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ON RELATION OF TWO PROCESSES WITH INDEPENDENT
INCREMENTS APPLIED IN QUEUEING SYSTEMS

T.M. ALIYEV', N.A. ALIYEV?, V.M. MAMEDOV?, §

ABSTRACT. In the paper, by using two processes & and 7 (¢),¢t > 0 with independent
increments, one of which is without negative overshoots and the second one is homoge-
neous in time, we study a homogeneous Markov process &;,t > 0, and we find the Laplace
transform of the generating function of transitional probabilities of the process &,t > 0.
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1. INTRODUCTION

Let n(t), t > 0 be a non-decreasing process with independent and time homogeneous
increments, and &,t > 0 be a process with independent increments without negative
overshoots. Let’s consider the Markov process &,t > 0 of the following form

dt
CL& + b

where n* (z) is the process having the same distribution as n(x) — 7 (0). From (1), it
follows that as A | 0 the process &,t > 0 has the following transitions

A (A
0=n <b>’

$é>33+§A+77*<

d{t—signft'd&—i—n*( >, a>0, b>0 (1)

. 2
aw+b>’m>0 @)

These transitions as A | 0 determine infinitesimal operator of the process &,t > 0. Note

that if the phase spaces 1 (t) and £ (t) consists of integers a = 0, then & is the queueing

length for queueing system M/M/1. And if a > 0, we have another Markov chain.
Introduce the denotation

P (A)=P{&e A, AcC(0,00),
Ptozp{gt:()},
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According to (2) we have

A
Pt+A:PtO'P{"7* <b) GA}+

+7Pt (dz) P {x +éa+n" (mib> € A} +0(A).
o+

If -
or(\) = Pt0 + /e_)“rPt (dz),
0+
then

0ia(N) =P <1 + h(b/\)A> +

+/Pt(dx)e_/\x{1—l— [p()\)+cfn(—|):)l)] A}+0(A), (3)
o+
where h(A) and p(A) are the cummulants for characteristic functions of the processes
n* (t) and &, respectively.
From relation (3) we get

[e.e]

e—)\:r:
2t -0 [ SR, @
o+
Denote o
67/\36
G () = /aHth (dz).
0+

Then between ¢; (\) and v, (A\) we have such a relation

Ot (M) _
o ot (A) = b (A) (5)

In Laplace transformations the relations (4) and (5) take the form

—a

s )= = B 0 [, 00 - B O] 4 h ) 8 )

8w5)EA) = ‘Es (A) — bis ()‘) :

With application of theory of semi-markov and markov processes to investigation of
such characteristics as the queueing length, average service time, etc. of different queue-
ing systems a lot of authors from this field have been engaged So, in the monograph of
T.I. Nasirova [1], a full scheme of application of theory of semi-markov processes to inves-
tigation of the queueing system was studied. In [2], by studying the probability processes,
in particular the processes with independent increments and by describing the queueing
system, the so called updating method was used. In the paper [3], the distribution of the
semi-markov walk process with positive drift and negative overshoots were studied.

Though the processes considered in these or other papers are directly connected with
the problems of queueing theory, control of resources and so on, they have no property
of sign variability. The peculiarity of the studied process &,t > 0 is that this process is
characterized by its sign. More exactly, if for all ¢ > 0,& > 0, then its investigation is
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reduced to studying the processes &,t > 0 with independent increments without negative
overshoots and n* (z), = > 0 having the same distribution as n(z) — n(0). If for all
t >0,& <0, then we deal with one process n* (t),z > 0.

In the lattice case, for a = 0 we find the Laplace transform of the generating function
Py (t,0),]0] <1 of transitional probabilities {P]Ei)} , t>0, k,r €{0,1,...} of the process
&,t > 0. The obtained results are interpreted for the queueing system M/M/1 in the

case of unordinary arrivals of the requirements flow. At the case of finiteness of intensity
(o]

of arrivals A = > Ay < oo, the explicit form of the generating function of stationary
k=1
distribution of the queue length of the considered queueing system is updated.

2. BASIC RESULTS

Let us consider the case when &,t > 0 has a lattice distribution, and {qs;},
k,7 € {0,1,...} are its local characteristics. Then
Ar—k
ak+b"
and &,t > 0 is a Poisson process with parameters v and downwards overshoots on 1. Let
{P,Sn)} , t>0, k,r€{0,1,...} be transitional probabilities of the chain &,t > 0.

Introduce the denotation

i1k =V, Qer = >k,

= > DPkr (t)

P — Y — Y < 1
k (ta 0) Tz%pkr (t) 0 , dk (tv 0) ;CLT’ + be ) ’0‘ >~
B (s,6) = / ¢ty (£, 0) dt, Gi (5,0) = / ey (t,0) dt,
0 0

Dro (8) = /e_StPlgg)dt.
0

In these denotation we have the system

{ Sﬁk (879) - Hk :gw(é 9_ 1) + A (9) (Ajk (370) -V (% - 1) ﬁk(] (S) (6)
af P50 = P (5,0) — bii (5,0)
where
AO) ==X+ M0 A= A < oo
k=1 k=1
The system of equations (6) is equivalent to the equation
qy; (s, 0 ~
a(u+s)9(9—eo)q’“a<;’) = [aA(8) = b(s +v) (0 — 00)] G (5,0) +
O — v (1= 0) Bro (s), (7)
where 6y = Vis.
Now solve equation (7). For # = 0 we have
- v _
G (5,0) = 1 -——5 "Pro (3),

where pro (s), k € {0,1,...} is to be determined.
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Having divided both parts of (7) by a (v + s) - 6 (0 — ), we get

aak’ (570) _ a\ (9) - b(S+ V) (9 — 90)(}« (S 9) + o1 — V(l - Q)ﬁk() (5) (8)
90 a(v+s)-0(0—0) a(v+s)-0(0—6)
whence [4,5]
6
fak(:)y bSS+V)(M %0) 4
Gi (5,0) = ceo “EIRERT L
9 o a — STV —
+/e‘>[ Nty i X v (1 - ) Pro (S)dX
/ a(+s)x(x—06)
From (8) for # = 0 we find
. Voo
c=q(s,0)= mpko (s).
Thus,
0
) s e,
qk (S, 0) — mpko (S) 60 ( + )P«(H 90) +
6 0 a - STV _
—|—/e3£ gy i XM = v (1= x) Pro (s)
s a(v+s)x(x —fo)
or
0
v A\ (1) = b (s +v) (1 o)
0) = —— d
a (5,9) b — an ko (s) exp/ a(v+s)p(p—=06) a
0
0
/eXp/a)\ —b(s+v)(p— eo)du . Nz e
(v + ) p (1 — o) a(v+s)x(x—0o)
X
0 0
~ aX(p) —b(s+v)(n—=06p) v(l—x)
— du - dx. 9
a0 [ [ st ©
0 X

Further, writing the first equation of the system (6) in the form
_ I 1 _ 1 _
pk(Sae):; O tvig—1 +A(0)qx (s,0) —v g 1 Pro ()|

and taking into account the found expression (9) for gj (s, ), from the second equation of
(6) we have

0
a0|: v ﬁko(s)exp/“(“)_b(8+”)(“_90)d A O) = b(s+p)(0—00)

bv — a\ a(v+s)pu(p—>6p) a a(v+s)0(6—06o)

0 0

gr+1 aX(p) —b(s+v)(u—~06p)

d

a(v+s)0(0—0o) —l—/exp/ 1/—|—8 w(p—6p) px
X

0
LA 0) —b(s+v)(0—0) X!
a(v+s)0(0—06) a(v+s)x(x——0bo)

dx—
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_ v(l—0 aX(p) —b(s+v)(n—"0)
( (5) a(v+s)0 0 o) /exp/ 1/—1—3 w(p — 6o) dpix

aX(0) —b(s+v) (0 — 90) v(l—y) B
X a(v+s)0(0—6p) a(y+S)X(X90)dX>]_

— % [0k+l/ <; — 1> +A(0) gk (s,0) —v (; - 1) ﬁko(s)] — by (s,6).
Introduce new denotation

v 7a)\(u)—b(s+u)(u—00)d aX(0) —b(s+v)(0—b)
bv — a\ a(v+s)pu(p—=6p) a a(v+s)0(0—0)

Al(s,0) =

(1-6 aX(p) —b(s+v)(un—=06p)
B =
(5,6) a(v+s)0 0 6o) /exp/ a(v+s)p(p—=6p) dpx

aX(0) —b(s+v)(0—0o) v(l—x)
. a(V+5)0(9—90) a(V+5)X(X_90)dX7
0
v [ b )
D(S,G)_b —a\ p{ a(+3) (- 0o) d
0 0
— aX(p) —b(s+v)(u—=6p)
E(S,H)—{expl o (v T 3) 1 (a— o) du,
0 0
_ aX () —b(s+v) (u—0o)
F(S,Q)—[expz o (v + ) (= 00) dp,
M (s,0) = gr+1 +7ex 7@)\( )—b(s+y)(,u_90)d y
el 900-0) pX W+ s)up—00)
" aX(0) —b(s+v)(0—6p) s o

a(v+s)00—06) a(w+s)x(x—>6o)
Passing to these denotation in relations (9) and (10), we get:

afA (S’ 9) ﬁkO (S) —afB (5’ 0) ﬁk[) (5) -
A (0)Fio (5) D (5,0) + A (0) Bio () B (5,0) +
+§V (; - 1) Pro (8) + bpro (5) D (5,0) + bpro (s) D (s,0) — bpro (s) E (s,0) =

_ % [9k+y<;_1>] —|—§/\(9)F(s,0)—b(s,9)—a,QM(s,H),

whence we find the Laplace transform pyg (s) of transitional probability pkg (¢) ,
t>0,ke{0,1,...} in the form

55

Dko (s) = L[0F+v (5 —1)] + [tA(0) = b] F (s,0) — abM (s,0)
+[2b

abA (s,0) — a@B (s,0) +

— O] D(s.0) + [[A(0) —b] E(s.0) + v (5 - 1)

(11)
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In spite of the fact that the obtained expression for pyg (s) do contain the parameter 6,
the expression

[e.9]

Bro (5) = / elpro () dt
0

does not depend on the parameter 6, therefore if we differentiate the right hand side of
(11) with respect to 6, we get 0. From the second equation of the system (6) we have

e =22 (F-1) + D @ae0 - L (5-1) s,

that contains the known variables pxo (s) and qi (s,6),k € {0,1,...}. Knowledge of
Pk (s,0),k €{0,1,...} enables to find the inverse Laplace transform py (¢,6), i.e.,
o+ioo

1 ~
Pk (tve) = 5 eStpk’ (5’0) dtv kZOala
2m )

We can establish that if the chain &,t > 0 is ergodic, i.e., there exists the limit
tlg})lopk,« (t) =pr,k,r€{0,1,...}
and

P(0)=> pb", 0] <1
r=0

then in the case of the system M/M/1 for a > 0 and ) k\; < oo for P (0) it holds the

k=1
following formula
0 A(0) y b/ 1 y A (w) d
u\b/a w U
PO =po |1+ Do 5 [ (5) e o [ S
0 u

(o]
where py is found from the normalization condition > py = 1.
k=0

3. CONCLUSION

In the paper, by the two processes & and 7 (t),t > 0 with independent increments; one
of which is without negative overshoots and the second one is homogeneous in time, we
study a homogeneous Markov process &,t > 0 given in the form

dft—SZQHftdft—f—??*( )a GZOa b>07

d
a& +0b
where 1* (z) has the same distribution as n (x) —n(0), x> 0.

In the lattice case, for a = 0 and integrity of phase spaces of the processes & and

n(t), t > 0 we find the Laplace transform of the generating function P, (¢, #) of transitional
probabilities { Py, (t)}, t>0,k,r € {0,1,...} of the process &,t > 0.
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