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COMMON FIXED POINT THEOREMS FOR WEAKLY
SUBSEQUENTIALLY CONTINUOUS MAPPINGS IN FUZZY METRIC
SPACES VIA IMPLICIT RELATION
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ABSTRACT. The aim of this paper is to prove some common fixed point theorems for
two weakly subsequentially continuous and compatible of type (E) pairs of self mappings
satisfying an implicit relation in fuzzy metric spaces. Two examples are given to illustrate
our results.
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1. INTRODUCTION AND PRELIMINARIES

Zadeh [24] introduced the concept of fuzzy sets. Later George and Veeramanti [6]
modified the concept of the fuzzy metric spaces introduced by Kramosil and Michalek [13].
Many authors have proved fixed point and common fixed point theorems involving fuzzy
metric spaces, Jungck [10] introduced the commuting mappings in order to establish a
common fixed point in metric spaces and lateron Jungck [11] generalized it to compatible
mappings concept. The same author Jungck and Rhoades [12] introduced the weakly
compatible mappings concept which is weaker than the concept of compatible mappings.
In 2009 Bouhadjera and Godet Tobie [4] introduced the concept of subcompatibility and
subsequential continuity. Later Imdad et al. [9] improved the results of Bouhadjera et al.[4]
and mentioned that these results can easily recovered by replacing subcompatibility with
compatibility or subsequential continuity with reciprocal continuity. Gopal and Imdad [7]
proved some results in (GV)-fuzzy metric spaces by using these concepts. More recently,
the present author [3] gave the notion of weakly subsequential continuity and used it with
compatibility of type (E) to establish some common fixed point results in metric spaces.
Singh et.al [22] defined the concept of compatible mappings in fuzzy metric spaces. The
concept of implicit relation has been introduced by Popa [15]. There are some interesting
references concerning fixed point and common fixed results involving the notion of implicit
relation in fuzzy metric spaces for instance [1, 7, 14, 16]. In this paper we will improve and
generalize results in paper [2] by combining the concept of weakly subsequential continuity
with compatibility of type (E) due to Singh et.al [19].

Definition 1.1. [24] Let X be a non empty set. A function M with domain X and values
in [0,1] is called to be a fuzzy set.
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Definition 1.2. [18] A binary operation * : [0,1] x [0,1] — [0, 1] is a continuous t-norm
if it satisfies the following conditions:

(1) * is associative and commutative.

(2) * is continuous function.

(3) ax1l=a, for all a € [0,1]

(4) axb<cxd, ifa<candb<d, for all a,b,c,d € [0,1].

Definition 1.3. [8] A triplet (X, M,x) is a fuzzy metric space if X is an arbitrary set,
* is a continuous t-norm and M is a fuzzy set in X% x (0,00) satisfying the following
conditions for every x,y,z € X and s,t > 0:

(1) M(z,y,t) >

(2) M(z,y, )—1f0rallt>0 if and only if v =y,

(3) M(z,y,t) = M(y,z,1),

(4) M(z,y,t) * M(y,z,s) = M(z,z,t+s),

(5) M(z,y,.):[0,00) = [0,1] is a continuous function, for all z,y,z € X andt,s > 0.

Note that M(x,y,t) can be considered as the degree of nearness between x and y with
respect to t. We identify v =y with M (z,y,t) =1, for all t > 0. The following ezample
shows that every metric space induces a fuzzy metric space.

Example 1.1. [8] Let (X,d) be a metric space. Define a x b = min{a, b} (or a xb = ab)
for all a,b € [0,1] and for each t > 0. Let M be a fuzzy set on X2 x [0,00) defined as
follows:

M(z,y,t) = ttd(z.y)’

then (X, M, x) is a fuzzy metric space.
Definition 1.4. [8] Let (X, M, ) be a fuzzy metric space.

(1) A sequence {xy,} in X is said to be convergent to a point x € X, if lim M (x,,z,t) =
n—oo

1, for allt > 0.

(2) A sequence {x,} in X is said to be a Cauchy sequence if for each 0 < e < 1 and
t > 0, there exists ng € N such that M(xp, xm,t) > 1 —¢, for alln,m > 0.

(3) A fuzzy metric space in which every Cauchy sequence convergent to x € X is to be
complete.

Singh et al. [22] extended the concept of compatible mappings due to Jungck [10] in
the context of fuzzy metric spaces as follows:

Definition 1.5. Two self mappings A and S on fuzzy metric space are said to be compatible
if li_>m M(ASxy,,SAx,) = 1, for all t > 0, whenever {x,} is a sequence in X such
n oo

lim Ax, = lim SAxz, = z, for some z € X.
n—o0 n—o0o

Definition 1.6. [23] Mappings A and S on a fuzzy metric space (X, M,x*) are said to

be reciprocally continuous if lim ASxz, = Az and lim SAx, = Sz, whenever {x,} is a
n—o0 n—o0

sequence in X such limy, oo Az, = lim,_, SAx, = z, for some z € X.

Definition 1.7. [3] Let (X,d) be a metric space. Let A and S be self mappings on X.
The pair (A, S) is said to be weakly subsequentially continuous, if there exists a sequence
{zn} such that hm Az, = hm Sz, = z, for some z € X, and lim ASxz, = Az or

n—0o0
lim SAzx, = Sz
n—oo

Motivated by definition 1.7, we define:
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Definition 1.8. Two self mappings A and S on a fuzzy metric space (X, M, *) are said

to be weakly subsequentially continuous (wsc), if there ezists a sequence {xp} in X such

that lim Az, = lim Sz, = z, for some z € X and lim ASx, = Az or lim SAz, =Sz
n—oo n—oo n—oo n—oo

Definition 1.9. The pair (A, S) is said to be A-subsequentially continuous (S-subsequentially
continuous), if there exists a sequence {xy} such that hm Az, = hm Sz, =z and( hm ASz,, =

Az(h_}m SAx, = Sz)
Example 1.2. Let X = [0,2] and M (z,y,t) =
(a,b) — ab for allt > 0. Define A, S as follows:

A — 14z, 0<z<1 Gy — 1—2, 0<x<1
T, 1<az<2 7T 2-a, 1<a<2

Clearly A and S are discontinuous at 1.

—t  with a continuous t-norm: * :
t+|z—y|

1
We consider a sequence {x,} defined for each n >1 by: x, = —
n

Now lim Az, = lim Sz, = 1. Also we have:
n—00

n—oo
lim ASz, = hm Al — l) =
n—r00 n
. 1
A7) =2 =AW

Then the pair (A, S) is A-subsequentially continuous as well as weakly subsequentially con-
tinuous.

Singh et al. [19, 20] introduced the notion of compatibility of type (E) in metric space.
As an extension to the setting of the fuzzy metric spaces. Define:

Definition 1.10. Mappings A and S on a fuzzy metric space (X, M, ) are said to be
compatible of type (E), if hm %z, = hm SAz, = Az and lim A%z, = lim ASz, =

n—o0 n—4o00
Sz, whenever {x,} is a sequence m X such that lim Ax, = lim Sz, = z, for some
n—oo n—oo

te X.

Definition 1.11. Two self mappings A and S of a fuzzy metric space (X, M, *) into itself
are said to be A-compatible of type (E), if li_>m A%z, = li_)m ASx, = Sz, for some z € X
n oo n—oo

and said to be S-compatible of type (E), if lim S22, = lim SAz, = Az, for some z € X.
n—oo n—oo

Notice that if A and S are compatible of type (E), then they are A-compatible and
S-compatible of type (E), but the converse is not true.

Example 1.3. Let X = [0,00) and the t-norm a xb = ab with M (z,y,t) = m We
define A, S as follows:
2, 0<axr<2 oz, 0<2x<2
Ax_{m+1, x> 2 Sx_{O, x> 2

1
Consider a sequence {xy} defined by: x, =2 — —, for all n > 1. we have
n
lim Az, = lim Sz, = 2,
n—oo n—oo

and
lim A%z, = lim ASz, =2 = S(2)

n—oo n—o0
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lim Sz, = hm SAx, =2=A(2)

n—oo

then (A, S) is compatible of type (E).

2. IMPLICIT RELATION

Let F be the set of all continuous functions F : [0,1]® — [0, 1] satisfying:

(Fy) : F is non increasing in us and ug.
(Fy) : If, for some constant k € (0,1), we have

(Fy) : Fu(kt), o(t), v(t), u(t), 1,u(%) *v(%)) > 1,

or

t t

(Fp) : F(u(k:t),v(t),u(t),v(t),u(i) * 0(5), 1)>1,

for any fixed t > 0 and any nondecreasing functions u, v : [0,1) — [0, 1], then there

exists h € (0, 1) such u(ht) > v(t) * u(t).

(F3) : If, for some constant k € (0,1), we have F'(u(kt),u(t), 1,1, u(t),u(t)) > 1
[0, 1], then u(kt)

fixed t > 0 and any nondecreasing function « : [0,1) —

Example 2.1. Let

gt

F(U1,UQ,U3,U4,U/5,U6) = min{uQ U3, Uy, Us UG}
) ) ) )

and a * b = min{a,b}.
(F1) : Obuiously satisfied.
(Fy) : If we have
u(kt)
min{v(t), v(t), u(t), 1, u(3) * (%)}
for some k € (0,1), then u(kt) > min{u($),v(%
u(ht) > u(t) *v(t). For Fy, it is similar as Fy,.
(F3) : If there exists k € (0,1) such that

w(kt) > min{u(t), 1, 1, u(t), u(t)},

then u(kt) > u(t).

Example 2.2.
uy max{ug, us, ug}

F(ul,UQ,U3,U47U5>U6> = mln{U5 U/G}
)

(F1) Obviously satisfied.
(Fy) Suppose there is k € (0,1) such:

u(kt) max{u(t),v(t)} > u(%) * v(%),

choosing h = 2k, we obtain u(ht) > u(t) * v(t). For Fy, it is similar as F,.

(F3) Clearly

implies that u(kt) > u(t).

5)}, putting h = 2k, we obtain
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Example 2.3. Let

ui

)

and a * b = ab.

(F1) Obuiously satisfied.
(Fy) Suppose there is k € (0,1) such:

W (kt) > (0(0) # 0(t) * u(t)) max{1,u(5) 5 v(3)} = VA (uld),
SO
w(kt) > 03 (t)us () > v(t)u(t) = u(t) * v(t),
then it suffices to taking k = h. For Fy, it is similar.
(F3) If there exists k € (0,1) such

u(kt) > u?(b),
since u(t) € [0,1] for all s > 0, then u(kt) > u(t).
We need in a sequel of our main results the following lemma:

Lemma 2.1. [14] Let (X, M, %) be a fuzzy metric space. If there exists a constant k € (0,1)
such that M(x,y,kt) > M(z,y,t), for allt >0 and fized x,y € X, then x = y.

3. MAIN RESULTS

Theorem 3.1. Let (X, M,x) be a fuzzy metric space, with a * b = min{a,b}, for all
a,b € [0,1]. A,B,S and T are four self mappings on X such that the two pairs (A, S)
and (B,T) are weakly subsequentially continuous (wsc) and compatible of type (E), then
the pairs (A, S) and (B,T) has a coincidence point.

Moreover, A, B, S and T have a unique common fixed point in X provided for all x,y € X
and each t > 0, there exists k € (0,1) and F' € F such that:

F( M(S.%‘,Ty, k‘t),M(A$,By,t),M(AHJ,Sl’,t), ) >1

M(By,Ty,t)M(Sxz, By,t), M(Ty, Az,t) (1)

Proof. Since (A, S) is weakly subsequentially continuous, there exists a sequence {z,}
in X such that lim Az, = lim Sz, = z, for some z € X and lim ASz, = Az(

n—oo n—o0 n—oo

or ILm SAx, = Sz). Also (A, S) is compatible of type (E) implies that

lim ASz, = lim A%z, = Sz
n—oo n—oo
and

lim SAz, = lim S%z, = Az.

n—oo n—oo
Consequently we obtain Az = Sz and z is a coincidence point of A and S. Similarly for B
and T, since (B,T) is wsc (suppose that it is B-subsequentially continuous) there exists
a sequence {y,} such
lim By, = lim Ty, = w,
n—oo n—o0
for some w € X and

lim BTy, = Bw.

n—o0

Also (B, T) is compatible of type (E), we get
lim BTy, = lim By, = Tw
n—oo

n—o0
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lim TBy, = lim T?%y, = Bw.
n—oo

n—oo
Hence Bw = Tw and w is a coincidence point of B and T
We claim Az = Bw, if not by using (1) we get:
P M(Sz,Tw, kt), M(Az, Bw,t), M(Az,Sz,t), \
M(Bw,Tw,t)M(Sz, Bw,t), M(Tw, Az,t) -
I M(Az, Bw, kt), M(Az, Bw,t),1, > 1
1, M(Az, Bw,t), M(Bw, Az,t) -
From (Fy), we get M (Az, Bw, kt) > M(Az, Bw,t).
Hence by Lemma 2.1 we obtain Az = Bw.
Now we show z = Az, if not by using (1) we get:
I M(Szp, Tw, kt), M (Axy,, Bw,t), M(Az,, Sz,t),
M (Bw,Tw,t), M(Szy, Bw,t), M(Tw, Az, t)
Letting n — oo we get:
r M (z,Tw, kt), M(z, Bw,t), M(z,Sz,t), \ _
1, M(z,Tw,t), M(Bw, z,t) a
I Mz, Az, kt), M(z, Az, t), M(z, Az, t), -1
1, M(z,Az,t), M(Az, z,t) -
From (F}) we have M (z, Az, kt) > M(z, Az,t. Then z = Az = Sz (by Lemma 2.1).
Nextly we prove z = w, if not by using (1) we get:
r M (Sxy, Tyn, kt), M(Axy, Byn,t), M (Ax,, Sty t), > 1
M(BynaTymt)’M(A$naTyn7t)aM(BymAxnat) -
Letting n — oo we get:
I M(z,w, kt), M(z,w,t), M(z, z,t), -1
M(w,w,t), M(z,w,t), M(w,z,t) ) =
From (Fy) we get M(z,w,kt) > M(z,w,t). Hence, by Lemma 2.1 we obtain z = Bz,i.e.,
z is a fixed point of A, B, S and T
For the uniqueness suppose that there is another fixed point ¢ and using (1), we get:
I3 M(Sz,Tq,kt), M(Az, Bq,t), M(Az,Sz,t),
M(Bgq,Tq,t), M(Az,Tq,t), M(Sz, Bq,t)

F( M(27Q7 kt)’M(Z7q7t)717 > Z 1'

> 1.

17 M(Z, Q7t)7 M(Za Q7t)

From (F3) and Lemma 2.1, we get z = q. Consequently z is unique. U

Theorem 3.1 improves Theorem 1 of Altun and Tirkoglu [2].
If A= B and S =T, we obtain the following corollary:

Corollary 3.1. Let (X, M,x) be a fuzzy metric space, with a x b = min{a, b}, for all
a,bin]0,1]. A and S are two self mappings on X such that the pair (A, S) is weakly subse-
quentially continuous (wsc) and compatible of type (E), then pair (A, S) has a coincidence
point each. Moreover, A, B,S and T have a unique common fized point in X provided for
all x,y in X and each t > 0, there exists k € (0,1) and F € F such that:

I M(Sx, Sy, kt), M(Ax, Ay, t), M (Ax, Sz, 1), -1
M(Ay, Sy,t), M(Azx, Sy,t), M (Sz, Ay, t) =

If we combine Theorem 3.1 with Example 2.1 we obtain the following corollary:
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Corollary 3.2. Let (X, M,x) be a fuzzy metric space, with a x b = min{a, b}, for all
a,bin]0,1]. A and S are two self mappings on X such that the pair (A, S) is weakly subse-
quentially continuous (wsc) and compatible of type (E), then pair (A, S) has a coincidence
point each. Moreover, A, B, S and T have a unique common fized point in X provided for
all x,y in X and each t > 0, there exists k € (0,1) and F € F such that:

M(Sz, Ty, kt) > min{ M (Az, By, t), M(Az, Sz,t), M(By,Ty,t), M(Ax,Ty,t), M (Sx, By,t)},
Theorem 3.2. Let (X, M,x*) be a fuzzy metric space with a x b = min{a,b}, for all
a,b € 1[0,1] and let A, B, S be self mappings on X satisfying (1), suppose

(1) the pair (A, S) (or (B,T)) is weakly subsequentially continuous and compatible of

type (E), -

(2) S(X) € B(X) (or T(X) C A(X)),

(3) (B,T) is weakly compatible (or (A, S) is weakly compatible).
Then A, B,S and T have unique common fized point in X .

Proof. Since the pair (A, S) is wsc and compatible of type (E), there exists a sequence

{z,} in X such le Az, = ILm Sz, = z for some z € X and Az = Sz.

S(X) C B(X) implies that there is v € X such z = Bv. We check z = T'v, if it is not, by
using (1) we get:
I M(Szy, Tv, kt), M (Ax,, Bv,t), M(Axy, Sxn, t), -1
M(Bv,Tv,t), M(Sxy, Bv,t), M(Tv, Ax,, t) =
Letting n — oo, we get:
I M(z,Tv,kt), M(z,Tv,t),1, > 1
M(z,Tv,t),1, M(z,Tv,t) =
Since y ’
M(z,Tv,t) > M(z,Tv, 5) = M(z,Tv,i) * 1,
and F' is non increasing in sixth variable we get:
M(z,Tv, kt), 1,1
b ) b b b > .
F < M(z,Tv,t),1,M(z,Tv, 5) %1 > =1
From (Fy), we get M(z,Tv,kt) > M(z,Tv,t). Hence by Lemma 2.1 we obtain z = Tv =
Bu.

The point v is a coincidence point for B and 7', and since the pair (B,T') is weakly
compatible we get Bz = Tz.
Now, we claim z = Az, if is not by using (1), we get:
I M(Az, z,kt), M(Az, z,t),1,1, B
M(Az, z,t), M(Az, z,t), M(z,Tv,t) )]
I M(Sz,Tv, kt), M(Az, Bv,t),1,1,
M(Sz,Bv,t), M(Az,Tv,t), M(z,Tv,t)
By using (F3) and Lemma 2.1, we get z = Az.
Now, if Az # Bz, by using (1) we get;
I M(Az, Bz, kt), M(Az, Bz,t),1,1,
M(Az,Bz,t), M(Az, Bz,t), M(z,Tv,t)

Y

1.

> 1.

P M(Sz,Tz,kt), M(Az, Bz,t),1,1,
M(Sz,Bz,t), M(Az,Tz,t), M(z,Tv,t)
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Then from (F3) and Lemma 2.1, we obtain Az = Bz. Hence z is a common fixed point of
A/ B,Sand T.
The uniqueness is similar as in proof of Theorem 3.1. ([l

Theorem 3.3. Let (X, M, ) be a fuzzy metric space, with axb = min{a, b} and let A, B, S
be self mappings on X satisfying (1) and the following conditions:
(1) the pair (A,S) (or (B,T)) is wsc and compatible of type (E),
(2) S(X) € B(X) ( or T(X) C A(X)),
(3) {Tyn} converges for every sequence {y,} in X, whenever {By,} converges( or
{Sz,} converges for every sequence {x,} in X, whenever {Ax,} converges,
(4) (B,T) is weakly compatible (or (A,S) is weakly compatible).

Then A, B,S and T have unique common fixed point in X.

Proof. As in proof of Theorem 3.1, if the pair (A,S) is wsc and compatible of type (E),
then there exists a sequence {z,} in X satisfying hm Az, = lim Sz, = z for some

n—oo
z € X and Az = Sz.
The inclusion A(X) C T(X) implies that there is a sequence {y,} in X such li_>m Az, =
n—oo
lim Ty, = z.
n—oo

Suppose lim Ty, = [, by using 1 we get:
n—oo
F M Sy, Tyn, kt), M(Axp, Byn,t), M(Azy, S, t), >1
M(BynaTynvt)aM(S‘T’naByn7t)7M(Axn7Tyn7t) =
Letting n — oo, we get:
(Z l7 t 9 717
>
F( M(z,0,0),1, M(z,0,t) ) =T

From (F3) and Lemma 2.1, we obtain [ = z.
We prove z = Az, if it is not, by using (1) we get:

I M(Sz,Typ, kt), M(Az, Byn,t), M(Az, Sz, t), -1
M(Byn,Tyn,t),M(Sz,Byn,t),M(Az,Tyn,t) )
Letting n — oo, we get:

r M(Az, z,kt), M(Az, z,t), 1,
1, M(Az, z,t), M(Az, z,t)

From (F3) and Lemma 2.1, we obtain z = Az = Sz.
Since S(X) C B(X), there exists w € X satisfying z = Sz = Bw, if Bw # w, by using
(1) we get:
r M(Bw,Tw,kt), 1,1, B
M(Bw,Tw,t),1, M(Bw,Tw,t) |

I M(Sz,Tw,kt), M(Az, Bw,t), M(Az, Sxy, t), -1
M (Bw,Tw,t), M(Sz, Bw,t), M(Az, Tw,t) =

From (F3) and Lemma 2.1, we obtain Bw = Tw and w is a coincidence point for B and
T, since (B,T) is weakly compatible, then z = Bz = T'z.
The uniqueness is similar as in proof of Theorem 3.1. 0

Theorem 3.3 improves theorem 2 of Altun and Tiirkoglu [2].
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Example 3.1. Let X = [0,00) and M = m with t-norm defined by a+b = min{a, b},
forall z,y € X andt > 0. Define A and S by:

20, 0<z<1 |z,
Al’—{L 251 S:E—{i

Consider a sequence {xy} such for each n > 1 we have:
Ty = %, clearly that lim Ax, = li_>m Sz, =0, also we have:
n—0oo

n—o0
lim ASz, = A(0) =0

n—oo

lim A%z, = S(0) =

n—oo

then (A, S) is A-subsequentially continuous and A-compatible of type (E).
For the inequality (1), taking

0
x

AVARVAN

r <1
1

t
F(t17t27t37t47t57t6) = Fl{t}al = 2535455367
(3

we have the following cases:
(1) For xz,y € 0,1], we have

t
M(Sz,Sy,t) = ————.
t+ iz —yl
Fork:%, we get:
t t
M(Sz, Sy, kt)) = > = M(Az, Ay, t).
(S, Sy, kt)) t+|z—yl — t+2lx —y| (Az, Ay, ?)
(2) For x €10,1] and y > 1, we have
t
M(Sz, Sy, t) = ——.
t+ iz — 3
Fork:%, we get:
1 t
M(Sxz, Ty, ~t) = = M(Ay, Sy,t).
(3) Forz € (1,00) and y € [0, 1], we have
t
M(Sx,Sy) = ————.
t+3ly — 3l
Fork:%, we get:
t t
M(Sx, Ty, kt) = = M(Az, Sz, t).
t+ly—3 ‘ t+3

(4) For x,y € (1,00), we have M(Sz,Sy,t) = 1, for any k € (0,1), so obviously (1)
is satisfied.
Consequently all the hypotheses of Corollary 3.2 (with A = B and S = T) are satisfied,
therefore the point 0 is the unique common fixzed of A and S.

Example 3.2. Let X =[0,2] and M = m with a t-norm defined by a*b = min{a, b},
forall z,y € X andt > 0,define A, B, S and T as follows:

Ar — z, 0<z<1 By — 2—x, 0<x<2
TTLL 1<z<2 7 2, l<z<?2
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1, 0<z<1 Hl g<p<1
— ’ — — — 2 = =
S {}l, l<z<2 T {3 l<z<2

We consider a sequence {x,} defined for each n > 1 by:

Tp=1— %, clearly that lim Az, = lim Sz, =1, also we have:
n—od n—oo

1i_>rn ASz, =A(1)=5(1) =1
lim A%z, = S(1) =1,
n—oo
then (A, S) is A-subsequentially continuous and A-compatible of type (E).

S(X) = S(X) ={3,1} C [0,1]U {2} = B(X). The mappings B and T have a coinci-
dence point x =1 and BT (1) = TB(1) = 1, so the pair (B,T) is weakly compatible.
To check the inequality (1) is satisfied, we take F' as in Example3.1, and so we have the
following cases:
(1) For z,y € [0,1], there is k = I such that:
t

t
M(Sz,T = > — M(B
(Sz, Ty, kt)) T S i1 (By, Sz,1)

(2) For z €[0,1] and y € (1,2], there is k = 1 such that:
t

M(Sz, Ty, kt) =

t t
M(Sz, Ty, kt) = T > T = M(Ax, Sz,t),
t+la—yl 45
because, for all y € [0,1], we have: |3 —y| < 3.
(4) For z,y € (1,2],there is k = % such that:
t t
M(Sz, Ty, kt) = —— > —— = M(Ax, By, t
(82, Ty, bt) = 1 > 0 = M(Az, By, 1

Consequently all hypotheses of Theorem3.2 are satisfied, therefore 1 is the unique common
fizxed of A, B,S and T.
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