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EVEN VERTEX ODD MEAN LABELING OF TRANSFORMED TREES

P.JEYANTHI', D. RAMYA? M. SELVI?, §

ABSTRACT. Let G = (V,E) be a graph with F vertices and g edges. A graph G is
said have an even vertex odd mean labeling if there exists a function f XP(G) —

{0,2,4, ...,2q} satisfying f is 1-1 and the induced map f* : F(G) — {1,3,5,...,2¢ — 1}
defined by f*(uv) = ML';M is a bijection. A graph that admits even vertex odd mean
labeling is called an even vertex odd mean graph. In this paper, we prove that T)-tree
(transformed tree), TQP,, T@2P, and (T'0K1 ) (where T is a T,-tree), are even vertex

odd mean graphs.

Keywords: mean labeling, odd mean labeling, T),—tree, even vertex odd mean labeling,
even vertex odd mean graph.

AMS Subject Classification: 05C78

1. INTRODUCTION

Throughout this paper by a graph we mean a finite, simple and undirected one. The
vertex set and the edge set of a graph G are denoted by V(G) and E(G) respectively. A
graph labeling is an assignment of integers to the vertices or edges or both, subject to
certain conditions. Terms and notations not defined here are used in the sense of Harary
[3]. There are several types of labeling. An excellent survey of graph labeling is available
in [2]. The concept of mean labeling was introduced by Somasundaram and Ponraj [5].

A graph G(V, E) with p vertices and ¢ edges is called a mean graph if there is an
injective function f that maps V(G) to {0,1,2,...,q} such that for each edge uv, labeled
with M if f(u)+ f(v) is even and w if f(u)+ f(v) is odd. Then the resulting
edge labels are distinct. The notion odd mean labeling was introduced by Manickam and
Marudai in [4].
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Let G(V, E) be a graph with p vertices and ¢ edges. A graph G is said to be odd
mean if there exists a function f : V(G) — {0,1,2,3,...,2¢ — 1} satisfying f is 1-1 and the
induced map f*: E(G) — {1,3,5,...,2¢ — 1} defined by

fw)+f(v) . .
X ) === if f(u) + f(v) is even
f ) = {W if f(u)+ f(v) is odd

The concept of even vertex odd mean labeling was introduced in [6]. Let G(V, E)
be a graph with p vertices and ¢ edges. A graph G is said have an even vertex odd mean
labeling if there exists a function f : V(G) — {0,2,4,...,2q} satisfying f is 1-1 and the
induced map f*: E(G) — {1,3,5,...,2¢ — 1} defined by f*(uv) = M is a bijection.
A graph that admits even vertex odd mean labeling is called an even vertex odd mean
graph. Motivated by the concepts of even vertex odd mean labeling [6] and T)-tree [1], in
this paper we prove that T)-tree, TQP,, TQ2P, (T0K;,) admit even vertex odd mean

labeling.

We use the following definitions in the subsequent sequel.

2. DEFINITION

Definition 2.1. Let T be a graph and u, and v, be two adjacent vertices in V(T'). Let
there be two pendant vertices u and v in T such that the length of u, - u path is equal
to the length v, - v path. If the edge u,v, is deleted from T and w, v are joined by an
edge uv, then such a transformation of T is called an elemantary parallel transformation
(or an EPT) and the edge u,v, is called a transformable edge. If by a sequence of EPT’s
T can be reduced to a path, then T is called a Ty-tree (transformed tree) and any such
sequence regarded as a composition of mappings (EPT’s) denoted by P, is called a parallel
transformation of T. The path, the image of T under P is denoted as P(T).

Definition 2.2. Let T be a T),-tree with m vertices. Let TQP,, be the graph obtained from
T and m copies of P, by identifying one pendant vertex of it" copy of P, with it" vertex
of T, where P, is a path of length n — 1. Let TQ2P, be the graph obtained from T by
identifying the pendant vertices of two vertex disjoint paths of equal lengths n — 1 at each
vertex of the Tp,-tree T'.

Definition 2.3. Let T' be a T)-tree with m vertices. Let (I'0K1,) be a graph obtained
from T and m copies of K1, by joining the central vertex of ith copy of Ky, with ith
vertex of T by an edge.

3. EVEN VERTEX ODD MEAN LABELING OF TRANSFORMED TREES
Theorem 3.1. Every T),-tree T is an even vertex odd mean graph.

Proof. Let T be a T)-tree with n vertices.

By the definition of T)-tree there exists a parallel transformation P of T" such that for the
path P(T') we have (i) V(P(T)) = V(T) and

(i) E(P(T)) = (E(T)\Ea) U Ep,

where Ej; is the set of edges deleted from T and Ep is the set of edges newly added through
the sequence P = (P, Py, ..., Px) of the EPT’s P used to arrive at the path P(T"). Clearly
E; and E, have the same number of edges. Now, denote the vertices of P(T’) successively
as v1, v, U3, ..., U, starting from one pendant vertex of P(T') right up to the other.

Define f : V(T) — {0,2,4, ...,2q} as follows:

flo)=2(—1)for1 <i<n.



340 TWMS J. APP. ENG. MATH. V.10, N.2, 2020

Let v;v; be a transformed edge in T' for some indices 7 and j, 1 <4 < j < m and P; be
the EPT that deletes the edge v;v; and adds the edge v;14v;—s where ¢ is the distance of
v; from v; 44 and also the distance of v; from v;_;.

Let P be a parallel transformation of T" that contains P; as one of the constituent EPT’s.
Since v;44v;j—¢ is an edge in the path P(T'), i +t+ 1 = j — t which implies j =i + 2t + 1.
The induced label of the edge v;v; is given by,

Fr(vivy) = f*(vvigary) = Ledtlmee) — oG 4y 1 (1)

and f*(vi1vj-t) = F*(Virvipesr) = L) — o 1 4) 1 .(2)

Therefore from (1) and (2), f*(vivj) = f*(vVigevj—t).

Let €j :’Uj’Uj_H for 1 S] S n— 1.

For the vertex labeling f, the induced edge label f* is defined as follows:
f*ej)=2j—1for1<j<n-—1

Therefore, f is an even vertex odd mean labeling of T'.

Hence, T is an even vertex odd mean graph.

For example, an even vertex odd mean labeling of a Tp-tree with 14 vertices is given in

Figure 1. (]
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FIGURE 1. Tp-tree with 14 vertices.

Theorem 3.2. Let T' be a T),-tree with m vertices. Then the graph TQP, is an even
verter odd mean graph.

Proof. Let T be a T),-tree with m vertices. By the definition of a T)-tree there exists a
parallel transformation P of T such that for the path P(T") we have (i) V(P(T)) = V(T)
and (ii) E(P(T)) = (E(T)\E4) U E,, where Ej is the set of edges deleted from T" and E,
is the set of edges newly added through the sequence P = (P, Py, ..., Px) of the EPT’s
P used to arrive at the path P(T"). Clearly E; and E, have the same number of edges.
Now denote the vertices of P(T') successively as vy, va, v3, ..., U, starting from one pendant
vertex of P(T) right up to other. Let uf,ud, u},...,ul (1 < j < m) be the vertices of j
copy of P,. Then V(TQP,) = {u] : 1 <i<n,1<j<m with u}, = v;}.

Define f : V(T@QP,) — {0,2,4, ...,2q} as follows:

flwl)=2n(G-1)+2(i—-1)ifjisodd, 1 <i<n,1<j<m,
flwl)=2n(j—1)+2(n—1)if jiseven, 1 <i<n,1<j<m.

Let v;v; be a transformed edge in 7" for some indices ¢ and j, 1 <7 < j < m and P; be
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the EPT that deletes the edge v;v; and adds the edge v;14v;—s where ¢ is the distance of
v; from v; 44 and also the distance of v; from v;_;.

Let P be a parallel transformation of T" that contains P; as one of the constituent EPT’s.
Since v;44v;j—¢ is an edge in the path P(T'), i +t+ 1 = j — t which implies j =i + 2t + 1.
The induced label of the edge v;v; is given by,

f*(UZ"Uj) = f*(vivi+2t+1) = %W = 2’1’L(’i + t) —1.... (3)

f*<’l)z'+tvj_t) = f* (Uz‘+t'Ui+t+1> = % = 2n(i + t) —1...... (4)

Therefore from (3) and (4), f*(viv;) = f*(Vitevj—t).

Let eg:ugug_ﬂ for1<i<n—-1,1<j<mandej=uvjvj4q forl1 <j<m-—1.

For the vertex labeling f, the induced edge label f* is defined as follows:
f*(e{):2n(j—1)+2i—1ifjisodd, 1<i<n—-1,1<j<m,
ffe)y=2(mnj—i)—1lifjiseven, 1 <i<n-—1,1<j<m,

f*(ej)=2nj—1for1 <j<m-—1.

Therefore, f is an even vertex odd mean labeling of TQP,,. Hence TQP, is an even vertex
odd mean graph. For example, an even vertex odd mean labeling of T@QPy, where T is a
T),-tree with 8 vertices, is given in Figure 2. O
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FIGURE 2. TQP,

Theorem 3.3. Let T' be a T),-tree with m vertices. Then the graph TQ2P, is an even
vertex odd mean graph.

Proof. Let T be a T)-tree with m vertices. By the definition of a T)-tree there exists a
parallel transformation P of T such that for the path P(T") we have (i) V(P(T")) = V(T)
and (ii) E(P(T)) = (E(T)\Eq) U E,, where Ej is the set of edges deleted from T" and E,
is the set of edges newly added through the sequence P = (Pi, P, ..., Pg) of the EPT’s P
used to arrive at the path P(T'). Clearly E; and E, have the same number of edges.

Now denote the vertices of P(T') successively as vy, va, v3, ..., U, starting from one pendant

J J J J
n and Uy 1, U 9, U 3, -oes U

vertex of P(T) right up to other. Let u{’l,u{g,u{’g,...,u{
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(1 <j < m) be the vertices of the two vertex disjoint paths identified with gt vertex of T
such that v; = u]l,n = u]z’n. Then V(TQ2P,) = {vj,u] i,uéi :1<i<n,1<j<m with

vj =uy, =uj,}. Define f:V(TQ2P,) — {0,2,4,...,2q} as follows:

flup) =2(2n—1)j —2n+id) for 1 <i<n, 1<j<m,

f(u%jz) =2(2n—-1)j—i)for1 <i<n,1<j<m.

Let v;v; be a transformed edge in 7' for some indices ¢ and j, 1 <7 < j < m and P; be
the EPT that deletes the edge v;v; and adds the edge v;4v;_; where ¢ is the distance of
v; from v; 44 and also the distance of v; from v;_;.

Let P be a parallel transformation of T' that contains P; as one of the constituent EPT’s.
Since vj44vj—¢ is an edge in the path P(T), i+t + 1 = j — ¢ which implies j =4+ 2t + 1.
The induced label of the edge v;v; is given by,

f*<’l)i1)j) = f*(vivi+2t+1) = w = 2(2n —Di+t)—1 ... (5)

F(Uiprvjt) = F*(Oippvipes) = L Wionn) — 92y — 1) (i 4 1) — 1......(6)

Therefore from (5) and (6), f*(viv;) = f*(vitevj—1)-

63172-:1ﬂ1’l-u{7i+1 for1<i<n—-1,1<j<m

eé’i:ué’iuiiﬂ for1<i<n-—1,1<j<mand

ej =vvjy1 for 1 <j<m—1.

For the vertex labeling f, the induced edge label f* is defined as follows:

[*(vjvj41) =2j(2n—1) —1for 1 <j <m —1,

frel)=22n-1)j+2i—dn+1for 1 <i<n—1,1<j<m,
feh)=22n-1)j-2i—1for1<i<n-1,1<j<m,

Theréfore, f is an even vertex odd mean labeling of TQ2P,.

Hence T@Q2P, is an even vertex odd mean graph.

For example, an even vertex odd mean labeling of T@2P3, where T is a T)-tree with 12
vertices, is given in Figure 3. g

Theorem 3.4. Let T' be a T)-tree with 2m vertices. Then the graph (T'6K, ) is an even
vertex odd mean graph.

Proof. Let T be a T)-tree with 2m vertices.

By the definition of T)-tree there exists a parallel transformation P of T" such that for the
path P(T), we have (i) V(P(T)) = V(T) and (ii) E(P(T)) = (E(T)\Eq4) U Ep,

where Ej is the set of edges deleted from T" and FE), is the set of edges newly added through
the sequence P = (P, Py, ..., Px) of the EPT’s P used to arrive at the path P(T).
Clearly Eq and E, have the same number of edges.

Now denote the vertices of P(T) successively as vy, vg, v3, ..., V2, starting from one pendant
vertex of P(T') right up to other.

Let u},ut,ub, ..., ul, be the vertices of the i'" copy of Kj,, attached with v; of T by an
edge.

Define f : V((T'0K1,)) — {0,2,4,...,2¢} as follows:

fvj)) =2(n+2)(j—1)if jis odd and 1 < j < 2m,

fvj)) =2(n+2)(j —2)+4n+6if jis even and 1 < j < 2m,

flup) =2(n+2)(j — 1) +2if j is odd and 1 < j < 2m,

flup) =2(n+2)(j —2) +4n +4if j is even and 1 < j < 2m,

flul)=2(n+2)(j—1)+4iif jisodd and 1 < j <2m,1<i<n,
J

Let v;v; be a transformed edge in T" for some indices ¢ and j, 1 <1 < j < 2m and



P. JEYANTHI, D. RAMYA, M. SELVI: EVEN VERTEX ODD MEAN LABELING OF ... 343

0 78 80
o 2 76 82
“'%ai:.4 —_ T4
- —» 84
T0e—%
e g 72 L Y
10 12 (3e_ g6 | 90
> 4 —e 64 94
e e
Be 15 60 & 62 08
200 22 FRe. 5 100
N 54
—g24 104
>
288 26 r) e 52 108
110 112
30 @ 32 48e__ 46 114

4U.~”ﬂﬁf 116

FIGURE 3. T@Q2P;

Py be the EPT that deletes the edge v;v; and adds the edge v;4v;_4

where ¢ is the distance of v; from v;; and also the distance of v; from v;_;.

Let P be a parallel transformation of T" that contains P; as one of the constituent EPT’s.
Since v;44v;j—; is an edge in the path P(T'), i +t+ 1 = j — t which implies j =i + 2t + 1.
The induced label of the edge v;v; is given by,

Fr(viv)) = f*(vvigary) = L@t mee) — o 4 9) (i 4t — 1)+ 2n+ 3 .....(7)
Fr0igevj—o) = FrUippvipesr) = Lot o) — o6, Loy 4 ¢ — 1) 4 2n 4+ 3 .....(8).
Therefore from (7) and (8), f*(vivj) = f*(vjvj—).
Letegzug)ug for1<j<2m,1<i<n.

For the vertex labeling f, the induced edge label f* is defined as follows:

[*vjvj1) =2(n+2)(j—1)+2n+3for 1 <j<2m—1,

f*(vjul) =2(n+2)(j —1)+1if jis odd and 1 < j < 2m,

[*(vju)) =2(n+2)j —3if jis even and 1 < j < 2m,

ffudul) =2(n+2)(j —1)+2i+1if jisoddand 1 < j <2m, 1 <i<n,

fudul) =2(n+2)(j —2)+2(n+i)+3if jisevenand 1 < j <2m,1 <i <n.
Therefore, f is an even vertex odd mean labeling of (0K ,,).

Hence (T'6K1 ) is an even vertex odd mean graph.

For example, an even vertex odd mean labeling of (I'0K 5), where T is a T)-tree with 8
vertices, is given in Figure 4. O
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FIGURE 4. (ToK;5)
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