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A NEW SUBCLASS OF BI-UNIVALENT FUNCTIONS DEFINED BY
¢-DERIVATIVE

E. TOKLU!, §

ABSTRACT. In this investigation we introduce, by making use of g—derivative operator,
a new subclass which are an extension of some well-known subclasses of bi-univalent
functions. Also, we give the upper bounds for the coefficients |az| and |as| for the
functions belonging to this new subclass and its subclasses.
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1. INTRODUCTION AND PREREQUISITES

Denote by A the class of all analytic functions f in the unit discD = {z: z € C and |z| < 1},
with the series expansion
f(z) = z+Zanz” (1)
n>2
and normalized by f(0) = f/(0) — 1 = 0. Further, let S be the class of all functions in A
which are univalent in D). Because of the Koebe one-quarter theorem [6] it is well known
that every function f € S has an inverse f~!, defined by

FHfR) =2 (z€D)
and
U w) =w,  (wl <ro(f); ro(f) 2 1/4)
where
fH(w) = w — agw? + (243 — az)w® — (5a3 — Bagaz + as)w* + . . .. (2)
A function f € A is said to be bi-univalent in D if both f(z) and f~!(z) are univalent
in D. We denote by ¥ the class of all functions f(z) which are bi-univalent functions in

D. We say that f is starlike function in D, denoted by .¥*, if the function f is univalent
in D and f(D) is a starlike domain with respect to origin. Also we say that f is convex
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function in D, denoted by %, if f is univalent in D and f(D) is a convex domain. Ana-
lytical characterizations of starlikeness and convexity are, respectively, equivalent to the
conditions R(zf'(z)/f(z)) >0 and 1+ R(zf"(2)/f(z)) > 0.

A function f € A is said to be subordinate to a function g € A, written f(z) < g(2),
provided there exists a function w analaytic defined on D, with w(0) =0 and |w(z)| <1,
and such that f(z) = g(w(z)). In view of subordination, the above mentioned conditions
are, respectively, equivalent to (zf'(z)/f(z) < (1 4+ 2)/(1 —2) and 1+ zf"(2)/f'(2) <
(1+2)/(1 — z). It is well known that Ma and Minda [15] gave a unified presentation of
various subclasses of starlike and convex functions by replacing the subordinate function
(142)/(1—2) by a more general analytic function ¢ with positive real part and normalized
by the conditions ¢(0) = 1, ¢'(0) > 0 and 1) maps D onto a region starlike with respect
to 1 and symmetric with respect to the real axis. They presented and investigated the
following general classes that contains several well-known classes under some special cases:

2F'(2) 2f(2)
i) i) V) }

It is worth mentioning that the functions which are in these classes are said to be Ma-
Minda starlike and Ma-Minda convex, respectively. Also we say that a function f € A is
a Ma-Minda starlike and Ma-Minda convex order v (y € C — {0}) :

1+i (zf/(z) —1> < 9(2) }

y*(q/)):{feA’ <¢(z)} and %(w):{feA‘lJr

I (7, ¢) = {f €A

f(2)
T el () <)
respectively.

It is well known that the class ¥ of bi-univalent functions was defined and studied by
Lewin [14]. Since then, various subclasses the bi-univalent function class ¥ were defined
and non-sharp estimates on the coefficients |az| and |as| for the functions belonging to
these subclasses were obtained in several recent investigations (see [2], [4], [5], [10], [16],
[17], [23]). A function f is bi-starlike and bi-convexr of complex order v (y € C — {0})
of Ma-Minda type if both f and f~! are Ma-Minda starlike and Ma-Minda convex of
complex order . These classes are represented respectively by .#5%(v, ) and €5 (v, ).

Recently, g—derivative has played a crucial role in the theory of univalent functions
especially in estimating the sharp inequalities bound for various subclasses of univalent
functions (see [1], [3], [§], [9], [19]). In [12,]13] for 0 < ¢ < 1, the g-difference operator
denoted as D, f is defined by the equation

f(2) = f(qz)
(1-qz

It is obvious that, when ¢ — 17, the difference operator D, f converges to the ordinary

differential operator Df = df /dz = f. Further, It is clear that if f (z) is of the form |1} a
simple computation yields

Dof(z)=1+>"

n>2

(Dgf)(z) = z#0,  (Dgf)(0) = f'(0). 3)

1—4q¢"
I—gq

a2t (2 €D). (4)

Previously, Ismail et al. |[11] defined and investigated some important properties of func-
tions f belonging to the class PS*,. Recently, Sahoo and Sharma [21] (see also [18])
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introduced and studied the class PK, of g-close-to-convex functions. In 1989, Srivas-
tava [22] proposed the study of the class, PC, of g-convex function in D. Recently, Seoudy
and Aouf [20] defined the subclasses .7 () and () of the class A for 0 < a <1 by

I (o) = {f €A %(ZD;((QZ))> >a, z€D }
%ﬁ@:{feA@<y+”%ﬁ}%$m)>a,zeD}. (5)

It is clear that, when ¢ — 17, these classes () and %;(a) coincide with the classes
*(a) and ¥ () of starlike and convex functions of order & (0 < a < 1), respectively.

Motivated by all of the above-mentioned works, we present and investigate a new sub-
class of bi-univalent functions by making use of g—derivative operator.

Definition 1.1. Let be 0 < A <1,7v€ C—{0} and 0 < g < 1. A function f(z) given by
is said to be in the class A5 4(N\, 7y, ) if the following subordinations are satisfied

1 <Zqu(Z) 4 )\22qu (Dyf(2)) _ 1) < Y(2) (6)

Dy ) + (- N FG)
and
1 qug(w)+>\w2qu (Dgg(w)) _ w
1%( AwDyg(w) + (1 - Ng(w) 1> = v, ")

where g(w) == f~Y(w).

A function belonging to the class 77, 5;(\, 7y, ) is named as both ¢—bi—A—convex func-
tion and g—bi—A—starlike function of complex order ~ of Ma-Minda type. This class
presented in this work is inspired by the corresponding class studied in [7].

It is worth noticing that, for some values of the parameters, this class give a unified
presentation of some remarkable subclasses, which the first four of these subclasses are
new.

Remark 1.1. The followings are fulfilled:

(7’) %,2(07%1/1) = yqu‘(f)/aw)

(M’) %,2(1)771/]) = %Q,E(’%d})

(’LZZ) %’2(0’ (1 o a)e—z)\ COS )\, %) = ﬂqu[)\,a], (|)\| < 7T/2,0 <a< 1)

(iv.) #;5(1,(1 —a)e P cos A, 12) = €, 2[N\, o], (A <7/2,0<a<]).

' 1z
(v.) 75:(0,7,v) = L5(7, ¥).
For g — 17, we arrive at the some well-known subclasses:
(UZ) ‘%(L e d}) = (52(77 ¢)
(vii.) 7#5(0, (1 — a)e P cos A, 112) = A\, a], (A <7/2,0<a<1).

' 1—z

(viii.) 7 (1, (1 — a)e ™ cos \, H2) = Gx[\, o], (A <7/2,0<a<1).

Y 1—z

The following lemma is very useful in building our main results.
Let & denote the class of analytic functions p in D such that p(0) =0 and R(p(z)) >
0, ze€D.Itis well known that this class is usually called the Caratheodory class.

Lemma 1.1. If the function p € & is given by the following series:
p(z) =1+piz4+p22+...,
then the sharp estimate given as

ol <2 (n=1,2,...).
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2. Coefficient Estimates

We are now in a position to establish our main result. In this section we deal with some
interesting coefficient estimates for the above-mentioned class and its some subclasses.
Actually, It is convenient to mention that this paper involves an extension of the results
given by [7].

Theorem 2.1. Let be 0 < A< 1,7v€ C— {0} and 0 < g < 1. If a function f(z) given in
is of the class 5 4(\,7,v), then

laz| <

|v| B1v2B1

\/‘v(qQ +1+A2¢* +3¢° — ¢ +q—1) — Xq(¢* + 1)>Bf +2(g(1+qN)*(B1 — Bs)

and
[Y(7(g; M) + v(g; A)(B1 + B2 — Bi)

q(1+q)(L+q(1 + M) (7(g; A) — v(g; A))
where 7(g; A) = q(2(1+¢)(1+q(1+¢)A) = (1+¢A)?) and v(g; A) = (1+¢))(q(1+9)+A-1).

Proof. Let f € 4 4(\,7,1). Then we have

las| <

1 (2Dyf(2) + \2%qDy (Do f(2)) |\ _ "
1y < AzDyf(2) + (1= N f(z) 1) = p(u(z)) (8)
and
1 (wDyg(w) + Muw?qDy (Dag(w)) N _ o
s < AwDgg(w) + (1 — N)g(w) 1) = Y (v(w)), (9)

where the function v is an analytic function with positive real part in the unit disc D,
with ¢(0) = 1 and ¢/(0) > 0, and (D) is symmetric with respect to the real axis. It is
well known that such a function has a series expansion of the form

Y(2) =14+ Biz+Byz? +..., (B;>0). (10)
Also, p1,p2 € & defined by

1
Pl(z)zltzgg =l+cz+e?+...
and
1
pg(w)zwzl—i-dlw—l—dng—f-....
1 —v(w)

From these equalities, we get

u(z)zm—} [c1z+ <02—C%> 22+ <03—6102+C§)> z3—|—..l (11)

pi(z) +1 2 2 4
and
-1 1 2 3
v(w) = ZEZLA =3 [cﬂu—k <02— C2l> w? + <03—0102+21> w3+...] . (12)
Using and together with , It is obvious that
B 1 ? 1
Y(u(z)) =1+ 1261,2 + [2 <CQ — 621> B + 4C%B2] 224 ... (13)
and )
Byd 1 d 1
b)) =1+ =L+ [2 <d2 - 21> By + 4d%32} wrt ... (14)
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Next, by considering , and |§| and , after some basic calculations, we arrive at

1 1
53101 = —(q(1 4 qN)) a2, (15)
Y
2
% (c2 - %) By + ichz = % {al@+ D)1 +a(g+1DNas — (1 +gN)(a(g+ 1)+ A —1a3}  (16)
and ) .
iBldl = — (q(1+qN)) az, (17)
1 d? 1 4 1 2\ 2
3 (dz - 5) Bi+ 7diBs = 5 {(2Q(q + D1 +g(g+1A) —q(1+gN) )ag —qlg+ 1)1 +q(g+ 1)/\)a3}-
(18)
From Eq. and Eq. , we get
= —dj. (19)

Cc1 =
Also, considering , , and
2 3
a% _ 7" Bi(c2 + d2) (20)
2y <q2 +1+A2¢* +3¢° — ¢ +q—1) — N2q(¢* + 1)) B? +4(q(1+q\)*(B1 — Bs)

which, in light of Lemma [l.1], we obtain
2|y|* BY

|a2|2 S .
'7((12 +14+XM2¢* +3¢° — > +q—1) — A2q(¢® + 1))Bf +2(q(1+qN)*(B1 — Ba)

Since B; > 0, the last inequality is the desired estimate on |az| stated in [Theorem 2.1
Next, we are going to obtain the upper bound on |ag|. From , (117), (18) and (19)

we have

[qu L)1+ g+ N (q<2<1 gl N — (L+ V) — (14 aN) (gl +0)+ A— 1)))}13

= LBl
2

+ ’Yf(jf [(1 -‘r-qx\)((J(l +q) + A — 1) +q(2(1 +q)(1 _|_q(1 +q))\) _ (1 _’_q)\)2):| (32 _ Bl)-

(a2 4+ @)1+ gA1+q) — (14 aN)*)ez + (1 + g\ (g(1 + q) + A — 1)d2]

In view of Lemma and for 0 < ¢ < 1,0 < X < 1 taking into account fact that
(7(g; A) —v(g; A)) > 0, we get

7] ((7(q; A) + v(g, A)(B1 + [ B2 — Bil)
q(1+q)(1+q(1 + @A) ((T(g; A) — v(g, A))

where 7(¢; A) = ¢(2(1+¢)(1+q(1+¢)A) = (1+¢A)?) and v(g; A) = (1+¢N)(q(1+¢)+A—-1).
Thus, we obtain the bound on |as| stated in O

las| <

Now we would like to draw attention to some remarkable results obtained for some

values of A\, v and % in
Corollary 2.1. Let the function f given by be in the class quz(’y,w). Then
|v| B1v2B;

|az| <
V(a2 +1)B} +2¢2(B1 — By)|

and
17| (3¢ +2¢ — 1)(B1 + | By — Bi))

q(1+q)(1+¢*)

las| <
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Corollary 2.2. Let the function f given by be in the class €45 (v,v). Then
7| Bi1v2B:

las| <
Valv(2a® + 262 — g+ 1) B} +2(1 + q)2(By — By)|

and
7] ((By + | B2 — Bi])

as| <
las] ¢#(1+q)

Corollary 2.3. If the function f given by is of the class yqu [\, a] of g—bi—A—spirallike
univalent functions of order a.. Then

2/(1 — ) cos A

1+ ¢?

2(3¢% +2q — 1)(1 — ) cos A
q(1+q)(1+¢%)

Corollary 2.4. If the function f given by is q—bi—A—Robertson of order «, that is,
[ € €uxlA o, then

las| <

and

las| <

2\/(1 — ) cos A

jaz| < 3 2
Va2¢d +2¢2 —q+ 1)
and
2(1 — a)cos A
jag| < S OR2
(1 +q)
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