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COMMON COUPLED FIXED POINT THEOREM UNDER WEAK ¢ — ¢
CONTRACTION FOR HYBRID PAIR OF MAPPINGS WITH
APPLICATION

BHAVANA DESHPANDE!, AMRISH HANDA? LAKSHMI NARAYAN MISHRA?®, §

ABSTRACT. We establish a common coupled fixed point theorem for hybrid pair of map-
pings under weak 1 — ¢ contraction on a non-complete metric space, which is not
partially ordered. It is to be noted that to find coupled coincidence point, we do not em-
ploy the condition of continuity of any mapping involved therein. Moreover, an example
and an application to integral equations are given here to illustrate the usability of the
obtained results. We improve, extend, and generalize several known results.

Keywords: Coupled fixed point, coupled coincidence point, weak ¥ — ¢ contraction,
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1. INTRODUCTION AND PRELIMINARIES

Let (X, d) be a metric space. We denote by 2% the class of all nonempty subsets of X, by
C'L(X) the class of all nonempty closed subsets of X, by CB(X) the class of all nonempty
closed bounded subsets of X and by K(X) the class of all nonempty compact subsets of
X. A functional H : CL(X) x CL(X) — Ry U {+o0} is said to be the Pompeiu-Hausdorff
generalized metric induced by d is given by

H(A, B) = {

for all A, B € CL(X), where D(z, A) = inf,cad(x, a) denote the distance from z to
A C X. For simplicity, if x € X, we denote g(z) by gz.

The existence of fixed points for various multivalued contractions and non-expansive
mappings has been studied by many authors under different conditions which was initiated
by Markin [22]. The theory of multivalued mappings has applications in control theory,
convex optimization, differential inclusions and economics.

In 1987, Guo and Lakshmikantham [17] gave the notion of coupled fixed point. Follow-
ing this paper, Gnana-Bhaskar and Lakshmikantham [4] introduced the concept of mixed
monotone property for F': X x X — X (where X is an ordered metric space) and proved

max {sup,ec 4 D(a, B), supyep D(b, A)}, if maximum exists,
400, otherwise,
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some results on the existence and uniqueness of coupled fixed points. Later on, Laksh-
mikantham and Ciric [18] generalized these results for nonlinear contraction mappings by
introducing the notions of coupled coincidence point and mixed g-monotone property in
2009. These results are applied for proving the existence and uniqueness of the solution for
periodic boundary value problems. Many authors focused on coupled fixed point theory
including [3, 5, 10, 11, 20, 21, 25, 29].

Samet et al. [27] claimed that most of the coupled fixed point theorems in the setting
of single-valued mappings on ordered metric spaces are consequences of well-known fixed
point theorems.

The concepts related to coupled fixed point theory in the setting of multivalued map-
pings were extended by Abbas et al. [2] and obtained coupled coincidence point and
common coupled fixed point theorems involving hybrid pair of mappings satisfying gener-
alized contractive conditions in complete metric spaces. Very few papers were devoted to
coupled fixed point problems for hybrid pair of mappings including [1, 2, 12, 13, 19, 28].

In [2], Abbas et al. introduced the following for multivalued mappings:

Definition 1.1. Let X be a non-empty set, F : X x X — 2% and g be a self-mapping on
X. An element (z, y) € X x X is called

(1) a coupled fized point of F if x € F(x, y) and y € F(y, x).

(2) a coupled coincidence point of hybrid pair {F, g} if gv € F(z, y) and gy € F(y, x).

(3) a common coupled fized point of hybrid pair {F, g} if v = gz € F(z, y) and
y =gy € Fy, z).

We denote the set of coupled coincidence points of mappings F' and g by C(F, g). Note
that if (z, y) € C(F, g), then (y, x) is also in C(F, g).

Definition 1.2. Let F : X x X — 2% be a multivalued mapping and g be a self-mapping
on X. The hybrid pair {F, g} is called w—compatible if gF (x, y) C F(gz, gy) whenever

(z, y) € C(F, g).

Definition 1.3. Let F : X x X — 2% be a multivalued mapping and g be a self-mapping
on X. The mapping g is called F—weakly commuting at some point (x, y) € X x X if

g*x € F(gz, gy) and g*y € F(gy, gz).

Lemma 1.1. [26]. Let (X, d) be a metric space. Then, for each a € X and B € K(X),
there is by € B such that D(a, B) = d(a, by), where D(a, B) = infycp d(a, b).

In [16], Gordji et al. established some fixed point theorems for (v, ¢)-weak contractive
mappings in a complete metric space endowed with a partial order. Our basic references
are [5, 6, 7, 8, 9, 14, 15, 16, 23, 24, 26, 27].

In this paper, we establish a common coupled fixed point theorem for hybrid pair of
mappings under weak 1 — ¢ contraction on a non-complete metric space, which is not
partially ordered. It is to be noted that to find coupled coincidence point, we do not
employ the condition of continuity of any mapping involved therein. Moreover, an example
and an application to integral equations are given here to illustrate the usability of the
obtained results. We improve, extend and generalize the result of Gnana-Bhaskar and
Lakshmikantham [4], Gordji et al. [16] and Lakshmikantham and Ciric [18].
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2. Main results

Let ¥ denote the set of all functions v : [0, +00) — [0, +00) satisfying
(iy) v is continuous and non-decreasing,
(i) ¥(t) =0 ¢ — 0,
(i7iy) limsup,_,o, Ty < oo

Let ® denote the set of all functions ¢ : [0, +00) — [0, +00) satisfying
(iy) ¢ is lower semi-continuous and non-decreasing,
(i1p) o(t) =0t =0,
(tiiy,) for any sequence {t,} with lim,_, t, = 0, there exists k € (0, 1)
and ng € N, such that ¢(t,) > kt,, for each n > ny.

Let © denote the set of all functions 6 : [0, +00) — [0, +00) satisfying
(ig) 0 is continuous,
(1ig) O(t) =0 <t = 0.

For simplicity, we define

M(z, y, u, v)

= max D(gz, F(u, v))+D(

and
.| D(gz, F(u, v)), D(gu, F(z, y)),

N, y, w, ”>‘mm{ D(gy, F(v, w)), D{gv, F(y, 7)) |’
and

d(z, u), d(z, F(z, v)), d(u, F(u, v)),

d(y, v), d(y, F(y, x)), d(v, F(v, u)),

m(z, y, u, v) = max d(z, F(u, v))+d(u, F(z, y)) ;
d(y, F(v, u>>2§d<v, Fly, z))

and

_f d(@, F(u, v), d(u, F(z, 3)),
@ v, w ”>‘m‘“{ d(y, F(v, w), d(v, F(y, z)) }

Theorem 2.1. Let (X, d) be a metric space, F : X x X — K(X) and g: X — X be two
mappings. Suppose there exist some Y € U, o € & and § € © such that

Y (H(F(z, y), F(u, v))) (1)
< Mz, y, u, v)) =@ (M(z, y, u, v))) +0(N(z, y, u, v)),

for all x, y, u, v € X. Furthermore assume that F(X x X) C g(X) and g(X) is a complete
subset of X. Then F and g have a coupled coincidence point. Moreover, F and g have a
common coupled fixed point, if one of the following conditions holds:

(a) F and g are w—compatible. lim, o ¢"x = u and lim,_, g"y = v for some (z,
y) € C(F, g) and for some u, v € X and g is continuous at u and v.

(b) g is F—weakly commuting for some (z, y) € C(F, g) and gz and gy are fized points
of g, that is, ¢’z = gx and ¢°y = gy.

(c) g is continuous at x and y. lim, o ¢"u = x and lim,_, g"v = y for some (z,
y) € C(F, g) and for some u, v € X.

(d) g(C(F, g)) is a singleton subset of C(F, g).
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Proof. Let g, yo € X be arbitrary. Then F'(zg, yo) and F(yo, x¢) are well defined. Choose
gr1 € F(x0,y0) and gy € F(yo, x0), because F(X xX) C g(X). Since F : Xx X — K(X),
therefore by Lemma 1.1, there exist z; € F(z1, y1) and 29 € F(y1, x1) such that

d(gxlu Zl) S H(F(:UO? y0)7 F(xla yl))7

d(gy1, 22) < H(F(yo, z0), F(y1, 1))

Since F(X x X) C g(X), there exist x3, y2 € X such that z; = gzo and z5 = gyo. Thus

d(gz1, gra) < H(F(zo, yo), F(z1, y1)),
d(gy1, gy2) < H(F(yo, x0), F(y1, x1)).
Continuing this process, we obtain sequences {z,} and {y,} in X such that for all n € N,
we have grp4+1 € F(2p, yn) and gyn1+1 € F(yn, x,) such that
d(9Tnt1, 9Tnt2) < H(F(Tn, Yn), F(@nt1, Ynt1)),
d(gyn+1s 9Yn+2) < H(F(Yn, zn), F(Yn+1, Tnt1)).
Suppose first that gz,, = gTn,+1 and gyn, = gYn,+1 for some ng. Then, the sequences
{gx,} and {gy,} is constant for n > ng. Indeed, let ng = k. Then gz = grr11 and
Yk = 9Yk+1.- Now, by (iy) and (1), we obtain
¥ (d(9Tk+1, 9Tr12))
Y (H(F(zk, yk), F(Tkt1, Yer1)))
O (M (ks Yo, Thr1s Y1) — @ (0 (M (@, Yy Tht1, Yks1)))
+0 (N (ks Yk Thts Ykt1)) (2)

<
<

where

M(ﬁk» Yky Thk+1, yk+1)

d(gzxr, 9xk+1), D(92k, F(2k, Yr)), D(9xk41, F (g1, Yr1)),

d(9yk, 9Yk+1)> D9k, F(yk, 2))s D(9Uk+1, F (Ykt1, Tht1)),
= Inax D(gzp, F(2pq1,Yk+1)) + D92k 1,F (Th,Yk))

2 )
D(gyr, F(Yr+1,%5+1))+D(gyr+1,F (yr,2r))
2

d(g[Ek, gkarl)a d(.gxka gkarl)? d(gkarh g$k+2)7

max d(gyr, 9Yk+1)s A(gYrs 9Yr+1), A(GYkt1, IYk+2),
d(gzr, 92k+2)+d(9Trt1, 9%k+1) A(gYks 9Yb+2)+A(gYr+1, GYr+1)
2 ) 2

IN

IN

{ d(9zkt1, 9Tr+2), A(9Yr+1, 9Yk+2), }
max

d(grk, 9Tk+2) d(9Yks 9Yk+2)
2 ) 2

IN

max {d(gTri1, 9Tk+2), A(gYrt1, GYk+2)}

and

O (N(ks Yk, Thtl, Yrt1))

— mln{ .D(g.’Ek, F(.’Ek+1, yk+1))7 D(gxk-l-l) F(.’Ek, yk))a }
D(gyr, F(yr+1, Tk11)), D(gyrr1, F(Yrs Tk))
= 0.

Thus, by (2) and (iig), we get
Y (d(gTri1, 9Tr42))
< ¢ (max {d(92k+1, 92k+2)s Ad(9Yr+1, 9Yk+2)})
—¢ (¢ (max {d(9Tr+1, 9Tr+2), A(GYr+1, 9Yk+2)})) -
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Similarly

U (d(gYr+1> 9Yk+2))
< ¢ (max {d(grr11, 9Tr+2), A(9Yrt1, 9Yk+2)})
—¢ (¢ (max {d(gxr1, 9Tk+2), A(gYr+1, 9Yr+2)})) -

Combining them, we get
max {¢ (d(g2r+1, 9Tr+2)), ¥ (d(gyk+1. gyk+2))}

< ¢ (max{d(92r+1, 9Tr+2), d(9Yr+1, 9Yk+2)})
— (¢ (max {d(gzrs1, 9Tkr2), d(gYr+1, gYr+2)})) -

Since v is non-decreasing, it follows that
¥ (max {d(gzri1, 9Tr+2), d(gyk+1, gYr+2)})

< ¢ (max {d(92r+1, 9%r+2)s d(9Yr+1, 9Yk+2)})
—¢ (¢ (max {d(gzrs1, 9Tr+2), A(GYrt1, 9Yk+2)})) 5

which, by (iig) and (7iy), implies that

max {d(9Tr11, 9Zry2), d(gYkt+1, 9Yr+2)} = 0.
It follows that

d(gzk+1, 9Tk12) =0 and d(gyk+1, gyk+2) =0,

11

and S0 gTg+1 = gTk+2, GYk+1 = GYk+2- LThus the sequences {gx,} and {gy,} are constants

(starting from some ny).

Suppose that max{d(¢9zn, 9Tn+1), d(gYn, gyn+1)} > 0 for each n € N. It is clear that

N(Zn, Yn, Tnt1, Ynt1) = 0 for all n € N. Now, by condition (1) and (iy), we have

Y (d(9Tn+1, gTnt2))

¢(H(F(xn> yn)v F(:Un—i-ly yn+1)))

Y (M (2, Yn, Tntts Ynt1)) — @ (0 (M (20, Yn, Tntts Ynt1)))
+6 (N(xm Yny, Tn+i, yn+1)),

<
<

which, by (iig), implies

Y (d(gTnt1, 9Tnt2))
S d} (M(Sﬂn, Yny Tn+1, yn+1)) — ¢ (1/} (M(xn) Yny Tn+1, yn-i—l))) )

which by the fact that ¢ > 0 implies
Y (d(9Tn+1, 9Tnt2)) <Y (M(Tns Yny Tnils Ynt1)) -
Since 1) is non-decreasing, therefore we obtain
d(9Tn+1, gTnt2) < M(Zn, Yn, Tnt1s Ynt1)-
Similarly, we can obtain that
d(gyn+1, gYnt2) < M(Tn, Yns Tnt1, Ynt1)-
Combining them, we get

max {d(gIH-Ha g$n+2), d(gyn+1a gyn+2)} < M(xnv Yn, Tn+1, yn+1)-
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Hence

M(xnv Yn,s Tn41, yn-{—l)

d(gxna ganrl)v D(gwrh F(xTH yn))> D(gxn+17 F($n+1, yn+1))7

d(9Yn, 9Yn+1)s D(gyns F(Yns Tn)), D(gYn+1, F(Yn+1, Tnt1)),
= Inax D(g.tn,F(zn+1,yn+1))+D(g$n+1,F(xn,yn))
9 )
D(gyn»F(yn-‘rlawn+1))+D(gyn+1yF(yn:xn))

2

d(gxna 9$n+1), d(gxn, gl‘n-{-l), d(g$n+1, g$n+2)7

max d(9Yn, 9Yn+1), AGYns 9Yn+1), A(9Yn+1, 9Yn+2)s
d(gxmgwn+2)+§l(gwn+17gwn+1) d(gyn,gyn+z)+§l(gyn+17gyn+1)
b

IN

< max{ max {d<9$mg$n+1)7d(9ymgyn+1)} s } .
- max {d(9Tn+1, 9Tnt2), A(9Yn+1, 9Ynt2)}

If max{d(gzni1, 9Tnt2); d(gynt1, gyn+2)} = max{d(gzn, gzn+1), d(9yn, gyn+1)}- Then
M(Zn, Yn, Tnt1, Ynt1) (5)
< max{d(9Tn+1, 9Tn+2); d(gYnt1, GYnt2)}-
From (4) and (5), we get

M(xn7 Yny Tn41, yn—H)
= max {d(ganrl’ g:EnJr?)? d(gynH, gyn+2)}~
Thus, by (3), we have

Y (d(9Znt1, 9Tns2))
< ¢(maX{d(g$n+1, gxn+2)7 d(gyn-i-h gyn+2)})
—¢ (¢ (max {d(gzn+1, 9Tni2), d(gyn+1, GYnt2)}))-

Similarly, we can obtain that

Y (d(gYnt1; GYnt2))
< ¢(max{d(9$n+1a g$n+2)a d(gynH, gyn+2)})
—@ (¢ (max {d(9Tnt1, 9Tni2), A(GYnt1, GYni2)})) -

Combining them, we get

max {¢ (d(g$n+1a gxn+2)), ¢(d(9yn+lv gyn+2))}
< Y (max{d(9Tni1, 9Tni2), A(gYnt1, GYni2)})
— (¢ (max {d(grnt1, 9Tn+2), A(GYnt1, 9Yn+2)})) -

Since 1) is non-decreasing, therefore

Y (max {d(gTni1, 9Tn+2), d(gYnt1s 9Ynt2)})
< ¢ (max{d(9xnt1, gTnt2), A(GYn+1, GYn+2)})
—¢ (d} (maX {d(g$n+1a g$n+2)a d(gyn+1a gyn+2)}))a

which is only possible when max{d(¢gxn+1, 9Tn+2), d(gYn+1, gYnt2)} = 0, it is a contra-

diction. Hence, max{d(gxn+t1, 9Zn+2); d(gYn+1, gYn+2)} < max{d(gxn, gxn+1), d(gyn,
9Yn+1)} for some n € N. Then

M(xm Yn, Tn41, yn+1) (6)
< max{d(gzn, 9Tnt1); d(gYn, GYn+1)}-
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Notice that
M(zn, Yn, Tnt1, Ynt1)
> max{d(gzn, gTni1); d(gYn, GYnt1)}-
From (6) and (7), we get
M(zn, Yn, Tnt1, Ynt1)
= max {d(gzn, 9Tnt1), d(gYn, GYn+1)} -
Thus, by (4), weget
max {d(9Tni1, 9Tn+2), d(gYni1, GYni2)}
< max{d(g2n, gn+1), d(gyn, gyn+1)}-
This shows that the sequence {4, }7°, given by
On = max {d(gzn, 9Tn+1), d(gYn, gyn+1)}, for each n € N,
is a non-increasing sequence. Thus there exists § > 0 such that
Jim 6, = lim max {d(gzn, gnt1); d(gyn, gYnt1)} = 0.

Then

lim M(xrw Yn, Tn+1, yn—i-l) =9.
n—00

13

(8)

We shall prove that § = 0. Assume to the contrary that § > 0. Then, by condition (1) and

(iy), we have

Y (d(9Tn+1, gTni2))

Y (H(F(Tn, Yn)s F(@nt1, Yn+1)))

Y (M (%, Yn, Tntts Ynt1)) — @ (0 (M (ZTn, Yn, Tntts Ynt1)))
+0 (N(Zns Yns Tnt1, Ynt1)),

which, by (iig), implies

<
<

P (d(ganrla gxn+2))
S ’l/) (M(xn, Yny Tn+1, yn-ﬁ-l)) — @ (w (M(‘TTM Yn, Tn+1, yn-i-l))) .
Similarly

¥ (d(gYn+1, 9Yn+2))
< 9 (M(xm Yn, Tn+1, yn-i-l)) - 90(7/} (M(xm Yn, Tn+1, yn-i—l))) .

Combining them, we get

max {9 (d(gTn+1, 9Tny2)), ¥ (d(gYnt1, gYnt2))}
< Y (M(zn, Yn, Totts Ynt1)) — @ (0 (M (Tn, Yns Tnits Ynil))) -

Since 1) is non-decreasing, therefore

¢ (max {d(gzn+1, 9Tni2), d(gYn+1, GYn+2)})
< @ (M(."L‘n, Yns Tn+1, yn+1)) - (d} (M(:En? Yny Tn+41, ynJrl))) :
Letting n — oo in the above inequality, by using (i) and (i,), we get
¥ (0) < (8) —e @ (9)),
which, by (ii,) and (iiy), implies that
0= nhﬁn;o max {d(gxna gl’n+1)7 d(gyn, gyn+1)} =0.
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Now we shall show that {0, }5°, is a Cauchy sequence in X. Since

lim M(IL'TU Yny Tn+1, yn"rl) = 07

n—oo

then, by (7ii,), there exist k£ € (0, 1) and ng € N such that

2 (1/} (M(Cﬂn, Yny Tn+1, yn-i—l))) 2 k?’l)Z) (M(ﬂfn, Yn, Tn+l, yn—i-l)), Vn Z no.
For any natural number n > ng, by (3), we have

¥ (d(gTns1, gTni2))
< (1=k)Y(M(xn, Yn, Tnti, Ynt1))
< (1—k)¢Y (max{d(gzn, 9Tn+1), d(GYn, gYnt1}) -
Thus

Y (d(9Znt1, 9Tnt2))
S (1 - k:)¢ (max {d(gl‘n, ganrl)ﬂ d(gyna gynJrl}) ) vn Z no.
Similarly

Y (d(gYn+1, GYn+2))

< (1 —=k)Y (max{d(gzn, gTnt1), d(gyn, gyn+1}), ¥n = no.
Combining them, we get

max {¢ (d(ganrla g$n+2)) , U (d(gyn+1, gyn+2))}
< (1 —k)¢ (max{d(gzn, gzn+1), d(gYn, gYn+1}), Yn = no.
Since 1 is non-decreasing, therefore

Y (max {d(9Tn+1, 9Tni2), A(gYnt1, GYn+2)}) (10)
< (1= k) (max{d(grn, 9Tn+1), d(gyn, gYnt+1}), ¥n > no.
Denote
an = Y (max{d(gzn, gTn+1), d(gYn, gyYn+1)}), for all n > 0.
From (10), we have
an+1 < (1 —k)ay, for all n > ng.
Then, we have

00 no 0o
Zan < Zan + Z (1—=Fk)"™ay, < oco. (11)
n=0 n=0 n=ng+1

On the other hand, by (éiiy), we have

d d
lim sup max {d(gTn, 9Tn+1), AGYn, GYn+1)} . (12)
n—o00 1/} (maX {d(gxn7 gxn+1)7 d(gyna gyn-l—l)})
Thus, by (11) and (12), we have > max{d(gzn, gZn+1), d(gYn, gYn+1)} < 0o. It means that
{920} and {gyn }22, are Cauchy sequences in g(X). Since g(X) is complete, therefore

there exist x, y € X such that

lim gx, = gr and lim gy, = gy. (13)
n—0o0 n—oo
Now, since gxn4+1 € F(p, yn) and gynt+1 € F(yn, =), therefore by using condition (1)
and (iy), we get
Y (D(g9zni1, F(z, v)))
< Y (HF(zn, yn), Flz, y)))
< v (M(xm Yn, T, y)) - (¢ (M(l‘n, Yn, T, y))) +0 (N(Scm Yn, T, y)) y
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where

M(l‘n, Yn, T y)

= Imax

IN

max

and

Letting n — oo in the above inequality, by using (i), ( o), (i9), (iip) and (13), we get

d(gzn, g), D(9Tn, F(Tn, yn)), D(gz, F(2,y)),

d(9Yn, 99) D(9Yn, F (Yn, zn)), D(9y, F(y, z)),
D(gzn, F(w,y))+D(gz F(xn,yn))

D(gyn: ( Y,z )) 5 (gva(yn7mn))

( d(gxn)gx)v d(g.’En, g$n+1)7 D(giU, F(:’Ca y))7

d(9Yn, 9Y), d(gYn, 9Yn+1), D(g9y, F(y, x)),
D(gzn,F(x 7y))+d(9w gxn+1) )

D(gyn,F(y, w))+d(9y gyn+1)

N(.Z'n, Z/m z, y)

win{ Do E(e) Dl o). |
D(gymF( Y, ))7D( (ymxn)) .

Y (D(gx, F(x, y)))
< ¢ (max{D(gz, F(z, y)), D(gy, F(y, =))})
—p (¢ (max {D(gz, F(x, y)), D(gy, F(y, z))}))-

Similarly, we can obtain that

(4

(D(gy, F(y, x)))
(

< ¢ (max{D(gz, F(z, y)), D(gy, F(y, ))})
—¢ (¢ (max {D(gz, F(z, y)), D(gy, F(y, x))})).

Combining them, we get

max {1y (D(gz, F(z, y))), ¥ (D(gy, F(y, x)))}
< ¢ (max{D(gz, F(z, y)), D(gy, F(y, z))})
—p (¢ (max {D(gz, F(x, y)), D(gy, F(y, 2))}))-

Since 1) is non-decreasing, therefore
¢ (max {D(gz, F(z, y)), D(gy, F(y, ©))})
< ¢ (max{D(gz, F(z, y)), D(gy, F(y, x))})
B (¢ (maX{D(ng F($, y))7 D(gy7 F(ya x))})>7
which, by (ii,) and (iiy), implies that

max{D(gz, F(z, y)), D(gy, F(y, z))} =0,

it follows that

that is, (z, y) is a coupled coincidence point of F' and g. Hence C(F,

gr € F(x, y) and gy € F(y, x),

Suppose now that (a) holds. Assume that for some (z, y) € C(F, g),

: n : n
lim ¢"r =w and lim ¢"y =wv,
n—oo n—oo

g) is non-empty.

15

(14)
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where u, v € X. Since g is continuous at u and v. We have, by (14), that v and v are fixed
points of g, that is,

gu = u and gv = v. (15)
As F and g are w—compatible, so

(¢"z, g"y) € C(F, g), for all n > 1,

that is,
g" 'z, g"1y) and g"y € F(g" 'y, ¢" 'x), for all n > 1. (16)
16) and (iy), we obtain
¥ (D(g"z, (U v)))
(H(F(¢9" 'z, ¢"'y), Flu, v)))
(M(g" 'z y, u, v)) —¢ (¥ (M(¢" 'z, "1y, u, v)))
0 (N(g" 'z, g" 'y, u, v)),

gz e F

Now, by using (1),

IN A
ASHERSEERSE

_l’_

where
M(g" 'z, g" 1y, u,v)

d(g"z, gu), D(g" x,F(g”‘lx,g”‘lly)%D(ng(u,v)),

d(g™y, gv), D(g™y, F(¢" 1y, g"'z)), D(gv, F (v, u)),
= max (g"z, F(uw))+d(gu,F (g ta,g"1y))

2
D(g"y,F (v,u))+d(gv,F(g" ty,g"'a))
2

(d(9"x,gu),d(g"x, g"x), D(gu, F(u,v)),

d(g™y, gv), D(9"y, 9"y), D(gv, F(v,u)),
max D(g",F(u,0))+D(gu,g"z) ,

)
D(g”ny(v,U%HD(gv,g”y)
2

IN

and

N(g" 'z, ¢" 1y, u, v)

_ m{ D(g"x, F(u,v)), D(gu, F(g" ", g""'y)). }
D(g"y, F(v,u)), D(gv, F(g" 'y, g" 'z)) [~

On taking limit as n — oo in the above inequality, by using (iy), (iy), (i), (iip), (14) and
(15), we get

¢ (D(gu, F(u, v)))
¢ (max{D(gu, F(u, v)), D(gv, F(v, u))})
—¢ (¢ (max {D(gu, F(u, v)), D(gv, F(v, u))})).

IN

Similarly
¥ (D(gv, F(v, u)))
¢ (max{D(gu, F(u, v)), D(gv, F(v, u))})
—¢ (¢ (max {D(gu, F(u, v)), D(gv, F(v, u))})).
Combining them, we get

max {¢ (D(gu, F(u, v))), ¢ (D(gv, F(v, u)))}

< ¢ (max{D(gu, F(u, v)), D(gv, F(v, u))})
—¢ (¢ (max {D(gu, F(u, v)), D(gv, F(v, u))})).

<
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Since 1) is non-decreasing, therefore

¢ (max {D(gu, F(u, v)), D(gv, F(v, u))})
< ¢ (max{D(gu, F(u, v)), D(gv, F(v, u))})

—¢ (¢ (max {D(gu, F(u, v)), D(gv, F(v, u))})),
which, by (ii,,) and (iiy), implies that

max {D(gu, F(u, v)), D(gv, F(v, u))} =0,
it follows that

gu € F(u, v) and gv € F(v, u). (17)

Now, from (15) and (17), we have

u= gu € F(u, v) and v = gv € F(v, u),

that is, (u, v) is a common coupled fixed point of F' and g.

Suppose now that (b) holds. Assume that for some (z, y) € C(F, g), g is F—weakly
commuting, that is, g’z € F(gz, gy) and ¢%y € F(gy, gx) and g’z = gz and g’y = gy.
Thus gz = g’z € F(gz, gy) and gy = ¢’y € F(gy, gx), that is, (gx, gy) is a common
coupled fixed point of F' and g.

Suppose now that (¢) holds. Assume that for some (z, y) € C(F, g) and for some u,
ve X,

lim ¢"u =z and lim ¢"v =1y. (18)
n—oo n—oo
Since g is continuous at x and y. Therefore, by (18), we obtain that z and y are fixed
points of g, that is,

gr=x and gy = y. (19)
Since (z, y) € C(F, g), therefore, by (19), we obtain
z=gx e F(x, y)and y = gy € F(y, z),

that is, (z, y) is a common coupled fixed point of F' and g.
Finally, suppose that (d) holds. Let g(C(F, g)) = {(z, )}. Then, {z} = {gz} = F(=,
x). Hence (z, x) is a common coupled fixed point of F' and g. O

If we put 6(t) = 0 in the Theorem 2.1, we get the following result:

Corollary 2.1. Let (X, d) be a metric space. Assume F : X xX — K(X) andg: X —» X
be two mappings. Suppose there exist some ¥ € ¥ and ¢ € ® such that
Y (H(F(z, y), Fu, v)) <y (M(z, y, u, v)) =@ Mz, y, u, v))),

forall x, y, u, v € X. Furthermore assume that F(X x X) C g(X) and g(X) is a complete
subset of X. Then, F and g have a coupled coincidence point. Moreover, if one of the
conditions (a) to (d) of Theorem 2.1 holds. Then, F' and g have a common coupled fized
point.

If we put ¢(t) =t —tp(t) for all £ > 0 in Corollary 2.1, then we get the following result:

Corollary 2.2. Let (X, d) be a metric space. Assume F: X xX — K(X) andg: X —» X
be two mappings. Suppose there exist some ¥ € U and p € ® such that
Y (H(F(z, y), Fu, v)) <@ @ (M(z, y, u, v)) ¢ (M(z, y, u, v)),

forall x, y, u, v € X. Furthermore assume that F(X x X) C g(X) and g(X) is a complete
subset of X. Then, F and g have a coupled coincidence point. Moreover, if one of the
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conditions (a) to (d) of Theorem 2.1 holds. Then, F and g have a common coupled fixed
point.

If we put ¢(t) = 2t for all t > 0 in Corollary 2.2, then we get the following result:

Corollary 2.3. Let (X, d) be a metric space. Assume F': X xX — K(X) andg: X — X
be two mappings. Suppose there exists some p € & such that
H(F(z, y), F(u, v)) <@ (2M(z, y, u, v)) M(z, y, u, v),

forall x, y, u, v € X. Furthermore assume that F(X x X) C g(X) and g(X) is a complete
subset of X. Then, F and g have a coupled coincidence point. Moreover, if one of the
conditions (a) to (d) of Theorem 2.1 holds. Then, F and g have a common coupled fixed
point.

If we put ¢(t) = k where 0 < k < 1, for all ¢ > 0 in Corollary 2.3, then, we get the
following result:

Corollary 2.4. Let (X, d) be a metric space. Assume F': X xX — K(X) andg: X — X
be two mappings satisfying

H(F(:L‘7 y)’ F(u7 /U)) S kM(x’ y7 u? /U)’
for all z, y, u, v € X, where 0 < k < 1. Furthermore assume that F(X x X) C g(X)
and g(X) is a complete subset of X. Then, F and g have a coupled coincidence point.

Moreover, if one of the conditions (a) to (d) of Theorem 2.1 holds. Then, F' and g have
a common coupled fixed point.

If we take F' to be a singleton set and g = I (the identity mapping) in Theorem 2.1,
then, we get the following result:

Corollary 2.5. Let (X, d) be a complete metric space, F : X x X — X be a mapping.
Suppose there exist some Y € ¥, p € & and 0 € © such that

¥ (d(F(z, y), F(u, v))) (20)
< Ymlz, y, u, v) =@ (m(z, y, u, v))+0(n(z, y, u, v)),
forall x, y, u, v € X. Then, F' and g have a coupled fixed point.

Example 2.1. Suppose that X = [0, 1], equipped with the metric d : X x X — [0, +00)
defined as d(x, y) = max{z, y} and d(z, z) =0 for allz,y € X. Let F : X x X — K(X)
be defined as

{0}, forz, y=1,

3 9
and g : X — X be defined as

gr =2 for allz € X.
Define 1) : [0, 4+00) — [0, +00) by
t
P(t) = 2’ forallt >0,

and ¢ : [0, 4+00) — [0, +00) by

t
o(t) = 3 for all t > 0,
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and 6 : [0, +00) — [0, +00) by
t

0(t) = 7 for all t > 0.

Now, for all z, y, u, v € X with x, y, u, v € [0, 1), we have
Case (a). If 2® + y* = u® + 02, then

S (H(F(z, y), Flu, v))
= laF@, 4, Fu, v)

2
_ Lo, e
= S +?)
< émax{ﬂ, u2}+émax {yQ, v2}
1 1
< gdlgz, gu) + £dlgy, gv)
S %M(x’ y? u? /U)
S ’QD(M('T? Yy, u, U)) 790(’9& (M('T7 Y, u, 1))))
< Y (M(z, y, u, v)) —@ @ (M(z, y, u, v))) +60(N(z, y, u, v)).

Case (b). If 2% + y? # u® + v with 2% + y? < u? + v, then

v (H(F(z, y), F(u, v)))
= %H(F(x, y), F(u, v))
1
= E(UQ‘H)Q)
< %max{xz, uz}—l—%max{yZ, 1)2}
< %d(gx, gu) +éd(gy, gv)
< %M(:v, Y, u, v)
< Tﬂ(M(% Y, u, U)) —CPW (M(x7 Y, u, U)))
< Mz, y, u, v)) =@ @ (M(z, y, u, v))+0(N(z, y, u, v)).

Similarly, we obtain the same result for u? +v? < 2% 4 y?. Thus, the contractive condition
(1) is satisfied for all x, y, u, v € X with x, y, u, v € [0, 1). Again, for all x, y, u, v € X



20 TWMS J. APP. ENG. MATH. V.7, N.1, 2017

with z, y € [0, 1) and u, v =1, we have

U (H(FG, y), Flu, v)
= LH(F(, v), Flu, )
= (@)

%max {xQ, u2} + émax {y2, 1)2}

IN

IN

1 1
6d(9w, gu) +gd(gy, gv)

%M(az, Y, U, V)
¢(M(J’" Y, u, U)) —<P(¢ (M(‘T’ Yy, u, U)))
»(M(z, y, u, v)) =@ (M(z, y, u, v)))+0(N(z, y, u, v)).

Thus, the contractive condition (1) is satisfied for all x, y, u, v € X with xz, y € [0, 1)
and u, v = 1. Similarly, we can see that the contractive condition (1) is satisfied for all
x, Yy, u, v € X with z, y, u, v =1. Hence, the hybrid pair {F, g} satisfies the contractive
condition (1), for all x, y, u, v € X. In addition, all the other conditions of Theorem 2.1
are satisfied and z = (0, 0) is a common coupled fized point of hybrid pair {F, g}. The
function F : X x X — K(X) involved in this example is not continuous at the point (1,
1)e X x X.

IN

IA A

3. Application to integral equations

As an application of the results established in section 2 of our paper, we study the
existence of the solution to a Fredholm nonlinear integral equation. We shall consider the
following integral equation

b
w@Z/@M@@+&@4DW%MW+ﬂ%MMMM%@, (21)

a

for all p € I = [a, b].

Let T denote the set of all functions 7 : [0, +00) — [0, +00) satisfying
(iy) 7y is non-decreasing,

(iiv) v(p) < %p.
Theorem 3.1. Consider the integral equation (21) with K1, Ko € C(I x I, R), f, g €
C(I xR, R) and h € C(I, R) satisfying the following conditions:

(1) K1(p, q) > 0 and Ks(p, q) <0 for all p, g € I.
(77) There exist the positive numbers A\, p and v € T such that for all z, y € R with
x >y, the following conditions hold:

0 < flg, )= flg, y) < M(z—y), (22)
—puy(z—y) < g(g, =) —g(g, y) <0. (23)
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(id)
b
max(A. ppsup [1K1(p. 0) = Ko(p. @)ldg < 1. (24)

a

Then, the integral equation (21) has a solution in C(I, R).
Proof. Consider X = C(I, R). It is well known that X is a complete metric space with
respect to the sup metric

d(z, y) = ffé? lz(p) — y(P)|-

Define 9 : [0, +00) — [0, +00) by

t
P(t) = 2’ for all £ > 0,

and ¢ : [0, +00) — [0, +00) by

o(t) = %, for all t > 0,
and 6 : [0, +00) — [0, +00) by

0(t) = 2, for all ¢ > 0.

Define now the mapping F': X x X — X by
b

F(z, y)(p) = / K\(p. @)f(a, 2()) + g9(a. v())]da

a

b
+ / Ks(p, 9)[f(a, 4(0)) + 9(g, (q))ldg + h(p),

a

for all p € I. Now for all x, y, u, v € X, we have
F(z, y)(p) — F(u, v)(p)

b
= /Kl(p, DI(f (g, x(q) = flg, u(@))) — (9(g; v(a)) —9(q, y(q)))]dq
b

—/Kg(p, a)[(f(g, v(@) — f(a, y(q)) — (9(q; =(q)) —9(q, u(q)))ldg.

a

Thus, by using (22) and (23), we get
F(z, y)(p) = F(u, v)(p) (25)

b
< / Ki(p, 0) D\ (a(g) — u(@)) + v (u(q) — (a))] dg
b

_ / Ks(p, q) [\ (u(a) — 5(9)) + py (2(g) — ulg))] da.

a
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Since the function 7 is non-decreasing and so we have

v(z(q) —u(q) < v <sql£\:c(q) - U(q)\> =v(d(z, u)),
v (v(g) —ylg) < v <Sqléll>\v(q) - y(tz)!) =y(d(y, v)).

Hence by (25), in view of the fact that Ks(p, q) < 0, we obtain
|F(z, y)(p) — F(u, v)(p)|

b
< / Ki(p, q) Py(d(z, ) + p(d(y, v))]dg

b
- / Ks(p, g) Py(d(y, v)) + py(d(z, u))]dg,

IN

b
/ Ki(p, ¢) [max{\, uby(d(z, w)) + max{\, u}y(d(y, v))]dg

b
- / Ks(p, q) [max{\, pu}y(d(y, v)) +max{\, uhy(d(z, u))]dg,

as all the quantities on the right hand side of (25) are non-negative. Now, taking the
supremum with respect to p, by using (24), we get

d(F(z, y), F(u, v))
b

< max(h, whsup [ (K3, 0) = Kalp. ) da. (d(a, 1) + 5(d(y. )
< q(d(z, w) +(d(y, v)).
Thus,
%d(F(% W), Flu, v)) < 7(d(z, U))gv(d(y, V) (26)
Now, since v is non-decreasing, we have
v(d(z, w)) < y(m(z, y, u, v)),
Y(d(y, v)) < y(m(z, y, u, v)),
which implies, by (i), that
e, ) ol 0) o

2

< gm(l', Yy, u, U)‘
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Thus, by (26) and (27), we have

V(d(F(, ), Fla, )
SA(F(, ), Fu, v))

1
-m(z, y, u, v)

<

- 3

S ¢(m($’ Y, u, ’U)) _90(¢ (m(x, Y, u, /U)))

< Y(mlz, y, u, v) =@ (mz, y, u, v)) +0(n(z, y, u, v)),

which is the contractive condition (20) in Corollary 2.5, which shows that all hypotheses
of Corollary 2.5 are satisfied. This proves that F has a coupled fixed point (z, y) € X x X

which is the solution in X = C(I, R) of the integral equation (21). O
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