequalities with required procedures we get

s s 10510 (552

2;q+1;< D1 3) )l/ 7 @)lde s [ 1 @)

2
( \/\/>4 25— 15F / |f,, ‘dm
275 q—|—1

@ =

which gives the inequality (10) ([l
Corollary 2.4. Since 1 N i) N O RN or g — oo and =T (1) with
Y 2% (g+1)7 (s+3) 32 F( ) Jora vr=T()

|f" (x)] < M, we can rewrite inequality (10) as following.

o o)

yb-a? VA (-0 T (3)

»or@) o o® T

<
3. APPLICATIONS TO SPECIAL MEANS

We shall con51der the means for arbitrary real numbers «, 8 (o # )

H (o, ) = 1 T, o, B € R/{0} (harmonic mean)

A, B) = OﬁLBa a,fER (arithmetic mean)
G(a,B) = \/77 a,8#0, a,f € RT (geometric mean)
L(a,B) = rn\m 1n\a|7 la| # [B],aB #0 (logarithmic mean)

L, (a,p) = % , neZ/{0,1}, a,B € R,a # [ (generalized log-mean)
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Proposition 3.1. Let 0 < a < b, then for all ¢ > 1, we can write;

201
G (a,b) [L7 (a,0) — A1 (a,b)] < ——— (b2 — a?)
(¢+1)7
Proof. The result follows from Theorem 2 with f (z) =1, z € [a,}]. O

Proposition 3.2. Let a,b € [0,00), a < b and n € ZT, n > 2. Then, we have the
following inequality;

log 3 = 0.405 47

for all ¢ > 1.

Proof. The assertion follows from Corollary 4 applied to the 1—concave function f (z) =
—z", f:]0,00) — R. d

Proposition 3.3. Let a,b € [0,00), a < b. Then, we have the following inequality;

’ <bbb:z> L a®, 1) — 5 [A(na, Inb) + In(A(a, )] - 1‘

< () (e ()

Proof. The assertion follows from Theorem 3 applied to the concave function f () = Inzx,
f:[0,00) = R. O
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