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ABSTRACT. In this paper, we prove the existence and uniqueness of common
fixed points for two pairs of selfmaps satisfying a Geraghty-Suzuki type con-
traction condition in which one pair is compatible, b-continous and the another
one is weakly compatible in complete b-metric spaces. Further, we prove the
same with different hypotheses on two pairs of selfmaps which satisfy b-(E.A)-
property. We draw some corollaries from our results and provide examples in
support of our results.

1. INTRODUCTION

The development of fixed point theory is based on the generalization of con-
traction conditions in one direction or/and generalization of ambient spaces of the
operator under consideration on the other. Banach contraction principle plays an
important role in solving nonlinear equations, and it is one of the most useful
results in fixed point theory. In the direction of generalization of contraction con-
ditions, in 1973, Geraghty [I7] proved a fixed point theorem, generalizing Banach
contraction principle. In 1975, Dass and Gupta [I4] extended contraction map to
contraction map with rational expression and proved the existence of fixed points
in complete metric spaces. In 2008, Suzuki [30] proved two fixed point theorems,
one of which is a new type of generalization of the Banach contraction principle
and does characterize the metric completeness.

The main idea of b-metric was initiated from the works of Bourbaki [10] and
Bakhtin [6]. The concept of b-metric space or metric type space was introduced by
Czerwik [12] as a generalization of metric space. Afterwards, many authors studied
fixed point theorems for single-valued and multi-valued mappings in b-metric spaces,
we refer [21 3] 8| [0 [13] 22, 28| 29].

In 2002, Aamari and Moutawakil [I] introduced the notion of property (E.A).
Different authors applied this concept to prove the existence of common fixed points,
we refer [4] Bl 25] 26], 27].
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We denote N, the set of all natural numbers and R™ = [0, c0).

Definition 1.1. [12] Let X be a non-empty set. A function d : X x X — R is
said to be a b-metric if the following conditions are satisfied: for any x,y,z € X
(b1) 0 <d(zx,y) and d(z,y) =0 if and only if =y,

(b2) d(z,y) = d(y, =),
(bs) there exists s > 1 such that d(z, z) < s[d(z,y) + d(y, 2)].

In this case, the pair (X, d) is called a b-metric space with coefficient s.

Every metric space is a b-metric space with s = 1. In general, every b-metric
space is not a metric space.

Definition 1.2. [9] Let (X, d) be a b-metric space and {x,} a sequence in X.
(1) A sequence {z,} in X is called b-convergent if there exists © € X such that

d(xn,x) — 0 as n — oo. In this case, we write nl;n;o Tp = .

(i4) A sequence {x,} in X is called b-Cauchy if d(z,,2m) — 0 as n,m — co.

(#i7) A b-metric space (X, d) is said to be a complete b-metric space if every
b-Cauchy sequence in X is b-convergent.

(iv) A set B C X is said to be b-closed if for any sequence {z,} in B such that
{zn} is b-convergent to z € X then z € B.

In general, a b-metric is not necessarily continuous.

Example 1.1. [19] Let X = NU {oo}. We define a mapping d: X x X — R as
follows:

0 if m=n,
L _ L1 if one of m,n is even and the other is even or oo,
d(m,n) = m._ont } )
’ 5 if one of m,n is odd and the other is odd or co,
2 otherwise.

. . . . _ 5
Then (X,d) is a b-metric space with coefficient s = 5.

Definition 1.3. [9] Let (X,dx) and (Y,dy) be two b-metric spaces. A function
f: X =Y is ab-continuous at a point x € X, if it is b-sequentially continuous at
x. i.e., whenever {x,} is b-convergent to x, fx, is b-convergent to fux.

Definition 1.4. [20] A pair (A, B) of selfmaps on a metric space (X,d) is said to
be compatible if lim d(BAx,, ABx,) = 0 whenever {x,} is a sequence in X such
n—oo

that lim Az, = lim Bx, = z for some z € X.
n—roo n—oo

Definition 1.5. [I] A pair (A, B) of selfmaps on a metric space (X,d) is said to be
satisfy (E.A)-property if there exists a sequence {x,} in X such that lim Ax, =

n—oo

lim Bz, = z for some z € X.
n—oo

Definition 1.6. [25] A pair (A, B) of selfmaps on a b-metric space (X,d) is
said to be satisfy b-(E.A)-property if there exists a sequence {x,} in X such that

lim Az, = lim Bz, = z for some z € X.
n— oo n— o0

Definition 1.7. [21I] A pair (A, B) of selfmaps on a set X is said to be weakly
compatible if ABx = BAx whenever Ax = Bz for any x € X.

In 1973, Geraghty [17] introduced a class of functions
G ={8:]0,00) = [0,1)/ lim B(t,) =1 = lim t, =0}.
n—oo n—oo
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Theorem 1.1. [I7] Let (X,d) be a complete metric space. Let T : X — X be a
selfmap satisfying the following: there exists B € & such that
d(Tz,Ty) < B(d(x,y))d(x,y) for all x,y € X. Then T has a unique fized point.

We denote B = {a: [0,00) = [0,1)/ lim a(t,) =1 = lim t, =0}.
n—o00 n—o00

In 2011, Dukic, Kadelburg and Radenovié [I5] extended Theorem 1.9 to the case
of b-metric spaces as follows.

Theorem 1.2. [I5] Let (X,d) ba a complete b-metric space with coefficient s > 1
and let T : X — X be a selfmap of X. Suppose that there exists a € B such that
d(Tz, Ty) < a(d(z,y))d(z,y) for all xz,y € X. Then T has a unique fixed point in
X.

The following lemmas are useful in proving our main results.

Lemma 1.3. [I8] Let (X,d) be a b-metric space with coefficient s > 1. Suppose
that {x,} is a sequence in X such that d(zy,Zni1) < kd(Xp—1,2,) for alln € N,
where k € [0,1) is a constant. Then {x,} is a b-Cauchy sequence in X.

Lemma 1.4. [2] Let (X,d) be a b-metric space with coefficient s > 1. Suppose
that {x,} and {y,} are b-convergent to x and y respectively, then we have
Zd(z,y) <liminf d(zy,, y,) < limsupd(z,,y,) < s%d(z,y).
n—0o0 n—oo

In particular, if x =y, then we have lim d(x,,y,) = 0. Moreover for each z € X
n—oo

we have
Ld(z,z) <liminfd(zy, z) < limsupd(z,, 2) < sd(z, z).
n—00 n—00
In 2015, Latif, Parvaneh, Salimi and Al-Mazrooei [23] proved the existence and
uniqueness of fixed points of a single selfmap satisfying Suzuki type contraction
condition in b-metric spaces as follows.

Theorem 1.5. [23] Let (X, d) be a complete b-metric space (with parameter s > 1)
and let f: X — X, a: X x X — [0,00) satisfying

(a) a(z,y) 21 = alfz, fy) 2 1,

) a(z,z) > 1L,a(z,y) > 1 = alz,y) > 1,2,y,2z € X. Suppose that 5 € B
such that 5=d(z, fz) < d(z,y) = sa(z,y)d(fz, fy) < B(M(z,y))M(z,y) for all
x,y € X, where

(e3) = man{ i) LM Syt sttty sl
Also, suppose that the following assertions hold:

(1) there exists xg € Xsuch that o(zg, fxg) > 1;

(ii) for any sequence {x,} in X with a(xn,xn+1) > 1 for all n € NU{0} such that
Ty, — X a8 N — 00, we have oy, z) > 1 for all n € NU{0}.

Then, [ has a fized point.

The set {zo, fxo, f2x0, f320,...} is called an orbit of f at the point zg and is
denoted by Oy (zo) [7].

Definition 1.8. [I1] A b-metric space X is said to be f-orbitally complete if every
Cauchy sequence in Oy(xo) converges in X, where f is a selfmapping on X and
zo € X.

Definition 1.9. [24] Let X be any nonempty set and o : X x X — R. A selfmap
f: X — X is said to have a property (H), if for any x,y € X with x # y, there
exists z € X such that a(z,z) > 1,a(y,z) > 1 and a(z, fz) > 1.
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Definition 1.10. [24] Let (X,d) be a b-metric space with parameter s > 1 and
a: X xX > R. A selfmap f: X — X is called a generalized o-Suzuki-Geraghty
contraction if there exists a f € B such that for any z,y € X,

3:d(x, fr) < sd(z,y) = d(fz, fy) < B(M(z,y))M(z,y),

where

M(x,y) = max{d(z,y), d(x, f), d(y, fy),d(f*z, fz),d(f*e,y), W20 A o)

d(z, fy)+d(y fﬂﬂ) d(z, fz)d(z, fy)+d(y,fy)d(y,fz) d(z,fz)d(z, fy)+d(y fy)d(y, f:v)}
1+sld(z,y)+d(fz, fy)] ’ I+d(z, fy)+d(y, fz) ’

Theorem 1.6. [24] Let (X, d) be a complete b-metric space with parameter
s>la: X xX >R and f: X — X. Assume that X is f-orbitally complete and
the following conditions hold:
(i) there exists xg € X such that o(zo, fxo) > 1;
(i1) f is a generalized oo — Suzuki — Geraghty contraction and a triangular
a-orbital admissible;
(71) either f is continuous or for any sequence {x,} in X with
oy, Tpy1) > 1 such that x, — x as n — oo, we have a(x,,x) > 1
for all n € NU{0}.
Then f has a fized point z in X and {f"xo} converges to z. Moreover, f has a
unique fixed point if condition (i) is replaced with the property (H).

Throughout this paper we denote
5= {6 : [0, OO) — [0, %)/limsupﬂ(tn) = % _— ]Lm ty = 0}'

n—oo

In 2019, Faraji, Savi¢ and Radenovié [I6] proved the following theorem.

Theorem 1.7. [16] Let (X, d) be a complete b-metric space with parameter s > 1.

Let T, S : X — X be selfmaps on X which satisfy: there exists § € § such that
sd(T, Sy) < B(M(x,y))M(z,y) for all 2,y € X,

where M (z,y) = max{d(z,y),d(z,Tz),d(y, Sy)}.

If either T or S is continuous, then T and S have a unique common fixzed point.

Motivated by Theorem 1.5 and Theorem 1.6, in Section 2 of this paper, we prove
the existence and uniqueness of common fixed points for two pairs of selfmaps satis-
fying a Geraghty-Suzuki type contraction condition in which one pair is compatible,
b-continous and the another one is weakly compatible in complete b-metric spaces.
Further, we prove the same with different hypotheses on two pairs of selfmaps which
satisfy b-(E.A)-property. In Section 3, we draw some corollaries and examples in
support of our results.

2. MAIN RESULTS

Let A,B,S and T be mappings from a b-metric space (X,d) into itself and
satisfying
A(X) CT(X) and B(X) C S(X). (2.1)
Now by (2.1), for any g € X, there exists z; € X such that yo = Azg = Tzy. In
the same way for this z1, we can choose a point xo € X such that y; = Bz = Sxo
and so on. In general, we define

Yon = Axoy = TZopt1 and yop41 = Bropr1 = Stapyo forn=0,1,2,.... (2.2)

Proposition 2.1. Let (X,d) be a b-metric space wuth coefficient s > 1. Assume
that A, B,S and T are selfmappings of X which satisfy the following condition:
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there exists B € § such that

+ min{d(Sz, Az),d(Ty, By)} < max{d(Sz,Ty),d(Az, By)}

— s'd(Az, By) < B(M(z,y))M(z,y) 23)

where
M(z,y) = max{d(Sz, Ty),d(Sz, Az), d(Ty, By), “*5:20), (0420,
d(Sz,Az)d(Ty,By) d(Sz,By)d(Ty, Aw }
14+d(Sz, Ty)+d(Az,By)’ 1+s%[d(Sz,Ty)+d(Az, By)]

for all z,y € X. Then we have the following:

(1) If A(X) CT(X) and the pair (B,T) is weakly compatible and if z is a com-
mon fized point of A and S then z is a common fixed point of A, B, S and T
and it is unique.

(1) If B(X) C S(X) and the pair (A, S) is weakly compatible and if z is a com-
mon fized point of B and T then z is a common fized point of A, B, S and T
and it is unique.

Proof. First, we assume that (i) holds. Let z be a common fixed point of A and S.
Then Az = Sz = z. Since A(X) C T(X), there exists u € X such that Tu = z.
Therefore Az = Sz =Tu = z.

We now prove that Az = Bu. Suppose that Az # Bu.

Since - min{d(Sz, Az),d(Tu, Bu)} < max{d(Sz,Tu),d(Az, Bu)}.

From the inequality (2.3), we have

s'd(Az, Bu) < B(M(z,u))M(z,u) (2.4)
where
M (z,u) = max{d(Sz,Tu),d(Sz, Az),d(Tu, Bu), d(S;’SB“), d(TgS’AZ),
d(Sz,Az)d(Tu,Bu) d(Sz,Bu)d(Tu,Az)
1+d(Sz,Tu)+d(Az,Bu)’ 1+s*[d(Sz,Tu)+d(Az,Bu)] }

= max{0,0,d(Az, Bu), %, 0,0,0} = d(Az, Bu).
From the inequality (2.4), we have
s*d(Az, Bu) < B(d(z,u))d(z,u) < w so that (s% — 1)d(Az, Bu) < 0.
Since (s° — 1) > 0, it follows that d(Az, Bu) = 0.
Hence Az = Bu. Therefore Az = Bu= Sz=Tu = z.
Since the pair (B,T) is weakly compatible and Bu = T'u, we have BTu = T Bu.
i.e., Bz=Tz.
Now we show that Bz = z.
If Bz # z, then we have
2 min{d(Sz, Az),d(Tz, Bz)} < max{d(Sz,Tz),d(Az, Bz)}
From the inequality (2.3), we have

s*d(z,Bz) = s*d(Az, Bz) < B(M(z,2))M(z, 2) (2.5)
where
M(z,2) = max{d(Sz,Tz),d(Sz, Az),d(Tz, Bz), d(S; Bz) d(Tz, AZ),
d(Sz,Az)d(Tz,Bz) d(Sz,Bz)d(Tz, Az)
14+d(Sz,Tz)+d(Az,Bz)’ 14+s*[d(Sz,Tz)+d(Az,Bz ]}

= max{d(z, Bz),0,0, 2% BZ), d(ZQEZ),O, H[;s(fﬁz)gz)]} d(z, Bz).
From the inequality (2.5), we have
s*d(z,Bz) < B(M(z,2))M(z, z) = B(d(z, Bz))d(z, Bz) < @ so that
(s° —1)d(z,Bz) <0.
Since (s® — 1) > 0, it follows that d(z, Bz) = 0.
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Hence Bz = z. Therefore Az = Bz=5Sz=Tz = z.
Therefore z is a common fixed point of A, B, S and T.

In a similar way, under the assumption (iz), the conclusion of the proposition
follows.

Uniqueness follows from the inequality (2.3). O

Remark. Selfmaps A,B,S and T of a b-metric space X that satisfy (2.3) is said
to be Geraghty-Suzuki type contraction maps on X.

Proposition 2.2. Let A, B,S and T be selfmaps of a b-metric space (X,d) and
satisfy (2.1) and Geraghty-Suzuki type contraction maps. Then for any xo € X, the
sequence {yn} defined by (2.2) is b-Cauchy in X.

Proof. Let zp € X and let {y,} be defined by (2.2). Assume that y, = y,41 for

some n.

Case (i): n even.

We write n = 2m for some m € N. Suppose that d(yn+1,Yn+2) > 0. Since

2+ min{d(Szam+2, Aomi2), d(TT2m11, Bram+1)} < max{d(Szami2, TT2m11),
d(Azom+2, BTom+1)}

From the inequality (2.3), we have

54d(yn+17 Ynt2) = Szd(y2m+17 Yom+2)
= 5%d(Yam+2, Yom+1)
2.6
= std(Azom2, Bxomi1) (2:6)
< B(M(22m+2; Tam+1)) M (T2m+2, Tam+1)
where

M (zam+2, Tam+1) = max{d(Sxam+2, TTom+1), d(STam+2, ATam+2),

d(Swami2,Bxam41) d(TTomy1,ATamy2)
d(T;CZerhB:EZerl) + + ) +25 - )

d(ST2m 42, ATom2)d(TT2mt1, BI2m+1)
1+d(Szam+t2,Txam+1)+d(Ax2my2,BTomy1)’
d(Szam+2,BTam+1)d(TTamy1,ATom42) }
1+s4[d(Szom42,TT2m+1)+d(AT2m42,BTam+1)]

= max{0, d(Yn+1, Yn42), 0,0, L2252 0.0} = d(yn 11, Y s2)-
From the inequality (2.6), we have
s'd(Ynt1, Yn+2) < BIM (2242, T2mt1)) M (T2m+1, T2m+1)
< B(d(ynJrlv yn+2))d<yn+17 yn+2) w
which implies that (s° — 1)d(yn+1,Yn+2) < 0.
Since (s° — 1) > 0, we have d(ynt1,Yni2) < 0.
Therefore Y2 = Yns1 = Y.
In general, we have y,,yr =y, for k=0,1,2,....
Case (ii): n odd.
We write n = 2m + 1 for some m € N.
Since
2718 min{d(Sm2m+27 A$2m+2), d(T$2m+3, B$2m+3)} < maX{d(Sm2m+2, T.’Egm+3),
d(Az2m+2, Bram+3)},

from the inequality (2.3), we have

34d(@/n+1: Yn+2) = 34d(92m+27 Yom+3) = d(Az2y 42, Brom3)
< B(M (r2m42, Tam+3)) M (Tamv2, T2m43)
(2.7)
where
M(x2m+2, Tam+3) = max{d(Sram+2, TT2m+3), d(STomi2, ATom+2),
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d(Sz ,Bx ) d(Tz JAx
d(TiL’QmJ'_g, Bx2m+3) ( 27n+§ 2m+3 27n+235 2w1+2) ,

(S:L‘Zm+27AI2m+2)d(Tz2m+$7Bz2m+3)
1+d(Szom42,TT2m+3)+d(Az2m42,BTam3)’

d(Sz2m+2,BT2m+3)d(TT2m+3,AT2m+2) }
1+s4[d(Szam42,TT2m4+3)+d(Azam12,BTamy3)]

= maX{Ov 0, d(yn+1, yn+2)v M ;0,0 0} d(yn-i-h yn+2)
From the inequality (2.7), we have
s d(Yny1,Ynt2) < B(M (T2m12, Tam+3)) M (T2m 12, T2m+3)

< Bd(Yn+15 Yn+2))d(Yn+1, Ynt2) < M
which implies that (s° — 1)d(yn+1, Ynt2) < 0.
Since (s> — 1) > 0, we have d(ynt1, Ynt2) < 0.
Therefore yn12 = Ynt1 = Yn-
In general, we have y,, 1 =y, for k=0,1,2,....
From Case (i) and Case (ii), we have y,1+r =y, for all k =0,1,2,....
Hence {yn+k} is a constant sequence and hence {y,} is Cauchy.
Now we assume that y,,_1 # y,, for all n € N.
If n is odd, then n = 2m + 1 for some m € N.
Since
2718 min{d(5x2m+2, A$2m+2), d(Tx2m+17 B$2m+1)} < max{d(Sx2m+2, Tl'2m+1),
d(Azom42, Bxam41)}-

From the inequality (2.3), we have

$* (Y, Ynt1) = s d(Y2m+1, Yoms2) = s d(Y2m+2, Y2mt1)
= s'd(Azom+2, Broms1) < B(M(22m+2, Tams1)) M (Z2m2; Tam+1)
(2.8)
where

M (22m42, Tam+1) = max{d(Sram12, TTom+1), d(ST2m12, ATam2),

d(Sx ,Bx d(Tx Az
d(T$2m+1, BI2m+1) ( 2m+; 277L+1) ( 2m+218 27n+2) ,

d(Szam+2,AT2m+y2)d(TTam41,BTamy1)
1+d(Szom+2,TT2m+1)+d(Az2m42,Bram41)’
d(STom+t2,Br2m+1)d(TTam41,AT2my2) }
1+s4[d(Szam+t2,TTam+1)+d(Az2mt2,Bram11)]

A(Yn Yn)+d(Yn,yn
< max{d(yn_1,Yn), AW, Yn+1), d(Yn—1,yn), 0, LY )+2(y yni)

Ad(Yn,Yn+1)d(Yn—1,Yn) 0}
14+d(Yn—1,Yyn) +d(Yn,yn+1)’

< maX{d(:Un*lv yn)7 d(Yn, ynJrl)}’-
Suppose M (z2m+2, Tom+1) = Ad(Yn, Ynt1)-
Then from the inequality (2.8), we have
$*d(Yn, Ynt1) < BM (T2m+2, Tom+1)) M (T2mt2, Tam+1)
< BAd(Yns Y1) A Y1) < Dmoss)
which implies that (s® — 1)d(yn, ynt1) < 0.
Since (s° — 1) > 0, we have d(yn, Yni1) < 0.
Therefore M (zomt2, Tam+1) = A(Yn—1,Yn)-
From the inequality (2.8), we have

s d(Yn, Ynt1) < B(M (2m+2, Tom+1)) M (Tam+2, T2m41)

2.9
< B(d(Yn—1,Yn))d(Yn1,yn) < Lt 29)
Also, it is easy to see that (2. 9) is valid when n is even.
Hence we have d(yn, yn+1) < 2d(yn—1,yn) for all n € N.
From Lemma 1.3, we have the sequence {y,} is a b-Cauchy sequence in X. O

The following is the main result of this paper.



COMMON FIXED POINTS OF GERAGHTY-SUZUKI TYPE CONTRACTION MAPS... 33

Theorem 2.3. Let A,B,S and T be selfmaps on a complete b-metric space (X, d)
and satisfy (2.1) and Geraghty-Suzuki type contractive maps. If either
(7) the pair (A,S) compatible, A (or) S is b-continuous and the pair (B,T) is
weakly compatible
or
(i) the pair (B,T) compatible, B (or) T is b-continuous and the pair (A, S) is
weakly compatible
then A, B, S and T have a unique common fized point in X.

Proof. By Proposition 2.2, the sequence {y,} is b-Cauchy in X.
Since X is b-complete, there exists z € X such that lim Yn = z. Thus

n—oco (2.10)

lim yo, = hm Azs, = hm Txop1 = z and
hrn Yont+1 = hm B.’L‘gn+1 lim Szo,490 = 2.
n—oo n—oo

Assume that (7) holds.
Since S is b-continuous, it follows that lim SSzo,10 = Sz, lim SAxzy, = Sz.

n— n—oo
By the b-triangle inequality, we have d(ASxay, Sz) < s[d(ASzan, SAxa,)+d(SAxay,, S2)].
Since the pair (A, S) is compatible, le d(ASxoy,, SAxs,) = 0.

Taking limit superior as n — oo, we have
lim sup d(ASzan, Sz) < sllimsup d(ASxzan, SAxa,) + limsup d(SAzay,, Sz)] =

n—oo n— oo

Therefore hrn ASxy, = Sz.

‘We now prove that Sz =z.

Suppose that Sz # z. Since

£ min{d(SS2am+2, ASTom+i2), d(TTom+1, Bromi1)} < max{d(SSzom+2, TTam+1),

d(ASzomt2, Bram+1)}
From the inequality (2.3), we have

s*d(ASzan12, Brani1) < B(M(STani2, Tant1)) M (STania, Tani1) (2.11)

where

M(Szapt2, Tant1) = max{d(SSzon+2, TTon+1), d(SSTont2, ASTonts),

B T A
d(Tx2n+1;Bx2n+1) d(SS$2n+2, $2n+1) d( 37271+1279 S$2n+2)

d(SSxon42,ASTon12)d(TTan41, B$2n+1)
1+d(SSzont2,Tx2n+1)+d(AST2n42,BTany1)’
d(SSzant2,Bront1)d(TT2n41,AST2n12) }
1+s4[d(SSzont2,Txon41)+d(ASTon42,Brony1)] I
By taking limit superior as n — oo on M (STapi2, Tant+1) and using Lemma 1.4,

we obtain

2 2 4
lim sup M(Sx2n+27 x2n+1) < max{st(Sz, Z)a 07 07 > d(2227Z) ) d(giz ) 07 1+£dsgril?5zz z)}
n—oo
= 52d(Sz, 2).
Therefore

—d(Sz 2) < liminf M (Sxa, 12, Ton1) < limsup M(Sxa, 0, Tani1) < s2d(Sz, 2).
S n—00 n—00
(2.12)

Taking limit superior as n — oo in the inequality (2.11) and using Lemma 1.4, we
get
s4s%d(52, 2) < s*limsup d(ASway 12, Broni1)

n—oo

= limsup s*d(ASz2,12, Broni1)
n—oo
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< limsup[B(M (Sz2n12, T2n+1)) M (ST2n42, T2n41)]

n—oo

= limsup (M (Szant2, Tant1)) imsup M (Szan42, T2nt1)

n—oo n—00
< limsup B(M (Sz2n12, Tant1))s2d(Sz, 2).
n—o0

Therefore
% <1 <limsup S(M(Sxani2, Tant1)) < % which implies that

n—oo

lim sup B(M (Szant2, Tan+1)) = 2.

n— o0
Since 8 € §, it follows that li_)m M(Sant2, Tant1) = 0.
Therefore from the inequality (2.12), we have

S%d(Sz7 z) < li_>m M (SZon12, Tant1) = 0 which implies that d(Sz,z) < 0.

n [ee]

Therefore Sz = z.
We now show that Az = z. Suppose that Az # z.
Since

% min{d(Sz, Az),d(Txom+1, Bromt1)} < max{d(Sz, Txom+1),d(Az, Bxomi1)}
From the inequality (2.3), we have

s'd(Az, Brony1) < B(M(2,22n41)) M (2, T2ns1) (2.13)

where
M (z, xon+1) = max{d(Sz, Txant1),d(Sz, Az),d(Tx2n+t1, BLant1),
d(Sz,Bxay+1) d(Txon41,Az2) d(Sz,Az)d(Tx2n+1,BTont1)
2s ’ 2s ' 1+d(Sz,Txant1)+d(Az,Bxront1)’
d(SZ,B:L’Qn+1)d(TZL’2n+1,AZ) }
1+S4[d(SZ,T$27L+1)+d(AZ,B$2r,L+1)] :
By taking limit superior as n — oo on M(z, 23,41) and using Lemma 1.4, we obtain
2 2 4 2
. 2 s°d(Az,z) s°d(Az,z s*[d(Az,z
limsup M (z, x2,+1) < max{s?d(Az, z),0,0, (28 ), (28 ),O, 1+£s§d(Az)}Z)}
n—oo
= s2d(Az, 2).

Therefore

1 . .
?d(Az, 2) < liminf M (2, 2on41) < limsup M (z, 20, 41) < s2d(Az,2).  (2.14)

n—oo n—00

Taking limit superior as n — oo in the inequality (2.13) and using Lemma 1.4, we
get
s*%d(Az,z) < s*limsup d(Az, Bron1)

n—o0

= limsup s*d(Az, Bra, 1)
n—oo
S lim Sup[ﬁ(M(Z7 ZL‘2n+1))M(Z, x2n+1)]

n— oo
= limsup (M (z, xan+1)) limsup M (2, ap41)
n—oo n—oo
< limsup B(M (2, 241))s°d(Az, 2).
n—oo
Hence
1 <1 <limsup B(M(z,x2n+1)) < L which implies that
n— o0
lim sup B(M(Z, xQn-‘rl)) = l'

S
n—oo

Since f € §, it follows that lim M(z,zo,41) = 0.
n— oo

Therefore from the inequality (2.14), we have
Ld(Az,2) < nlLII;O M (z,x2n+1) = 0 which implies that d(Az, z) < 0.

Therefore Az = Sz = z. Hence z is a common fixed point of A and S.
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Now by Proposition 2.1, we have z is a unique common fixed point of A, B, S and T'.
Assume that A is b-continuous, it follows that
lim AAx,, = Az, hm AS$2n+2 Az.

n— oo

By the b-triangle mequahty, we have
d(SAxa,, Az) < s[d(SAxa,, ASxay,) + d(ASxay,, AZ)).
Since the pair (4, S) is compatible, h_)m d(ASzay, SAxa,) = 0.
n (oo}
Taking limit superior as n — oo, we have
lim sup d(SAxa,, Az) < sllimsup d(SAxa,, ASxa,) + limsup d(ASxza,, Az)] =
n— 00 n— 00 n—o00
Therefore hm SAxy, = Az.
Now we prove that Az = z. Suppose that Az # 2.
Since
2% min{d(SAxa,, AAxay,), d(Txon+1, Broni1)} < max{d(SAzo,, Txont1),
d(AAfEQm B$2n+1)}
From the inequality (2.3), we have

Yd(ASwan 12, Broni1) < B(M(ST2nt2, Tant1)) M (STanta, Tani1) (2.15)

where

M (Axop, xopy1) = max{d(SAza,, Troni1), d(SAT2,, AAT2,), d(TT2n 11, Broni1),
d(SAz2n,Brony1) d(Txzong1,AAz2,) d(SAzon, AAz2)d(Txony1,Brang1)

2s ? 2s ) 1+d(SAZ2n7TZD2n+1)+d(AA(122V,L,BZE2¢L+1)’
d(SAz2y,,Bxont1)d(Tx2ny1,AAT2,) }
1+s4[d(SAzan,Txon+1)+d(AAz2, ,Bray+1)]
By taking limit superior as n — oo on M (Axa,, Z2,+1) and using Lemma 1.4, we

obtain

2
lirrlr;sotip M Az, Topy1) < max{s?d(Az, 2),0,0, 2 d(AZ 2) 8 d(ﬁz 2) ), 1+2§22fAZZ Z)}
= s2d(Az, 2).
Therefore

1
= —d(Az, z) <liminf M (Azgp, T2n11) < limsup M (Aza,, T2n41) < s2d(Az, 2).

n—0o0 n—00
(2.16)

Taking limit superior as n — oo in the inequality (2.15) and using Lemma 1.4, we
get
54sl2d(Az, 2) < s*limsup d(AAxy,, Bro,y1)
n—oo
= limsup s*d(AAz2p,, Brani1)
n—roo

< limsup[B(M (Ao, Tont1)) M (Azopn, Tant1)

n—oo

= lim sup (M (Azan, Tan+1)) limsup M (Aza,, Topt1)
n— o0 n—o0

< limsup B(M(Az2n,, Toni1))s?d(Az, 2).
n— oo

Thus
% <1 <limsup S(M(Azay,, xant1)) < % which implies that

n—oo
lim sup 3(M (Azon, Ton+1)) = <.

n—oo

Since f € §, it follows that lim M (Azg,, zont1) = 0.

n—
Therefore from the inequality (2.16), we have
Ld(Az,2) < lim M(Azs,,22,41) = 0 which implies that d(Az, z) < 0.
n—oo
Therefore Az = z.
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Since A(X) C T(X), there exists u € X such that z = Tu.

We now show that Bu = z. Suppose that Bu # z.

Since

= min{d(Szon, Azay,), d(Tu, Bu)} < max{d(Szan,, Tu), d(Azs,, Bu)}
From the inequality (2.3), we have

Yd(Azay,, Bu) < B(M (22, u)) M (z9n, 1) (2.17)
where
M (z2p,u) = max{d(Sxa,, Tu),d(Swap, Axay), d(Tu, Bu), (SQJZZ’BU), d(TMQA“"),
d(Sxon,Azay)d(Tu,Bu) d(Sxon,Bu)d(Tu,Azs,) }
14+d(Szopn,Tu)+d(Axay,,Bu)’ 1+s4[d(Szon,Tu)+d(Az2y,,Bu)] -

By taking limit superior as n — oo on M (x2,,u) and using Lemma 1.4, we obtain
. 2 s2d(z,Bu) s%d(z,Bu) 4d(z, Bu)
lim sup M (225, u) < max{s®d(z, Bu),0,0, ==5—, 0 }

oo 2s e 1+232d(z Bu)
= s2d(Az, 2).
Therefore
1
—zd(z,Bu) < liminf M (22, u) < limsup M (x2,,u) < sd(z, Bu). (2.18)
S n—00 n—00

Taking limit superior as n — oo in the inequality (2.17) and using Lemma 1.4, we
get
s*%d(z, Bu) < s*limsup d(Aws,, Bu)

n—0o0

= limsup s*d(Axa,, Bu)
n—oo
< limsup[B8(M (zan, u)) M (x2,,u)
n—roo
= limsup (M (22, u)) lim sup M (za,, u)

n—oo n—oo

< limsup B(M (w2, u))s?d(z, Bu).
n—oo
Therefore
% <1 <limsup (M (x2n,u)) < % which implies that limsup (M (z2,,u)) = %
n— oo n—oo

Since 8 € §, it follows that lim M (z2,,u) = 0.
n— 00

Therefore from the inequality (2.18), we have

%d(z,Bu) < nhﬁn;(} M (z2p,u) = 0. implies that d(z, Bu) < 0.

Therefore Bu = T'u = z. Since the pair (B, T) is weakly compatible and Bu = Tu,
we have

BTu=TBu. ie., Bz=Tx.

We now show that Bz = z. Suppose that Bz # z.

Since

2= min{d(Sz2n, Azay,), d(Tz, Bz)} < max{d(Sz2n,,Tz),d(Az2y,, Bz)}

From the inequality (2.3), we have

Yd(Azon, Bz) < B(M(w2n, 2)) M (225, 2) (2.19)

where
M (x2p, z) = max{d(Swan, Tz),d(Sz2n, Azay,),d(Tz, Bz), d(Sxé’;’Bz)7 d(TZ’Q‘:x2")7
d(Szon,Aza,)d(Tz,Bz) d(Sz2n,Bz)d(Tz,Azay,)
14+d(Szan,T2)+d(Azoy,Bz)’ 1+s*d(Szay,,T2)+d(Azay,,B2) }
By taking limit superior as n — oo on M (x9,, 2) and using Lemma 1.4, we obtain

. s?d(z,B s?d(z,B S(d(z,B
hrrzn—ilip M (22, 2) < max{s?d(z, Bz),0,0, > (228 z) s (ZS 2) 0, Hésfd ZZBZ)}
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= 52d(Az, 2).
Therefore
1
—d(z, Bz) < liminf M (2, 2) < limsup M (225, 2) < s%d(z, Bz). (2.20)
S n—oo n— 00

Taking limit superior as n — oo in the inequality (2.19) and using Lemma 1.4, we
get
s?%d(z, Bz) < s*limsup d(Aza,, B2)

n—oo

= limsup s*d(Axs,, Bz)
n—oo
< limsup[8(M (x2n, 2)) M (x2n, 2)
n—oo
= lim sup 8(M (z2y, 2)) lim sup M (z2,, 2)
n—oo n— oo
< limsup B(M (w2, 2))s%d(z, Bz).
n—oo

Therefore
1 <1 <limsup B(M(z2,,2)) < 1 which implies that lim sup B(M (z2,,2)) = L.

n— o0 n—00
Since 8 € §, it follows that lim M (xa,,2) = 0.

n—oo
Therefore from the inequality (2.20), we have
%d(z,Bz) < lim M (w3,,2) = 0. implies that d(z, Bz) < 0.
n—r oo

Hence Bz = z.
Therefore Bz =Tz = z.
Hence z is a common fixed point of A and S.
Now by Proposition 2.1, we have z is a unique common fixed point of A, B, S and T.

In a similar way, under the assumption (i%), the conclusion of the theorem holds.
O

Theorem 2.4. Let (X, d) be a b-metric space with coefficient s > 1. Let A, B, S, T :
X — X be selfmaps of X and satisfy (2.1) and Geraghty-Suzuki type contractive
maps. Suppose that one of the pairs (A, S) and (B, T) satisfies the b-(E. A )-property
and that one of the subspace A(X), B(X),S(X) and T(X) is b-closed in X. Then
the pairs (A, S) and (B,T) have a point of coincidence in X. Moreover, if the pairs
(A,S) and (B, T) are weakly compatible, then A, B, S and T have a unique common
fixed point in X.

Proof. We first assume that the pair (A4, S) satisfies the b-(E.A)-property. So there
exists a sequence {z,} in X such that

lim Az, = lim Sz, =¢q (2.21)

n— oo n—oo

for some g € X.
Since A(X) C T(X), there exists a sequence {y,} in X such that Az, = Ty,, and
hence

lim Ty, = q. (2.22)
n— oo
Now we show that lim By, = q.
n—oo

Since o= min{d(Sz,, Az,,), d(Tyn, Byn)} < max{d(Szy, Tyn),d(Azn, By,)}.

From the inequality (2.3), we have
s*d(Azn, Byn) < B(M (20, yn)) M (2, Yn) (2.23)
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where
M (20, yn) = max{d(Szn, Tyn), d(Szp, Az, d(Typ, Byy,), 450g:Bum) A Azn),
d(STw 7A-Tn )d(Tyn 7Byn) d(Szn 7Byn)d(Tyn 7Azn)
1+d(Szn,Tyn)+d(Azy, ,Byy) ' 14+s*[d(Szy , Tyn)+d(Az,, ,Byy)] }

By taking limit superior as n — oo on M (zy,yn), and using (2.21) and (2.22), we
obtain
limsup d(Az,,Byn)

lim sup M (2, yn) = max{0, 0, limsup d(Az,,, By, ), *=*—5—,0,0,0}
n—oo n—oo
= limsup d(Ax,, Byn).
n—oo
(2.24)

On taking limit superior as n — oo in (2.23), and using (2.24), we get
s*limsup d(Azy, Byy) = limsup[B(M (20, yn)) M (20, yn )|

n—oo n—oo
= limsup B(M (zp, yn)) limsup M (2., Yn)
n—oo n—oo
= limsup (M (2, yn)) limsup d(Ax,, Byy).
n—oo n—oo
Therefore
% <1 <limsup (M (2n,yn)) < S% < % which implies that

n— 00
1

limsup B(M (2, yn)) = 5-
n— 00
Since § € §, we have lim M(zp,y,) = 0. ie., limsup d(Azy, By,) = 0.

n— 00
Therefore

lim d(Az,, By,) =0. (2.25)
n—oo
By the b-triangular inequality, we have
d(q, Byy) < s[d(q, Azy) + d(Ax,,, Byy,)]. (2.26)

On taking limits as n — oo in (2.26), and using (2.21) and (2.25), we get
li_>m d(q, Byn) < s] li_>m d(q, Azx,) + li_>m d(Azy,, By,)] = 0.
Therefore lim d(q, By,) = 0.
n—r00
Case (i): Assume that T(X) is a b-closed subset of X.
In this case ¢ € T(X), we can choose r € X such that Tr = gq.
We now prove that Br = ¢q. Suppose that d(Br,q) > 0.
Since 3= min{d(Sz,, Az, ),d(Tr, Br)} < max{d(Sz,,Tr),d(Az,, Br)}
From the inequality (2.3), we have

s*d(Ax,,, Br) < B(M (xp, )M (2, 7) (2.27)

where
M (zp,r) = max{d(Sz,,Tr),d(Sz,, Az,),d(Tr, Br), d(sg“;s’BT), d(TTQ’:‘I"),
d(Szpn,Axy)d(Tr,Br) d(Szpn,Br)d(Tr,Az,,) }
14+d(Szyn,Tr)+d(Azy,,Br)? 1+s%[d(Szy,,Tr)+d(Azy,,Br)] J”
By taking limit superior as n — oo on M(x,,r), and using (2.21), (2.22) and
Lemma 1.4, we obtain

lim sup M (z,,r) < max{0,0, d(q, Br),
n—oo
We have
= 262 MEL50)] 4 sd(Siy, q) < 262 M (@, 7) + sd(Sn, q).
On taking limit inferior as n — oo, we get

@, 0,0,0} = d(g, Br).  (2.28)
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Therefore 5zd(Br,q) < liminf M (zy,, 7).
n—oo

Taking limit superior as n — oo in (2.27) and using (2.28) and Lemma 1.4, we have

s*(3d(q, Br)) < s*limsup d(Ax,, Br)
— lim Sup{F(M (7)) M ()]
= hm sup B(M (zy,7)) lim sup M (2, 1)
<hmbup,8( (Jz‘mr))d(n‘;gr)'

n—r oo

Therefore
1< limﬁsup B(M(zy,r)) < L which implies that limsup S(M (z,, 7)) = 1.

n—oo
Since § € §, we have lim M(zp,7r) =0.

Therefore 51zd(Br, q) < hm M(zp,r)=0.

Thus Br = ¢q. Hence Br = Tr = ¢, so that ¢ is a coincidence point of B and T
Since B(X) C S(X), we have ¢ € S(X), there exists z € X such that Sz = ¢ = Br.
Now we show that Az = q. Suppose Az # gq.

Since

2 min{d(Sz, Az),d(Tr, Br)} < max{d(Sz,Tr),d(Az, Br)}

From the inequality (2.3), we have

s*d(Az,q) = s*d(Az, Br) < B(M(z,7))M(z,7) (2.29)
where
M(z,r) = max{d(Sz,Tr),d(Sz, Az),d(Tr, Br), %, d(TngAz),
d(Sz,Az)d(Tr,Br) d(Sz,Br)d(Tr,Az)
14+d(Sz,Tr)+d(Az,Br)’ 14+s*[d(Sz,Tr)+d(Az,Br)] }

= max{0, d(q, A2),0,0, d(q’Az) ,0,0} = d(q, Az).
From the inequality (2.29), we have
sd(Az,q) < B(d(Az, q)d(Az,q)) < d(Az,q),
a contradiction.
Therefore Az = Sz = ¢ so that z is a coincidence point of A and S.
Since the pairs (A,S) and (B,T) are weakly compatible, we have Ag = Sq and
Bq="1T4q.
Therefore ¢ is also a coincidence point of the pairs (A4, S) and (B, T).
We now show that ¢ is a common fixed point of A, B, S and T'.
Suppose Aq # q.
Since 3= min{d(Sq, Aq),d(Tr, Br)} < max{d(Sq,Tr),d(Aq, Br)},
from the inequality (2.3), we have

s'd(Aq,q) = s*d(Aq, Br) < B(M(q,r)) M (q,7) (2.30)
where
M(q,r) = max{d(Sq, Tr),d(Sq, Ag), d(Tr, Br), X520 dLRA0,
d(Sq,Aq)d(Tr,Br) d(Sq,Br)d(Tr,Aq) }
1+d(Sq,Tr)+d(Aq,Br)’ 14+s*[d(Sq,Tr)+d(Aq,Br)]

= max{d(Aq, q),0,0, 4524 4220 ¢ 0} = d(Aq, q).
Now, from the inequality (2.30), we have
s*d(Aq,q) < B(d(Aq, q)d(Aq,q)) < d(Aq,q),

a contradiction.
Therefore Aq = Sq = g so that ¢ is a common fixed point of A and S.



40 G. V. R. BABU AND D. RATNA BABU

By Proposition 2.1, we get that ¢ is a unique common fixed point of A, B, S and T'.
Case (ii): Suppose A(X) is b-closed.
In this case, we have ¢ € A(X) and since A(X) C T(X), we choose r € X such
that ¢ = T'r.
The proof follows as in Case (i).
Case (iii): Suppose S(X) is b-closed.
We follow the argument similar as Case (i) and we get conclusion.
Case (iv): Suppose B(X) is b-closed. As in Case (ii), we get the conclusion.

For the case of (B,T) satisfies the b-(E.A)-property, we follow the argument
similar to the case (A, S) satisfies the b-(E.A)-property. O

3. COROLLARIES AND EXAMPLES

In this section we draw some corollaries from our main results and provide ex-
amples in support of our results.

If we take A= B = f and S =T = g in Theorem 2.3 and Theorem 2.4, we get
Corollary 3.1 and Corollary 3.2, respectively.

Corollary 3.1. Let (X,d) be a b-metric space and f and g be selfmaps of X.
Assume that there exists B € § such that

L min{d(fz, gz), d(fy, gy)} < max{d(gz, gy

([, f
— s4d(fx,fy>g) i (3.1)

d
B(M (z,y))M(x,y)

where
T, d Jx d(gz,fz)d s
M(w,y) = max{d(gz, gy), d(gz, fx), d(gy, fy), Lo}, Aogte) _ dawodlonu_

d(gz,fy)d(gy,fz) }
1+s4[d(gz,gy)+d(fz,fy)] )
for all x,y € X. If f(X) C g(X), the pair (f,g) is compatible and f or g is

b-continuous then f and g have a unique common fized point in X.

Corollary 3.2. Let (X, d) be a b-metric space with coefficient s > 1. Let f,g: X —
X be selfmaps of X and satisfy f(X) C g(X) and the inequality (3.1). Suppose
that the pair (f, g) satisfies the b-(E.A)-property and that one of the subspace f(X)
and g(X) is b-closed in X. Then the pairs (f,g) have a point of coincidence in
X. Moreover, if the pair (f,g) is weakly compatible, then f and g have a unique
common fized point in X.

The following is an example in support of Theorem 2.3.

Example 3.1. Let X =R" and let d : X x X — R™T defined by

0 ifx =y,

4 if z,y € [0,1],
d(z,y) = 54 45 ifzye (1),

27 otherwise.

The b-metric conditions (b1) and (bs) are trivially hold for this example.
Let us now check (bs).

For this purpose we consider the following nontrivial case.

Let y € [0,1] and z, z € (1, 00).

Then d(z,z) =5+ $+Z,d(x y) = 2. d(y,2) = 2L

We have
2<a+z = <1 sothat5+m+z <5+ 1 <489(2),
Therefore d(z,z) =5 —|— IH < 150 (3 + B) = sld(z,y) + d(y, 2)] where s = 355
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so that (b3) holds.
Thus d is a b-metric with s = %g.
Clearly this d is complete so that (X, d) is a complete b-metric space.

Here we observe that when z = 191 2 = 182 € (1,00) and y € [0,1), we have
d(z,z) = 542 £ 2T = d(x,y) + d(y, ) so that d is not a metric.
We define A, B, ST X — X by

) 22 +2 ifzel0,1)

Alz)=1if z € [0,00), B(z) = { # if 2 € [1, 00),

[ x+2 ifzxel0,1) [ 32z*+4 ifzel01)
S(z) = { et if g € [1,00), and T(e) = { 2@ it g e (1, 00).
Clearly A(X) C T(X) and B(X) C S(X).

Here A is b-continuous.

We choose a sequence {z,} with {z,} =1+ 5=,n > 1, we have

ASz, = A(22tl) = 1 and SAz, = 1 =1.

Therefore hm d(ASx,, SAz,) = 0 so that the pair (4, S) is compatible and clearly
the pair (B T) is weakly compatlble

We define 3 : [0,00) — [0, 1) by B(t) = 488@100 Then we have 3 € §.

Case (i): z,y €[0,1).

d(Ax, By) = %,d(Sm,Ty) =5+ m,d(Ty,By) =5+ x+y, d(Sz, Ax) = 10,
d(Ax,Ty) = %g,d(SI,By) =5+ x—y and
M(x,y) = max{d(Sz, Ty), d(Sx, Ax),d(Ty, By), “5E0 dTyA2),
d(Sz,Az)d(Ty,By) d(Sz,By)d(Ty,Ax) }
1+d(Sz,Ty)+d(Az,By)’ 1+s*[d(Sz,Ty)+d(Az,By)]

_ 27 240 240 27y (36)(5+z1g)
= max{5 + =45, 1.5+ 75, (50) 6.+ 715): G) (30 e+ 21

(5+ 2)(2 )
1+(%)4(5+ﬁ+2—3)
=5+ -1

z+y
Since
2 min{d(Sz, Az),d(Ty, By)} = 220 min{2L,5 + m}
2401 (27
= (3s9)(10)
< max{5 + H_ , 2

= max{d(Sz, Ty) d(Az, By)}.
Now we consider .
(5+1)
std(Az, By) = (89)4(2) < 80e— w00 5+ L = B(M(z,y)) M(z,y).
Case (ii): z,y € (1, 00).
d(Az, By) = %5,d(Sz,Ty) = 5 + Hy,d(Ty,By) =5+
d(Ax,Ty) = %,d(Sx By)=5+ m and
M (z,y) = max{d(Sz,Ty), d(Sz, Az),d(Ty, By), %5520 ALe.A2)
d(Sz,Az)d(Ty,By) d(Sz,By)d(Ty,Ax) }
1+d(S’z Ty)er(Ar By)’ 1+s%[d(Sz,Ty)+d(Az,By)] ()¢ L
205+ 745
= max{5 + mv .5+ a:T—y’ T0) (5 + IT.y) (155)(35): mv

(
(5+71-)(28 3
1+(;‘%)4(5+z+y Fig)

x+y’ d(Sz, Ax) = 10,

_ 1
=5+ =y

Since
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2 min{d(Sz, Az),d(Ty, By)} = 220 min{2L,5 + H_y}
= (30)(%5)
< max{5 + r-s-y’ %
= max{d(Sz,Ty), d(Ax, By)}.
Now we consider .
std(Az, By) = (42)4(28) < 4805 4 L 5(M(2,)) M (2, ).

Case (iii): z € [0,1),y € (1, oo)

d(Aa:,Ty) = %,d(Sx By)=5+ w+y and
M (x,y) = max{d(Sz, Ty),d(Sz, Az),d(Ty, By), L5220 dTyA0)
d(Sz,Az)d(Ty,By) d(Sz,By)d(Ty,Ax) }
1+d(Sz, Ty)+d(Ax,By)’ 1+s*[d(Sxz,Ty)+d(Az,By)]

_ 27 240 240127y (36)(5+355)
maX{5+m71075+m (489)(5+m) (159) (5 ),m,

(5+ T+1/ ( }
1+(335)% (5+ 1 %)

=5+ 3y
Since
2—18 min{d(Sz, Ax),d(Ty, By)} = igg min{ %, 5+ m}
— (240)(27)
= \189/\10 .
< max{5 + ac+ 1o

max{d(Sz,Ty),d(Az, By)}.
Now we consider oy
5+ry
s'd(Az, By) = ($3)4(2) < $80e—100 5+ 71) = B(M(z,y)) M ().
Case (iv): z € (1,00),y € [0, 1).
d(Az, By) = & d(Sx,Ty) =5+ -1 d(Ty,By) =5+ ——,d(Sz, Az) = 2,

10° w-t,- ) w_;,_ )
d(Az,Ty) = 2T d(Sz, By) =5+ m and
M (x,y) = max{d(Sz,Ty), d(Sz, Az),d(Ty, By), %52t0 L0420
d(Sz,Az)d(Ty,By) d(Sz,By)d(Ty,Ax) }
1+d(Sz, Ty)+d(Am By)’ 1+s%[d(Sz,Ty)+d(Az,By)]

27 1
= max{5 + 715, 2,5+ L (G)(5 + 1), (39)(3), (T =

z+y’ 10° x+y’ 489 Tty 489/\10/° 1+5+#y+%’
(5+w+y ( }
1+(i5)* 5+ 1 %)
=5+
Since
+ min{d(Sz, Az),d(Ty, By)} = 22 min{27,5 + m}
_ (240y\(27
= (339)(g)
< max{5 + H_y,%
= max{d(Sz,Ty),d(Az, By)}.
Now we consider -
- (5t o
std(Az, By) = ($5)*(35) < 153e™ ™ 5+ 4) = B(M(2,y)) M (2, y).
Case (v): z =1,y €[0,1).
d(Az, By) = %,d (Sz,Ty) = %,d(Ty,By) =5+ F’ d(Sz, Ax) =0
d(Az,Ty) = 3%, d(Sz, By) = & and

x
M(z,y) = max{d(Sz, Ty), d(Sx, Az),d(Ty, By), d(Sa, By), d(ngAz),
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d(Sz,Az)d(Ty,By) d(Se.By)d(Ty.As) __y
1+d(Sz, Ty)er(Ax,By)’ T+s%[d(52,Ty)+d(Az,By)]
= max{?é,o 5+ 2 GE)(E). (39,0, i
=5+ m
Since
2 min{d(Sz, Az),d(Ty, By)} = 230 min{0,5 + r+y}
=0 < max{2, 2*

10° 10
= max{d(Sz,Ty), d(Az, By)}.

Now we consider
~ 5+ o)
s'd(Az, By) = (339)4(20) < 480 —55 " (5 + 1) = B(M(z,y)) M (z,y).

180/ \10) = 189€ Tty
Case (vi): x =1,y € (l,oo)
d(Az,Ty) = ?g,d(S:z: By) = 21 and
M(z,y) = max{d(Sz, Ty), d(Sz, Az), d(Ty, By), "= 2.0y) dTy.ds),
d(Sz,Az)d(Ty,By) d(Sz, By)d(T'q,Aw) }
1+d(Sz, Ty)+d(Az,By) ’ 14-s*[d(Sz,Ty)+d(Az,By)]

= max{ig,o B+ o (2)(2), (339)(30),0, H(ﬁsggw(;g;iym}

=5+ 4y
Since
2 min{d(Sz, Az),d(Ty, By)} = 220 min{0,5 + I+y}

=0 < max{3, 2T

= max{d(Sz,Ty), d(Az, By)}.
Now we consider oy
std(Aw, By) = ($2)4(2) < 4801 (5 + —L) = B(M(z, )M (z, y).
Case (vii): z € [0,1),y = 1.
Here d(Ax, By) = 0. Clearly the inequality (2.3) holds in this case.
Case (viii): z € [0,1),y = 1.
Here d(Ax, By) = 0. In this case the inequality (2.3) holds clearly.
From all the above four cases, A, B, S and T are Geraghty-Suzuki type contraction
maps. Therefore A, B, S and T satisfy all the hypotheses of Theorem 2.3 and 1 is

the unique common fixed point of A, B, S and T
The following is an example in support of Theorem 2.4.

Example 3.2. Let X =[0,1] and let d : X x X — RT defined by

0 ifx =y,
1 . 2
_ = if X,y € [075)’
d(z,y) B o i g ye(2,1],
% otherwise.

The conditions (b1) and (b2) are trivially hold.

We now verify condition (b3) for nontrivial case.
Let y € [0,2) and ,z € [2,1].

Then d(z,z) = 22 + &2, d(z,y) = 325, d(y, 2) = 32
We have

TH2<2 = 5 < gpsothat 3+ 55 < 5+ 55 < §5(555)-

Therefore d(z, z) = 22 + Z2 < E(;g(l) + 228) = s[d(z, y) + d(y, z)] where s = 2L
The other cases also tr1v1ally hold with s = 2% so that (b3) holds and d is a b-metric.
Clearly this metric d is complete so that (X, d) is a complete b-metric space.
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Here we observe that when z = 2,2 =1¢€ [£,1] and y € [0, Z), we have
d(w,z) =129 £ 121 — g(3 y) + d(y, 2) so that d is not a metric.

1300 + 125
We define A, B, S, T : X — X by
ifxelo,%)
B
if z€10,2)

1
0,
2 0 B = 3
A(x)—slfl”é[ 1], B(x) {1_3 ifxe[g
T 1fx€[2 1]

S(ac):{ %fx ﬁig{o 1]) and T'(z) = {

Clearly A(X) C T(X) and B(X) QS(X) A(X) = {2} is b-closed.

We choose a sequence {2, } with {z,} = 2 + 3, n > 2 with

nh_)ngo Ax, = nh_)II;o Sx, = %, hence the pair (A, S) satisfies the b-(E.A)-property.
Clearly the pairs (A, S) and (B,T) are Weakly compatible.

We define 3 : [0,00) — [0,1) by B(t) = —eloo

Then we have € §.

Case (i): =,y € [0, 3).

d(Az, By) = £25,d(Sz, Ty) = 11,d(Ty, By) = 1, d(Sz, Az) = 1%

(e HC»J\N)

4
3
)

15’ 157 250
d(Az,Ty) = ;gé,d(Sx By) = 11 and
M(zy) = max{d(Sa Ty), d()Ssc, Av).d(Ty, By), A

d(Sz,Ax)d(Ty,By d(Sz,By)d(Ty,Ax)
14+d(Sz,Ty)+d(Az,By)’ 1+s4[d(Sw,?y)-|)-zi(A)w7By)] % 12t
(i, 8, 8, G, (). S el - 1
Since
2—15 min{d(Sz, Ax),d(Ty, By)} = 14092 mln{ﬁ %}
( 49 )( 121)
102/\ 250
< max{ 1z, 335

= max{d(Sz,Ty), d(Ax, By)}.
Now we consider

4 (15>
s*d(Az, By) = (31)*(12)) < Bewo0 L = B(M (2, y)) M (z, y).

Case (ii): =,y € (3,1].

d(Az, By) = 325, d(Sz, Ty) = }é,d(Ty,By) 15, d(Sz, Az) = 25,
d(Az, Ty) = 125, d(Sz, By) = 1+ and
M (z,y) = max{d(Sz, Ty), (Sx,Aﬂf)7d(Ty7By)7 d52.By) dTyAn)
d(Sz,Az)d(Ty,By) d(Sz,By)d(Ty,Ax) }
14+d(Sz, Ty)+d(Az,By)’ 1+s*[d(Sz,Ty)+d(Az,By)] e
= max{}$, 325, 1, (45) (30, (G5 (33), TGy, ey — 4

Since
o min{d(Sz, Az),d(Ty, By)} = 15 min{ 325, 1

— ( 49 )(121)

~ \Toa/t3s0)

< max{yz, 555

max{d(Sz, Ty), d(f%1 By)}.

(b
Now we consider s4d(Ax,By) = (353 < e 100 1= B(M(z,y))M(z,y).

Case (iii): 2 €[0,2),y € (3,1].
d(Az, By) - 123, d(Sa,Ty) = 134Ty, By) = 15, d(5z, Az) = 555,
d(Az,Ty) = 21 d(Sz, By) = 11 and
M (x,y) = max{d(Sz, Ty), (Sw,Ar% d(Ty, By), 4528y dTy.An)
d(Sz,Az)d(Ty,By) d(Sz,By)d(Ty,Ax) }
14+d(Sz, Ty)+d(Az,By)’ 1+s*[d(Sz,Ty)+d(Az,By)]
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_ 11 121 11 /.49 \/11y (49 /121y (335)(i% (123
. *max{ﬁafaﬁv(ﬁ)(ﬁ%(ﬁ)( )7 le}OéJr;géa (1+(§§)4§l%)}
ince
2% min{d(Sz, Az),d(Ty, By)} = T?z min{%, %
40 \ /121
= (1092)(12150221
< max{15, 555

= max{d(Sz,Ty), d(Az, By)}.
Now we consider
-(39)
s'd(Az, By) = (51)4@?3) < sre 0 15 = B(M(2,)) M (x,y).
Case (iv): z € (3,1],y € [0,2).
d(Az, By) = 25, d(Sz,Ty) = 13, d(Ty, By) = 11, d(Sz, Azx) = 121

250 157 250
d(Az,Ty) = égé,d(Sx By) = % and
M (x,y) = max{d(Sz, Ty),d(Sz, Az), d(Ty, By), L5200 dTyA0)
d(Sz,Az)d(Ty,By) d(Sz,By)d(Ty,Az) }
1+d(Sz,Ty)+d(Az,By)’ 1+s4[d(Sw,Ty)+d(Aa:,By)] .
11 121 11 /49 y/11 49 vo121y (3EH)(H) (1% )(10
= maX{ﬁa 250° 15°? (ﬁ)(w) (102)(250)7 1j101+1§§(1] ) 1+( ) 7 1%)}
11
P T5'
Since
i min{d(Sz, Az),d(Ty, By)} = 1092 min{ ;gé, %
— ( 49 )(121)
102/1250,
< max{{z 15° 250

max{d(Sz, Ty), (A:): By)}.

—(
Now we consider s*d(Ax, By) = (%)4(%})) < g? 00 % = [B(M(z,y))M(z,y).

Case (v): z=2,y€0,2).
d(Az, By) = £25,d(Sz, Ty) = $2¢,d(Ty, By) = 1, d(Sz, Az) =

2507 2507
d(Az, Ty) = 1%, d(Sz, By) = 325 and
M (z,y) = max{d(Sz, Ty),d(Sz, Az),d(Ty, By), L5220 dTyA0)
d(Sz,Az)d(Ty,By) d(Sz,By)d(Ty,Ax) }
1+d(Sz,Ty)+d(Az,By)’ 1+s*[d(Sz,Ty)+d(Az,B 1)]

121
= max{125,0, 1, () (32), (15)(32), 0, raihiiios } = .
Since
= min{d(Sz, Az),d(Ty, By)} = 232 min{0, 11
=0 < max{32;, 32
= max{d(Sz,Ty), d(Az, By)}.

Now we consider

s'd(Az, By) = (3L)3(121) < e~ 11 — B(M (z,y)) M (z, ).

Case (vi): z =2,y 6 %, 1].
d(Az,Ty) = égé,d( x, By) = 221 and
M(z,y) = max{d(Sz, Ty), d(Sz, Az), d(Ty, By), X520 4TyAe),
d(Sz,Az)d(Ty,By) d(Sz,By)d(Ty,Az) }
14+d(Sz,Ty)+d(Az,By)’ 1+s*[d(Sz, Ty)+d(Az)By)J)
= max{ 25,0, 18, () (3). () (3).0, i) = %
Since
2—18 min{d(Sz, Ax),d(Ty, By)} = igg mln{O,mli,) .
= 0 < max{55, 555

= max{d(Sz,Ty),d(Az, By)}.

45
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Now we consider

s*d(Az, By) = (35)* (355
Case (vii): z € [ 2)y

49~
) < —e 100

250 % :ﬁ(M(xvy))M(x’y)

Here d(Ax, By) = 0. Clearly the inequality (2.3) holds in this case.

Case (viii): € [0,3),y =

w\l\?

Here d(Ax, By) = 0. In this case the inequality (2.3) holds clearly.

From all the above four cases, A, B, S and T are Geraghty-Suzuki type contraction
maps. Therefore A, B, S and T satisfy all the hypotheses of Theorem 2.4 and % is
the unique common fixed point of A, B,S and T.
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