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GRAPHS COSPECTRAL WITH MULTICONE GRAPHS Kw 5 L(P )

ALI ZEYDI ABDIAN1, §

Abstract. E. R. van Dam and W. H. Haemers [15] conjectured that almost all graphs
are determined by their spectra. Nevertheless, the set of graphs which are known to
be determined by their spectra is small. Hence, discovering infinite classes of graphs
that are determined by their spectra can be an interesting problem. The aim of this
paper is to characterize new classes of multicone graphs that are determined by their
spectrum. A multicone graph is defined to be the join of a clique and a regular graph. It
is proved that any graph cospectral with multicone graph Kw 5 L(P ) is determined by
its adjacency spectrum as well as its Laplacian spectrum, where Kw and L(P ) denote
a complete graph on w vertices and the line graph of the Petersen graph, respectively.
Finally, three problems for further researches are proposed.
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1. Introduction

All graphs considered here are simple and undirected. All terminology and notations on
graphs not defined here, can be found in [3, 4, 5, 19]. Let G be a graph with the adjacency
matrix A. We denote det(λI − A), the characteristic polynomial of G, by PG(λ). The
multiset of eigenvalues of A is called the adjacency spectrum, or simply the spectrum of G.
Since A is a symmetric matrix, the eigenvalues of G are real. Two non-isomorphic graphs
with the same spectrum are called cospectral. We say that a graph is determined by the
spectrum (DS for short) if there is no other non-isomorphic graph with the same spectrum.
For two graphs G1 and G2 with disjoint vertex sets V (G1) and V (G2) and disjoint edge
sets E(G1) and E(G2) the disjointunion of G1 and G2 is the graph G = G1 ∪G2 with the
vertex set V (G1) ∪ V (G2) and the edge set E(G1) ∪ E(G2). The join G5 H of simple
undirected graphs G and H is the graph with the vertex set V (G5H) = V (G)∪V (H) and
the edge set E(G5H) = E(G) ∪E(H) ∪ {uv|u ∈ V (G), v ∈ V (H)}. For a graph G, let
D(G) = diag(d1, d2, ..., dn) be the diagonal matrix of vertex degrees, and let A(G) be the
adjacency matrix of G. The matrices SL(G) = D(G) +A(G) and Lp(G) = D(G)−A(G)
are called the signless Laplacian matrix and Laplacian matrix of G, respectively. Line
graph of a graph G denoted by L(G), is a graph that its vertices are edges of G and two
vertices of L(G) are adjacent if their corresponding edges in G have a common vertex.
The background of the question ” Which graphs are determined by their spectrum?”
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originates from Chemistry (in 1956, Günthadr and Primas [8] raised this question in the
context of Hückel’s theory). A remarkable fact is that there are many wonderful papers to
studying cospectral graphs and introducing kinds of methods of constructing them (see [7],
[9], [10], [11], [17] and [18], for example). In [15], it is conjectured that almost all graphs
are DS. Nevertheless, the set of graphs which are known to be DS is small and therefore
it would be interesting to find more examples of DS graphs. For a survey of the subject,
see [15, 16]. Special classes of multicone graphs were characterizd in [17]. In [17], Authors
investigated on the spectral characterization of multicone graphs and also they claimed
that friendship graph Fn is DS with respect to its adjacency spectra. In [1], Abdian and
Mirafzal characterized new classes of multicone graphs that were DS with respect to their
spectra. In this paper, we characterize another new classes of multicone graphs that are
DS with respect to their spectra.

2. Preliminaries

In this section, we give some results that will be used in the sequal.

Lemma 2.1. [2, 13] Let G be a graph. For the adjacency matrix and Laplacian matrix,
the following can be obtained from the spectrum:

(i) The number of vertices,
(ii) The number of edges.
For the adjacency matrix, the following follows from the spectrum:
(iii) The number of closed walks of any length.
(iv) Being regular or not and the degree of regularity.
(v) Being bipartite or not.
For the Laplacian matrix, the following follows from the spectrum:
(vi) The number of components.

Theorem 2.1. [5] If G1 is r1-regular with n1 vertices, and G2 is r2-regular with n2 vertices,
then the characteristic polynomial of the join G1 5G2 is given by:

PG15G2(x) =
PG1(x)PG2(x)

(x− r1)(x− r2)
((x− r1)(x− r2)− n1n2).

Theorem 2.2. [1] Let G be a simple graph with n vertices and m edges. Let δ = δ(G)
be the minimum degree of vertices of G and %(G) be the spectral radius of the adjacency
matrix of G. Then

%(G) ≤ δ − 1

2
+

√
2m− nδ +

(δ + 1)2

4
.

Equality holds if and only if G is either a regular graph or a bidegreed graph in which each
vertex is of degree either δ or n− 1.

Theorem 2.3. [12] Let G and H be two graphs with Laplacian spectrum λ1 ≥ λ2 ≥ ... ≥ λn
and µ1 ≥ µ2 ≥ ... ≥ µm, respectively. Then Laplacian spectra of G and G 5 H are
n − λ1, n − λ2, ..., n − λn−1, 0 and n + m,m + λ1, ...,m + λn−1, n + µ1, ..., n + µm−1, 0,
respectively.

Lemma 2.2. [12] Let G be a graph on n vertices. Then n is Laplacian eigenvalue of G if
and only if G is the join of two graphs.

Proposition 2.1. [1] For a graph G, the following statements are equivalent:

(i) G is d-regular.
(ii) %(G) = dG, the average vertex degree.
(iii) G has v = (1, 1, ..., 1)t as an eigenvector for %(G).
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Theorem 2.4. [5, 14] Let G− j be the graph obtained from G by deleting the vertex j and

all edges containing j. Then PG−j(x) = PG(x)
m∑
i=1

α2
ij

x− µi
, where m, αij and PG are the

number of distinct eigenvalues of graph G, main angle of G and characteristic polynomial
of G, respectively.

The rest of this paper is organized as follows. In Section 3, we prove that multicone
graphs Kw 5 L(P ) are determined by their adjacency spectrum. In Section 4, we show
that these graphs are DS with respect to their Laplacian spectrum. In Section 5, we
review what was said in the previous sections and finally we propose three conjectures
for further researches.

Table 1. The line graph of the Petersen graph and some its graphical properties

The line graph of the Petersen graph Some graphical properties
|V | 15
|E| 30
Girth 3
Graphical properties Regular, Non-bipartite graph.

Adjacency spectrum of line graph of the Perersen graph
{

[4]1, [2]5 , [−1]4, [−2]5
}

3. Main results

3.0.1. Graphs cospectral with multicone graphs Kw 5 L(P ).
In this subsection, we show that any graph cospectral with a multicone graphKw5L(P )

is determined by its adjacency spectrum.

Proposition 3.1. Let G be a graph. If Spec(G) = Spec(Kw 5 L(P )). Then Spec(G) =[−1]w−1, [2]5 , [−1]4, [−2]5,

[
Ω +
√

Ω2 + 4Γ

2

]1

,

[
Ω−
√

Ω2 + 4Γ

2

]1
, where Ω = w + 3

and Γ = 11w + 4.

Proof. By Theorem 2.2 and Spec(L(P )) =
{

[4]1, [2]5 , [−1]4, [−2]5
}

the proof is com-

pleted. �

In Lemma 3.3 we show that any graph cospectral with a multicone graph Kw 5 L(P )
must be bidegreed.

Lemma 3.1. Let G be cospectral with a multicone graph Kw5L(P ). Then δ(G) = w+4.

Proof. Assume δ(G) = w + 4 + x, where x is an integer number. First, it is clear that in
this case the equality in Theorem 2.3 happens, if and only if x = 0. We show that x = 0.
By contrary, we suppose that x 6= 0. It follows from Theorem 2.3 and Proposition 3.1 that

%(G) =
w + 3 +

√
8k − 4l(w + 4) + (w + 5)2

2
<

w + 3 + x+
√

8k − 4l(w + 4) + (w + 5)2 + x2 + (2w + 10− 4l)x

2
, where the integer num-

bers k and l denote the number of edges and the number of vertices of the graph G,
respectively. A simple computation follows that

√
Q−

√
Q+ g(x) < x.
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, where Q = 8k − 4l(w + 4) + (w + 5)2 ≥ 0 and g(x) = x2 + (2w + 10 − 4l)x. In the
following, we denote the absolute value of y by |y|, where y is an arbitrary integer number.

Now, we consider two cases:
Case 1. x < 0.
|
√
Q −

√
Q+ g(x)| > |x| =⇒ 2Q + g(x) − 2

√
Q(Q+ g(x)) > x2 =⇒ Q + (w + 5 −

2l)x >
√
Q(Q+ g(x) =⇒ Q2 + [(w + 5 − 2l)x]2 + 2Q(w + 5 − 2l)x > Q2 + Qg(x) =⇒

[(w + 5 − 2l)x]2 + 2Q(w + 5 − 2l)x > Qg(x) =⇒ [(w + 5 − 2l)x]2 + 2Q(w + 5 − 2l)x >
Q(x2+(2w+10−4l)x) =⇒ [(w+5−2l)x]2+Q(2w+10−4l)x > Q(x2+(2w+10−4l)x) =⇒

(w + 5− 2l)2 > Q =⇒ (w + 5− 2l)2 > 8k − 4l(w + 4) + (w + 5)2 =⇒ k <
l(l − 1)

2
.

Therefore, if x < 0, then G cannot be a complete graph. In other words, if G is a
complete graph, then x > 0. Or one can say that for a complete graph G cospectral with
a multicone graph Kw 5 L(P ), we must have δ(G) > w + 4.

Case 2. x > 0.
In the same way of Case 1, one can conclude that for a complete graph G cospectral

with a multicone graph Kw 5 L(P ), we must have δ(G) < w + 4.
But, Case 1 and Case 2 are contradict to each other. So, we must have x = 0. Therefore,
the assertion holds. �

Lemma 3.2. If G be a graph and Spec(G) = Spec(Kw 5 L(P )), then G is bidegreed, in
which any vertex of G is of degree w + 4 or w + 14.

Proof. Lemma 3.2 together with Theorem 2.3 and Proposition 2.6 complete the proof. �

Figure 1. Petersen graph

Lemma 3.3. Any graph cospectral with the multicone graph K15L(P ) is DS with respect
to its adjacency spectrum.
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Proof. By Lemma 3.3, G has one vertex of degree 15, say j. On the other hand, Proposition
2.7, follows that PG−j(λ) = (λ−µ3)4(λ−µ4)3(λ−µ5)4[α2

1jA+α2
2jB+α2

3jC+α2
4jD+α2

5jE].

A = (λ− µ2)(λ− µ3)(λ− µ4)(λ− µ5),
B = (λ− µ1)(λ− µ3)(λ− µ4)(λ− µ5),
C = (λ− µ1)(λ− µ2)(λ− µ4)(λ− µ5),
D = (λ− µ1)(λ− µ2)(λ− µ3)(λ− µ5),
E = (λ− µ1)(λ− µ2)(λ− µ3)(λ− µ4),

where µ1 =
4 +
√

76

2
, µ2 =

4−
√

76

2
, µ3 = 2, µ4 = −1 and µ5 = −2.

We know that G− j has 15 eigenvalues. Also, if we remove the vertex j of graph G, then
the number of edges and triangles that are removed of graph G is 15 and 30,
respectively. Moreover, Lemma 3.3 follows that G− j is regular and degree of its
regularity is 4. By Lemma 2.1 (iii) for the closed walks of lengths 1, 2 and 3 we have:
x+ y + z + 4 = −(4µ3 + 3µ4 + 4µ5)
x2 + y2 + z2 + 16 = 60− (4µ23 + 3µ24 + 4µ25)
x3 + y3 + z3 + 64 = 60− (4µ33 + 3µ34 + 4µ35)
, where x, y and z are eigenvalues of PG−j(λ). If we solve the above equations, then

x = 2, y = −1 and z = −2. So, Spec(G− j) =
{

[4]1 , [2]5, [−1]4, [−2]5
}

. It is well-known

the line graph of the Petrsen graph is DS with respect to its adjacency spectrum.
Therefore, G− j ∼= L(P ) and so G ∼= K1 5 L(P ).

�

Up to now, we have shown the multicone graph K1 5 L(P ) is DS. The natural questions
is; what happen for multicone graphs Kw 5 L(P )? we answer to this question in the
next theorem.

Theorem 3.1. Any graph cospectral with a multicone graphs Kw 5 L(P ) is isomorphic
to Kw 5 L(P ).

Proof. We solve the problem by induction on w. If w = 1, there is nothing for proof. Let
the problem be true for w; that is, if Spec(G1) = Spec(Kw5L(P )), then G1

∼= Kw5L(P ),
where G1 is an arbitrary graph cospectral with multicone graph Spec(G) = Spec(Kw 5
L(P )). We show that Spec(G) = Spec(Kw+1 5 L(P )) follows that Kw 5 L(P ), where G
is an arbitrary graph cospectral with multicone graph Spec(G) = Spec(Kw+1 5 L(P )).
First, it is obvious that G has one vertex and w+15 edges more than G1. Now, by Lemma
3.3, it follows that G1 has w vertices of degree w+ 14 and 15 vertices of degree w+ 4 and
also G has w + 1 vertices of degree w + 15 and 15 vertices of degree w + 5. So, we must
have G ∼= K1 5G1. Now, the induction hypothesis completes the proof. �

In the following, we present another proof of Theorem 3.5.

Proof. Let Spec(G) = Spec(Kw 5 L(P )). By Lemma 3.3, G has graph Γ as its subgraph
in which degree of any vertex of Γ is w+ 14. On the other words, G ∼= Kw5H, where H
is a subgraph of G. Now, we remove vertices of Kw and we consider 15 another vertices.
Degree of graph consists of these vertices is 4, say H. By Theorem 2.2, Spec(H) ={

[4]1, [2]5 , [−1]4, [−2]5
}

= Spec(L(P )). This completes the proof. �

In the following, we show that multicone graphs Kw 5 L(P ) are DS with respect to their
adjacency spectrum.
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4. Connected graphs cospectral with a multicone graph Kw 5 L(P ) with
respect to Laplacian spectrum

Theorem 4.1. Multicone graphs Kw5L(P ) are DS with respect to their Laplacian spec-
trum.

Proof. We solve the problem by induction on w. If w = 1, there is nothing to prove. Let
the problem be true for values of less than w; that is, Spec(Lp(G1)) = Spec(Lp(Kw 5
L(P )) implies that G1

∼= Kw 5 L(P ), where G1 is a graph. We show that the prob-
lem is true for w + 1; that is, we show that Spec(Lp(G)) = Spec(Lp(Kw+1 5 L(P ))) ={

[w + 16]w+1, [w + 3]4, [0]1, [w + 6]4, [w + 7]5
}

follows thatG ∼= Kw+15L(P ), whereG is a

graph. But, Spec(Lp(G1)) = Spec(Lp(Kw5L(P ))) =
{

[w + 15]w, [w + 2]4, [0]1, [w + 5]4, [w + 6]5
}

implies that G1
∼= Kw 5 L(P ). Theorem 2.5 implies that G1 and G are the join of two

graphs. On the other hand, Spec(Lp(K15G1)) = Spec(Lp(G)) = spec(Lp(Kw+15L(P )))
and also G has one vertex and w + 15 edges more than G1. Therefore, we must have
G ∼= K1 5G1. Now, the induction hypothesis completes the proof. �

5. Conclusion remark and Conjectures

Now, we review what were proved in the earlier sections and finally we pose three
conjectures.

Corollary 5.1. Let G be a graph. The following statements are eguivalent:

(i) G ∼= Kw 5 L(P ),
(ii) Spec(G) = Spec(Kw 5 L(P )),
(iii) Spec(Lp(G)) = Spec(Lp(Kw 5 L(P )).

In the following, we pose three conjectures.

Conjecture 5.1. Multicone graphs Kw5L(P ) are DS with respect to their signless Lapla-
cian spectrum.

Conjecture 5.2. The complement of multicone graphs Kw 5 L(P ) are DS with respect
to their adjacency spectrum.

Conjecture 5.3. The complement of multicone graphs Kw 5 L(P ) are DS with respect
to their signless Laplacian spectrum.
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