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ON GENERALIZED ϕ−RECURRENT KENMOTSU MANIFOLDS
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Abstract. The aim of the present paper is to study the properties of generalized
ϕ−recurrent and concircular ϕ−recurrent Kenmotsu manifolds.
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1. Introduction

Let Mn be an n−dimensional differentiable manifold of differentiability class Cr+1 with
a (1, 1) tensor field ϕ, the associated vector field ξ, a contact form η and the associated
Riemannian metric g. In 1958, Boothby and Wong [12] studied odd dimensional manifolds
with contact and almost contact structures from topological point of view. Sasaki and
Hatakeyama [16] re-investigated them using tensor calculus in 1961. In 1972, K. Kenmotsu
studied a class of contact Riemannian manifolds and call them Kenmotsu manifold [4].
He proved that if a Kenmotsu manifold satisfies the condition R(X,Y ).R = 0, then the
manifold is of negative curvature −1, where R is the Riemannian curvature tensor of type
(1, 3) and R(X,Y ) denotes the derivation of the tensor algebra at each point of the tangent
space. It is well known that odd dimensional spheres admit Sasakian structure whereas
odd dimensional hyperbolic spaces can not admit Sasakian structures, but have so called
Kenmotsu structure. Kenmotsu manifolds are locally isometric to warped product spaces
with one dimensional base and Kaehler fiber. In 1963, Kobayashi and Nomizu [12] shown
that any two simply connected complete Riemannian manifolds of constant curvature k
are isometric to each other. A space form (i.e., a complete simply connected Riemannian
manifold of constant curvature) is said to be elliptic, hyperbolic or Euclidean according as
the sectional curvature tensor is positive, negative or zero [6]. The properties of Kenmotsu
manifolds have studied by several authors such as De and Pathak [3], Sinha and Srivastava
[13], Jun, De and Pathak [14], De, Yildiz and Yaliniz [15], Chaubey and Ojha [17], De
[18], Cihan [19] and many others.

The notion of locally ϕ−symmetric Sasakian manifold was introduced by T. Takahashi
[2] in 1977 and obtained some interesting properties. Some authors like De and Pathak
[3], Venkatesha and Bagewadi [11] have extended this notion to 3−dimensional Kenmotsu,
Trans-Sasakian manifolds respectively.
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2. Preliminaries

If on an n−dimensional differentiable manifold Mn, (n = 2m + 1), of differentiability
class Cr+1, there exists a vector valued real linear function ϕ, a 1−form η, the associated
vector field ξ and the Riemannian metric g satisfying

(a) ϕ2X = −X + η(X)ξ, (b) η(ϕX) = 0, (1)

and

g(ϕX, ϕY ) = g(X,Y )− η(X)η(Y ), (2)

for arbitrary vector fields X and Y , then (Mn, g) is said to be an almost contact metric
manifold and the structure {ϕ, η, ξ, g} is called an almost contact metric structure to Mn

[1].
In view of (1) (a), (1) (b) and (2), we find

η(ξ) = 1, g(X, ξ) = η(X), ϕ(ξ) = 0 (3)

and

g(X,ϕY ) + g(ϕX, Y ) = 0. (4)

An almost contact metric manifold (Mn, ϕ, ξ, η, g) is called a Kenmotsu manifold [4] if the
relation

(DXϕ)(Y ) = g(ϕX, Y )ξ − η(Y )ϕX, (5)

satisfies for arbitrary vector fields X and Y . Also, the following relations hold in a Ken-
motsu manifold [3], [4]:

DXξ = X − η(X)ξ, (6)

(DXη)(Y ) = g(ϕX, ϕY ), (7)

η(R(X,Y )Z) = η(Y )g(X,Z)− η(X)g(Y,Z), (8)

R(X,Y )ξ = η(X)Y − η(Y )X, (9)

R(ξ,X)Y = η(Y )X − g(X,Y )ξ, (10)

S(ϕX, ϕY ) = S(X,Y ) + 2mη(X)η(Y ), (11)

S(X, ξ) = −2mη(X), (12)

(DZR)(X,Y )ξ = g(Z,X)Y − g(Z, Y )X −R(X,Y )Z, (13)

for arbitrary vector fields X, Y , Z.
A Riemannian manifoldMn is said to be η−Einstein if its Ricci tensor S takes the form

S(X,Y ) = ag(X,Y ) + bη(X)η(Y ), (14)

for arbitrary vector fields X and Y , where a and b are smooth functions on (Mn, g) [1],
[4]. If b = 0, then η−Einstein manifold becomes Einstein manifold.
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3. Generalized ϕ−recurrent Kenmotsu manifolds

Analogous of consideration of generalized recurrent manifolds [5], we give the following
definition.

Definition 3.1 A Kenmotsu manifold is said to be generalized ϕ−recurrent if its cur-
vature tensor R satisfies the relation

ϕ2((DWR)(X,Y )Z) = A(W )R(X,Y )Z +B(W ) {g(Y, Z)X − g(X,Z)Y } , (15)

where A and B are 1−forms, B is non-zero and these are defined by

A(W ) = g(W,ρ1), B(W ) = g(W,ρ2), (16)

and ρ1, ρ2 are unit vector fields associated with 1−forms A, B respectively. If the vector
fields X, Y , Z, W are orthogonal to ξ, then the manifold is called local generalized
ϕ−recurrent manifold. In [21], [22], authors studied the properties of generalized recurrent
manifolds whereas the properties of generalized ϕ−recurrent manifolds have studied in [8],
[9], [10] and [20]. If the 1−form B in (15) becomes zero, then the manifold reduces to
a ϕ−recurrent Kenmotsu manifold. The properties of ϕ−recurrent Kenmotsu manifolds
have studied by De, Yildiz and Yaliniz [15] and many others. In consequence of (1),
equation (15) becomes

−(DWR)(X,Y )Z + η((DWR)(X,Y )Z)ξ

= A(W )R(X,Y )Z +B(W ) {g(Y, Z)X − g(X,Z)Y } (17)

from which it follows by taking inner product with U that

−g((DWR)(X,Y )Z,U) + η((DWR)(X,Y )Z)η(U) = A(W )g(R(X,Y )Z,U)

+B(W ) {g(Y, Z)g(X,U)− g(X,Z)g(Y,U)} . (18)

Let {ei}, i = 1, 2, ..., n be an orthonormal basis of the tangent space at any point of the
manifold. Then putting X = U = ei in (18) and taking summation over i, 1 ≤ i ≤ n, we
get

−(DWS)(Y, Z)+
n∑

i=1

η((DWR)(ei, Y )Z)η(ei) = A(W )S(Y, Z)+(n−1)B(W )g(Y, Z). (19)

Again replacing Z by ξ in (19) and using (3) and (12), we get

−(DWS)(Y, ξ) +
n∑

i=1

η((DWR)(ei, Y )ξ)η(ei) = 2m {−A(W ) +B(W )} η(Y ). (20)

The second term of left hand side in (20) takes the form

η((DWR)(ei, Y )ξ)η(ei) = g((DWR)(ei, Y )ξ, ξ)g(ei, ξ),

which is denoted by E. In this case, we have proved that E vanishes. Namely, we have

g((DWR)(ei, Y )ξ, ξ) = g(DWR(ei, Y )ξ, ξ)− g(R(DW ei, Y )ξ, ξ)

−g(R(ei, DWY )ξ, ξ)− g(R(ei, Y )DW ξ, ξ) (21)

at p ∈Mn. In local coordinates DXei = XjΓh
jieh, where Γ

h
ji are Christofell symbols. Since

{ei} is an orthonormal basis, the metric tensor gij = δij , where δij is Kronecker delta and
hence the Christofell symbols are zero. Therefore, DXei = 0. Also we have

g(R(ei, DWY )ξ, ξ) = 0, (22)

because R is skew-symmetric. Using (22) and DXei = 0 in (21), we find

g((DWR)(ei, Y )ξ, ξ) = g(DWR(ei, Y )ξ, ξ)− g(R(ei, Y )DW ξ, ξ).
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In consequence of g(R(ei, Y )ξ, ξ) = −g(R(ξ, ξ)Y, ei) = 0, above equation gives

g(DWR(ei, Y )ξ, ξ) + g(R(ei, Y )ξ,DW ξ) = 0, (23)

which implies

g((DWR)(ei, Y )ξ, ξ) = −g(R(ei, Y )DW ξ, ξ)− g(R(ei, Y )ξ,DW ξ). (24)

By the skew-symmetric properties of R, (24) becomes

g((DWR)(ei, Y )ξ, ξ) = 0. (25)

In view of (25), (20) becomes

(DWS)(Y, ξ) = 2m(A(W )−B(W ))η(Y ). (26)

It is well known that

(DWS)(Y, ξ) = DWS(Y, ξ)− S(DWY, ξ)− S(Y,DW ξ).

The last equation with (3), (6), (7) and (12) gives

(DWS)(Y, ξ) = −2mg(Y,W )− S(Y,W ). (27)

From equations (26) and (27), we find

S(Y,W ) = −2mg(Y,W ) + 2m(B(W )−A(W ))η(Y ). (28)

Replacing Y by ϕY in (28) and then using (1) (b), we get

S(ϕY,W ) = −2mg(ϕY,W ). (29)

Again replacing W by ϕW in (29) and using (2) and (11), we find

S(Y,W ) = −2mg(Y,W ), for all Y,W ∈ χ(Mn). (30)

Hence, we can state the following corollary:

Corollary 3.1. A generalized ϕ−recurrent Kenmotsu manifold is an Einstein manifold.

Two vector fields P and Q are said to be co-directional if P = fQ, where f is a non-zero
scalar, i.e., g(P,X) = fg(Q,X) for all X ∈ χ(Mn). Now from (17), we have

−(DWR)(X,Y )Z = −η((DWR)(X,Y )Z)ξ +A(W )R(X,Y )Z

+B(W ) {g(Y, Z)X − g(X,Z)Y } . (31)

Taking inner product of (31) with ξ and then using (3) and (8), we get

A(W )−B(W ) = 0. (32)

Thus, we can state the following corollary:

Corollary 3.2. In a generalized ϕ−recurrent Kenmotsu manifold (Mn, g), the associated
vector fields ρ1 and ρ2 of the 1−forms A and B respectively are co-directional.

By virtue of (3), (17) and Bianchi’s identity, we get

A(W )η(R(X,Y )Z) + A(X)η(R(Y,W )Z) +A(Y )η(R(W,X)Z)

+B(W ) {η(X)g(Y,Z)− η(Y )g(X,Z)}
+B(X) {η(Y )g(W,Z)− η(W )g(Y,Z)}
+B(Y ) {η(W )g(X,Z)− η(X)g(W,Z)} = 0. (33)



S. K. CHAUBEY, C. S. PRASAD: ON GENERALIZED ϕ−RECURRENT KENMOTSU MANIFOLDS 5

In consequence of (8), (33) gives

{−A(W ) +B(W )} [η(X)g(Y, Z)− η(Y )g(X,Z)]

+ {−A(X) +B(X)} [η(Y )g(W,Z)− η(W )g(Y, Z)]

+ {−A(Y ) +B(Y )} [η(W )g(X,Z)− η(X)g(W,Z)] = 0. (34)

Putting Y = Z = ei in (34) and taking summation over i, 1 ≤ i ≤ 2m+ 1, we get

{−A(W ) +B(W )} η(X) = {−A(X) +B(X)} η(W ), (35)

for all vector fields X, W ∈ χ(Mn). Again replacing X by ξ in (35) and then using (3),
we get

(−A(W ) +B(W )) = (−η(ρ1) + η(ρ2))η(W ), (36)

for any vector field W , where A(ξ) = g(ρ1, ξ) = η(ρ1) and B(ξ) = g(ρ2, ξ) = η(ρ2). Thus,
in view of equations (35) and (36), we state the following theorem:

Theorem 3.1. In a generalized ϕ−recurrent Kenmotsu manifold (Mn, g) (n > 2), the
characteristic vector field ξ and the vector field ρ1 + ρ2 associated to the 1−form A + B
are co-directional.

From (17), we have

(DWR)(X,Y )Z = η((DWR)(X,Y )Z)ξ −A(W )R(X,Y )Z

−B(W ) {g(Y, Z)X − g(X,Z)Y } . (37)

Taking cyclic sum of (37) in W , X, Y and then using Bianchi’s second identity and (32),
we have

A(X)R(Y,W )Z +A(Y )R(W,X)Z +A(W )R(X,Y )Z

+B(W ) [g(Y,Z)X − g(X,Z)Y ] +B(X)[g(W,Z)Y

−g(Y, Z)W ] +B(Y ) [g(X,Z)W − g(W,Z)X] = 0. (38)

Contracting above equation with respect to X and then replacing Y and Z by ei, 1≤i≤n,
we find

r = −2m(2m− 1)
B(W )

A(W )
, (39)

where r
def
=

n∑
i=1

S(ei, ei) is the scalar curvature of the manifold. Hence we can state the

following theorem:

Theorem 3.2. In a generalized ϕ−recurrent Kenmotsu manifold (M2m+1, g), the scalar
curvature satisfies the relation (39).

Taking inner product of (38) with U , we get

A(X)′R(Y,W,Z, U) +A(Y )′R(W,X,Z,U) +A(W )′R(X,Y, Z, U)

+B(W ) [g(Y, Z)g(X,U)− g(X,Z)g(Y, U)] +B(X)[g(W,Z)g(Y, U)

−g(Y, Z)g(W,U)] +B(Y ) [g(X,Z)g(W,U)− g(W,Z)g(X,U)] = 0. (40)

Now putting Y = Z = ei and X = U = ei respectively in the above equation and then
taking summation over i, 1 ≤ i ≤ n, we get

S(W,ρ1) =
r + (n− 1)(n− 2)

2
A(W ).

Hence, we can state the following theorem:
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Theorem 3.3. In a generalized ϕ−recurrent Kenmotsu manifold (Mn, g),
r+(n−1)(n−2)

2 is
the eigen value of the Ricci tensor corresponding to the eigen vector ρ1, where ρ1 is defined
as in (16).

From (13), we have

(DWR)(X,Y )ξ = g(X,W )Y − g(Y,W )X −R(X,Y )W. (41)

Taking inner product of (41) with ξ and using (3) and (8), we get

η((DWR)(X,Y )ξ) = 0. (42)

In consequence of (9) and (42), (17) becomes

−(DWR)(X,Y )ξ = [A(W )−B(W )]R(X,Y )ξ. (43)

Hence from (41) and (43), we find

R(X,Y )W = g(X,W )Y − g(Y,W )X − [A(W )−B(W )]R(X,Y )ξ. (44)

Thus if X and Y are orthogonal to ξ, then (44) gives

R(X,Y )W = g(X,W )Y − g(Y,W )X. (45)

for all X, Y , W ∈ χ(Mn). A space form (i.e., a complete simply connected Riemannian
manifold of constant curvature) is said to be elliptic, hyperbolic or Euclidean according
as the sectional curvature tensor is positive, negative or zero [6]. Hence we can state the
following theorem:

Theorem 3.4. A locally generalized ϕ−recurrent Kenmotsu manifold (Mn, g) is locally
isometric to a hyperbolic space Hn(−1).

4. Three dimensional locally generalized ϕ−recurrent Kenmotsu
manifolds

The curvature tensor in a three dimensional Kenmotsu manifold assume the form [3]

R(X,Y )Z =
(r + 4)

2
{g(Y,Z)X − g(X,Z)Y }

−(r + 6)

2
{g(Y, Z)η(X)ξ − g(X,Z)η(Y )ξ + η(Y )η(Z)X − η(X)η(Z)Y } , (46)

where r is the scalar curvature of the manifold (Mn, g). The covariant differentiation of
(46) along W consider the form

(DWR)(X,Y )Z =
dr(W )

2
{g(Y, Z)X − g(X,Z)Y }

−dr(W )

2
{g(Y, Z)η(X)ξ − g(X,Z)η(Y )ξ + η(Y )η(Z)X − η(X)η(Z)Y }

−(r + 6)

2
[g(Y,Z)(DW η)(X)ξ + g(Y,Z)η(X)DW ξ − g(X,Z)(DW η)(Y )ξ

−g(X,Z)η(Y )DW ξ + (DW η)(Y )η(Z)X + (DW η)(Z)η(Y )X

−(DW η)(X)η(Z)Y − (DW η)(Z)η(X)Y ]. (47)
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Operating ϕ2 on either sides of (47) and using (1), (3), (6) and (7), we get

ϕ2((DWR)(X,Y )Z) = −dr(W )

2
[g(Y, Z)X − g(X,Z)Y − g(Y, Z)η(X)ξ

+g(X,Z)η(Y )ξ − η(Y )η(Z)X + η(X)η(Z)Y ] +
(r + 6)

2
[(DW η)(Y )η(Z)X

+η(Y )(DW η)(Z)X − (DW η)(X)η(Z)Y + g(Y, Z)η(X)W

−(DW η)(Z)η(X)Y − (DW η)(Y )η(Z)η(X)ξ − (DW η)(X)η(Z)η(Y )ξ

−g(Y, Z)η(X)η(W )ξ − g(X,Z)η(Y )W + g(X,Z)η(Y )η(W )ξ]. (48)

If X, Y , Z, W are orthogonal to ξ, then in view of (15), (48) assumes the form

A(W )R(X,Y )Z = −
{
B(W ) +

dr(W )

2

}
[g(Y, Z)X − g(X,Z)Y ] . (49)

Replacing W by {ei} in (49), where {ei}, (i = 1, 2, 3), is an orthonormal basis of the
tangent space at any point of the manifold and taking summation over i, 1 ≤ i ≤ 3, we
obtain

R(X,Y )Z = λ {g(Y, Z)X − g(X,Z)Y } ,

where λ = −
{

2B(ei)+dr(ei)
2A(ei)

}
is a scalar, since A is non-zero 1−form. Then by Schur’s

theorem λ will be a constant on the manifold. Therefore (M3, g) is of constant curvature
λ. Hence we state the following theorem:

Theorem 4.1. A three dimensional locally generalized ϕ−recurrent Kenmotsu manifold
(M3, g) is of constant curvature.

From theorem (4.1), we can easily prove that a locally generalized ϕ−recurrent Kenmotsu
manifold is conformally flat and hence divC = 0, where ′div′ denote the divergence and
C is the conformal curvature tensor defined as

V (X,Y )Z = R(X,Y )Z − 1

n− 2
[S(Y, Z)X − S(X,Z)Y + g(Y, Z)QX − g(X,Z)QY ]

+
r

(n− 1)(n− 2)
[g(Y, Z)X − g(X,Z)Y ].

Also it is known that [7] if a conformally flat Riemannian manifold (Mn, g) (n > 3) admits
a proper concircular vector field, then the manifold is subprojective manifold in the sense
of Kagan. Hence we state the following theorem:

Theorem 4.2. A locally generalized ϕ−recurrent Kenmotsu manifold (Mn, g) (n > 3) is
a subprojective manifold in the sense of Kagan.

In 1944, K. Yano [7] proved that in order that a Riemannian manifold admits a concir-
cular vector field, it is necessary and sufficient that there exists a coordinate system with
respect to which the fundamental quadratic differential form assumes the form

ds2 = (dx1)2 + epg∗ijdx
idxj ,

where g∗ij = gij [x
k] are functions of xk only (i, j, k = 2, 3, ..........n) and p = p(x1) is a non

constant function of x1 only. Hence, we can state the following theorem:

Theorem 4.3. A locally generalized ϕ−recurrent Kenmotsu is warped product I ×ep M
∗,

where (M∗, g∗) is an (n− 1) dimensional Kenmotsu manifold.
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