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LOCALLY AND WEAKLY CONTRACTIVE PRINCIPLE IN BIPOLAR
METRIC SPACES

A. MUTLU', K. OZKAN!, U. GURDAL?, §

ABSTRACT. In this article, we introduce concepts of (e, A)-uniformly locally contractive
and weakly contractive mappings, which are generalizations of Banach contraction map-
ping, in bipolar metric spaces. Also, we express the results showing the existence and
uniqueness of fixed point for these mappings.

bipolar metric space, e-chainable, (e, A)-uniformly locally contractive, weakly contractive,
fixed point.
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1. INTRODUCTION

In 2016, Mutlu and Giirdal [14] introduced the concept of bipolar metric space as a
type of partial distance. Moreover, they stated the link between metric spaces and bipolar
metric spaces, especially in the context of completeness, and gave some extensions of
known fixed point theorems. After then, Mutlu, Ozkan and Giirdal [15] extended coupled
fixed point theorems to this new kind of metric space.

To generalize the Banach contraction principle, some researchers examinated several
notions of locally contractive maps and weakly contractive maps, such that Banach the-
orem would still be satisfied. Some of the first major studies in this subject were by
Edelstein [5], Rakoch [8-10] and many other authors [2,3,12]. Recently, some authors
have been studied on this subject [1,4,6,7,11,13,16-20].

In this article, we introduce the notionss of (e, A)-uniformly locally contractive, which
introduced by Edelstein and weakly contractive mappings, which introduced by Rakotch,
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in bipolar metric spaces. Moreover, we express the theorems which show the existence
and uniqueness of fixed points for these mappings.

2. BIPOLAR METRIC SPACES

In this paper, RT is the set of all non-negative real numbers and N is the set of positive
integers.

Definition 2.1. [1/] Let X, Y # 0 and d : X x Y — R* be a function. d is called a
bipolar metric on (X,Y) if the following properties are satisfied
(B0) z =y if d(z,y) =0,
(B1) d(z,y) =0 ifz =y,
(B2) d(»,y) =d(y,) if v,y € X NY,
(B3) d(z,y) <d(z,y') +d(',y) +d(z,y),
for all (x,y), (2',y') € X X Y. Then the triple (X,Y,d) is called a bipolar metric space.

Definition 2.2. [1/] Let (X1,Y1,d1) and (X2, Y2, d2) be bipolar metric spaces. A function
f:XiUY: —» XoUYs is called a covariant map if f(X1) C X9 and f(Y1) C Ys.
Similarly, A function f: X1 UY1 — XoUY3 is called a contravariant map if f(X1) CYs
and f(X2) C Yy. These maps are denoted as f : (X1,Y1,d1) = (X2,Ya,d2) and f :
(X1,Y1,d1) X (Xo,Ya,da), respectively.

Definition 2.3. [14] In a bipolar metric space (X,Y,d);
(1) (a) The points of the set X are called left points,
b) The points of the set Y are called right points,
c¢) The points of the set X N'Y are called central points,
a) A sequence of left points is called a left sequence,
b) A sequence of right points is called a right sequence,
c) The term "sequence” is used as a common for left sequences and right sequences,
(3) (a) If nh_{glo d(an,y) = 0 for a left sequence (ay,) and a right point y, then (ay) is

X
X

(
(
(2) (
(
(

called convergent to vy,
(b) If nILIgO d(x,by,) = 0 for a right sequence (by) and a left point x, then (by) is

called convergent to x,

(4) A sequence (xn,yn) on the set X XY is called a bisequence on (X,Y,d),

(5) A bisequence is called convergent, if both the left sequence (xy,) and the right sequence
(yn) converge,
(6) If (x) and (yn) converge to a common point, then (x,,y,) is called biconvergent,
(7) A Cauchy bisequence is a bisequence (T, yy) such that n}}g}loo d(zpn,ym) =0,
8)

(8) A bipolar metric space in which every Cauchy bisequence converges, is called a
complete bipolar metric space.

)

It is shown in [14] that convergence of Cauchy bisequences implies biconvergence.

Definition 2.4. [14] (1) A covariant map f : (X1,Y1,d1) = (X2, Ya,d2) is called left-
continuous at xg € X1 if and only if there exists a 6 = §(xg,e) > 0 such that

di(zo,y) <6 = da(f(z0), f(y)) <€

for every e > 0 and all y € Y7.
(2) A covariant map f : (X1,Y1,d1) = (X2, Ya,ds) is right-continuous at yo € Y1 if and
only if there exists a 6 = 0(yo,e) > 0 such that

dl(x7y0) <d= dg(f(l‘), f(yl))) <e
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for every e > 0 and all z € X.
(3) if a covariant map f is left-continuous and right-continuous at each x € X1 and
y € Y1, then it is called continuous.

This definition implies that a contravariant or a covariant map f, which is defined from
(X1,Y1,d1) to (X2,Y2,ds), is continuous, if and only if (a,) — v on (Xi,Y7,d;) implies
(f(an)) = f (v) on (X2,Y3, dy).

3. MAIN RESULTS

Definition 3.1. Let (X,Y,d) be a bipolar metric space, X € (0,1) and € > 0. A covariant
map T : (X,Y,d) = (X,Y,d) is said to be (e, \)-uniformly locally contractive if

dz,y) <e = d(Tz,Ty) < Ad(z,y)

for all (z,y) € X XY and a contravariant map T : (X,Y,d) X (X,Y,d) is said to be
(e, A)-uniformly locally contractive if

d(z,y) <e = d(Ty,Tz) < Ad(z,y)
for all (z,y) € X x Y.

Lemma 3.1. Every (e, \)-uniformly locally contractive covariant (or contravariant) map
on a bipolar metric space (X,Y,d) is continuous.

Proof. Firstly, we consider the case where T is a (€, A)-uniformly locally contractive co-
variant map. Let (u,) — v. We assume that (u,) is a sequence on X, and thus v € Y.
Let ¢p > 0. Define 0 < €; < min{e, ¢p}. Since (uy,) — v, we can take an ng € N such that
n > ng implies d(uy,v) < €1 for all n € N. Thus, we get

d(un,v) < € <€
which implies
d(Tup, Tv) < Ad(up,v) < Aep < Aeg < €.
So, Tu, — Twv.
Now, we consider the case where T is a (e, A)-uniformly locally contractive contravariant
map. Let (u,) — v. We assume that (u,) is a sequence on X and thus v € Y. Let ¢y > 0.

Define 0 < €; < min{e, ey}. Since, (u,) — v, we can take an ny € N such that n > ng
implies d(uyn,v) < € for all n € N. Thus, we get

d(un,v) < € <€
which implies
d(Tv, Tup) < Ad(up,v) < Aep < Aeg < €.
Thus Tu, — Tv. ]
Definition 3.2. A bipolar metric space (X,Y,d) is said to be e-chainable if there is a
finite set of points
a4 =20,Y0, L1, Y1, " s Tm,Ym = b
for every given points a € X and b € Y, such that d(x;,y;) < € for 0 < ¢ < m and
d(xi,yi—1) < € for 1 <i < m.

Theorem 3.1. Let (X,Y,d) be an e-chainable complete bipolar metric space and T :
(X,Y,d) = (X,Y,d) be (e, \)-uniformly locally contractive covariant map. Then there
exists a unique point u € X NY such that Tu = u.
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Proof. We take two point x € X and y € Y. In that case, there exists an e-chain

T =20,Y0,T1,Y1," " s Tm,Ym = Ty

By Definition 3.1, we have

d(Tn."L‘Z', T"yi) < )\d(Tn_lﬂj‘i, T”_lyi)
< /\Qd(Tnf%ci, T"*2yi)
< N'd(w4,yi)

for all integers n > 1 and 0 < ¢ < m. Similarly,

d(TnCCZ, Tnyi—l) )\d(Tn_IIZ'7 Tn_lyi_l)

<
< N(T 22, T 2y,-1)

And(xi, yifl)

IN

for all integers n > 1 and 1 < ¢ < m. Therefore,

d(T"x,T"Hy) = d(T"z0, T"ym)
d(T"xo, T"yo) + d(T"x1, T"yo) + d(T"x1, T" ypm)

IN

d(T"xo, T"yo) + d(T" 21, T"yo) + d(T"x1,T"y1)
+d(T"x2, T"y1) + - + d(T" T, T" Ypn—1)
+d(T" Ty T" Y

IN

m m
= > ATz, T"y) + > d(T 2, Ty 1)
i=0 i=1

m m
< D Nd(wsy) + > Nd(wnyioa)
i=0 i=1
= (2m+1)\"e.
On the other hand, let
T = aO;b07a17b15'” 7ak7bk =Y
be an e-chain. Then similarly we have
d(T"ai, Tnbi) S )\”d(ai, bl)
forn >1and 1 <i < k. Then we get

d(T"z, T"y) = d(T"ag, T"b;) < --- < (2k + 1)\"e.
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For any integers p, ¢ such that p < ¢

d(TPz, T%) < d(TPxz, TP y) +d(TP 2, TP y) + -+ d(T9 2, T 1y)
+d(T9 2, Ty) + d(T? 2, Ty)

q—1 qg—1
= z:d(Tix,Ti'Hy)qL Z d(T'z, T'y)
1=p

i=p+1
q—1 q—1
= ) @m+1Ne+ > (2k+1)Ne
i=p 1=p+1
< D @m+DNet+ > (2k+1)Ne
1=p 1=p+1
(2m + 1)NPe  (2k + 1)\PTle
1—X 1-A

Thus, d(T?Pz,T%) — 0 as p,q — oo. We similarly obtain the same result for p > ¢ and
conclude that (T"x,T™y) is a Cauchy bisequence on (X,Y,d). Since (X,Y,d) is complete,
(T™x, T™y) converges (and in particular biconverges) to a point u € X NY. From Lemma
3.1, since any (e, \)-uniformly locally contractive covariant map is continuous, we get

Tu="T(lim T"z) = lim 7"z = lim T"z = u.
n—oo n—oo n—oo

So, u is a fixed point of 7.

Now, we examine the uniqueness of fixed point u for 7. We assume that there exists
v # w such that Tv' =4/, v’ € X NY. And let

/
U= 20,Y0,T1,Y1," " , Tk, Y = U
be an e-chain. Then we have

0 <d(u,v') = d(Tu,Tu)
= d(T%u, T%u)

IN
(]~
=
N
3
&3
N
&

" ) + Z d(Tnﬂfl, Tnyifl)
=0 i=1

< (2k+1)A"e — 0 as n — oc.
We obtain a contradiction. So, u = u’. O

Lemma 3.2. Let (X,Y,d) be a bipolar metric space. If T : (X,Y,d) X (X,Y,d) is an
(€, \)-uniformly locally contractive contravariant map, T? : (X,Y,d) = (X,Y,d) is an
(e, A)-uniformly locally contractive map.

Proof. We take two points x € X and y € Y. In that case,
d(z,y) < e=d(Ty,Tz) < Md(z,y) < e <,
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which in turn implies that

d(T?z, T?y) < Md(Ty,Tz) < Nd(z,y) < Md(z,y)
as A € (0,1). O
Theorem 3.2. Let (X,Y,d) be an e-chainable complete bipolar metric space and T :

(X,Y,d) X (X,Y,d) be an (e, \)-uniformly locally contractive contravariant map. Then
there exists a unique point u € X NY such that Tu = u.

Proof. Because of the fact that T is an (e, \)-uniformly locally contractive contravariant
map, by Lemma 3.2, S = T2 is an (e, \)-uniformly locally contractive covariant map and
by Theorem 3.1, there exists a unique point v € X N'Y such that Su = .

Let Tu = v. Since, u € X, v € Y and sinceu € Y, v € X,

Sv=Tv=T3%u=TT*u=TSu=Tu=v.

Then, v € X NY is a fixed point of S. Since u is a unique fixed point, we get v = u, so
Tu = u. Hence u is a fixed point of 7T'.

Now, we examine the uniqueness of fixed point u for 7. We assume that there exists
u' € X NY such that v’ # v and Tw' = «’. Then we get

Su' =T =TTd =Tu =
This is a contradiction. Therefore, ' = wu. O

Definition 3.3. Let (X1,Y1,d1) and (X9, Ya,ds) be bipolar metric spaces. A covariant
map T : (X1,Y1,d1) = (Xo,Ya,ds) such that do(Tx, Ty) < di(x,y) for allx € X1, y €Y
or a contravariant map T : (X1,Y1,d1) X (X2, Ya,ds) such that do(Ty, Tx) < di(x,y) for
all z € X1, y € Y1, is called contractive.

Incomplete bipolar metric spaces, contractive mappings may be without fixed points,
but if they have a fixed point, this fixed point is unique.

Lemma 3.3. Let T be a contractive, then T is continuous.

Proof. Let T : (X1,Y1,d1) = (X2,Y2,d2) be a covariant map and z € X, y € Y;. Since
T is a contractive, for given € > 0, there exists a § = ¢ > 0 such that

di(z,y) <6 = do(Tx, Ty) < di(z,y) < 0 =e.

Then, T is continuous.
Similarly, let T : (X1,Y7,d1) )X (X2,Y2,d2) be a covariant map and z € X;, y € Y7.
Since T is a contractive, for given € > 0, there exists a § = € > 0 such that

di(z,y) <6 = do(Ty,Tx) < di(z,y) <0 =€
Then T is continuous. ]

Definition 3.4. Let (X,Y,d) be a bipolar metric space and T : (X,Y,d) X (X,Y,d). If
there exists a function X : (0,00) — [0,1) such that

d(Ty, Tz) < Ad(z,y))d(z,y) (1)
for all (z,y) € X xY and

sup{A\(t): 0 <k <t<Il}<1
for all k1, t > 0, then T is called a weakly contractive contravariant map.

Theorem 3.3. Let (X, Y, d) be a complete bipolar metric space andT : (X,Y,d) XX (X,Y,d)
be a weakly contractive contravariant map. Then T has a unique fized point.



A. MUTLU, K. OZKAN, U. GURDAL: LOCALLY AND WEAKLY CONTRACTIVE PRINCIPLE ... 385

Proof. We take a left point x € X. We consider the bisequence (T%"z, T?"*12) on (X, Y, d).
If there exists n € N such that d(T?"z, T?"*1z) = 0, then since

T2nm — T2n+1$ — TTan,

T has a fixed point and it is T7?"x. Similarly, if d(T?" 2z, T?"12) = 0, then T?"*!z is a
fixed point of T

Now, we assume that d(7?"z, T?"*1z) > 0 and d(T?"*2x, T?"*1x) > 0 for each non-
negative integer n. Since, A(r) < 1 for all r € (0,00), T is contractive. For each positive
integer n, we get

d(T?"x, T* ) d(TT* o, TT?* x)

MNd(T?z, T? 12)).d(T?z, T?" 1)

d(T?"z, T 11)
, we get
= d(TT* "z, TT*z)
< MNd(T*z, T lg)).d(T?x, T?" )
< d(T?x, T?" ).

S AIAN

and for each non-negative integer
d(T2n+2.Z', T2n+133‘)

Then we have
d(z,Tz) > d(T?z,Tx) > d(T?z, T3z) > d(Tz, T3z) > - - - 2)

which means that the sequences d(T?"x, T?"*12) and d(T*"*2z, T?"*'x) are monotone
decreasing and bounded below 0 on R. Then, these sequences are convergent and they
converge to same point by (2). Let

lim d(T*"z, T*"" ) = lim d(T?""2, T z) = a.
n—oo n—oo

Thus,
o < d(T?z, T g) < d(z, Tx)

and similarly
o < d(T* 2z, T Mly) < d(x, Tx).

We obtain that o = 0. We assume the contrary. Let o > 0. Set

Ao =sup{A(t):0<a<t<d(z,Tx)}.
Then we have

MNd(T?z, T ) < Xg and  \d(T?" 2z, T2 ) < Ao
for each non-negative integer n. So, we get
0<a<dT?™z,T>z) < Nd(T?"x, T* z)

< And(z,Tx) — 0

is a contradiction. Hence, o = 0.
Now, we show that (T%"z, T?"*1z) is a Cauchy bisequence on (X, Y, d). Given a number
€ >0. Weset § >0 as

6:5(6):sup{)\(t):0<§§t§6}<1. (3)

Since, lim,, oo d(T?"z, T?" M 2) = lim, 00 d(T?" 22, T?"2) = o = 0and 1 — 6 > 0,
there exists an ng € N such that

-0 1-0
e and d(T* 2z, T2y < —5 ¢ (4)

1
d(T?"z, T*" 1) <
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for all n € N, n > ng.
Let m,n > ng for m,n € N. If m > n then m = n+ k where k is a non-negative integer.
By induction, we show that

d(T*™z, T*" ) < e. (5)
For k=0, we get

d(T?"z, T?" ) = d(T?"z, T2 < e <e.

Thus, (5) is satisfied. Suppose d(T?"x, T?"*12) < € for k > 0. We consider k + 1. If
d(T?Mx, T?"1z) > £, then from (3) and (1) we get

d(T2n+2x,T2m+1$) < )\(d(Tme7T2n+1x))d(T2mx,T2n+1x) < Se.
Thus, from (4) we get

d(TQ(nJrkJrl)x’ T2n+1.%') d(T2m+2l‘, T2n+1$)

IN

d(T2m+2$, T2m+1l‘) 4 d(T2n+2.’IJ, T2m+1.’L')
+d(T2n+2x’ T2n+1x)
< 1%56 + de + 13;66 <e€

If d(T?™x, T*"*1z) < &, then from (4) we get

d(TQ(n+k+1)$, T2n+1$) d(T2m+2x, T2n+1£€)

IA

d(T2m+2LU, T2m+1$) + d(T2m$, T2m+1x)
+d(T2mZE, T2n+lﬂf)
< 1%56 + 1%66 + 5 <e

If m <n then n =m + k where £ > 0. By induction, we show that
d(T*™z, T?" 1) < e

Suppose d(T?*mz, T?"*1z) < € for k > 0. We consider k + 1. If

d(T?m g, T+ 1z) > €

then from (3) and (1) we get
d(TQn+2x7 T2m+1w) < /\(d(TQm{L', T?n+1$))d(T2mx7 T2n+1{L‘) < Je.
Thus, from (4) we get

d(TQm.T, T2(m+k+1)+13§) d(Tle‘, T2n+3$)

IA

d(Tle', T2m+1SL’) + d(T2n+21‘, T2m+11‘)
—l—d(T2n+23§‘, T2n+31,)
< 1%66 + de + 1%66 <e€

If d(T?™z, T*"*1z) < &, then from (4) we get

d(T2m.’B, T2(m+k+1)+1x) d(Tme, T2n+3m)

IA I

d(T2m.%', T2n+1a:.) + d(T2n+2.%', T2n+1$)
+d(T2n+2§U, T2n+3x)
< 5+ %ﬂse + 1T*5€ < €.

Hence, (T?"z, T?"*12) is a Cauchy bisequence on (X,Y,d). So, it biconverges to a point
u€ XNY, then

lim 7%z = lim T?" "'z = u.
n—oo n—oo
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Since, T is contractive, it is continuous. Then, we have

Tu=T(lim T?"z) = lim TT?"z = lim T?""z = u.
n—oo n—oo n—oo

So, w is a fixed point of T'. Because of contractiveness of T', it is clear that the fixed point
is unique. O

Example 3.1. Let X = [0,1], Y = [-1,1] and a functiond : X xY — RT be defined such
that d(z,y) = |z —vy| forx € X,y €Y. Then (X,Y,d) is a complete bipolar metric space.
The contravariant T : (X,Y,d) X (X,Y,d) be defined as Tz = = for all z € X UY and

the map X : (0,00) — [0,1) be defined as A(t) = 154%1 fort > 0. We obtain that
d(Ty, Tz) < AMd(z, y))d(z,y)

is satisfied for all x € X, y € Y. And, it is obvious that
sup{A\t):0<k<t<Il} <1

for all k,1,t € RY. So, T is a weakly contractive contravariant map. Therefore, from
Theorem (3.3), T has a unique fized point and it is % € R.

Acknowledgement The authors would like to extend their gratitude to the referees
for their valuable suggestions.

REFERENCES

[1] Azam, A. and Arshad, M., (2009), Fixed points of a sequence of locally contractive multivalued maps,
Comput. Math. Appl., 57, pp. 96-100.

[2] Boyd, D. W. and Wong, J. S., (1969), On nonlinear contractions, Proc. Amer. Math. Soc. 20, pp.
458-464.

[3] Ciric, L. J., (1971), On contraction type mappings, Math. Balk., 1, pp. 52-57.

[4] Dey, D. and Saha, M., (2013), Partial cone metric space some fixed point theorems, M. TWMS J. App.
Eng. Math., 3 (1), pp. 1-9.

[5] Edelstein, M., (1961), An extension of Banach’s contraction principle, Proc. Amer. Math. Soc., 12, pp.
7-10.

[6] Kiling, E. and Alaca, C., (2014), A Fixed point theorem in modular metric spaces, Adv. Fixed Point
Theory, 4, pp. 199-206,.

[7] Raja, P. and Vaezpour, S. M., (2008), Some extensions of Banach’s contraction principle in complete
cone metric spaces, Fixed Point Theory Appl., 2008, 11 pages, Article ID 768294.

[8] Rakoch, E., (1962), A note on contractive mappings, Proc. Amer. Math. Soc., 10F, pp. 459-465.

[9] Rakoch, E., (1962), A note on a-locally contractive mappings, Bull. Res. Counc. Israel, 10F, pp. 188—
191.

[10] Rakoch, E., (1962), On e-contractive mappings, Bull. Res. Counc. Israel, 10F, pp. 53-58.

[11] Reich, S. and Zaslavski, A. J., (2008), A note on Rakotch contraction, Fixed Point Theory, 9, pp.
267-273.

[12] Meir, A. and Keeler, E. (1969), A theorem on contraction mappings, J. Math. Anal. Appl., 28, pp.
326-329.

[13] Mutlu, A. and Giirdal, U., (2015), An infinite dimensional fixed point theorem on function spaces of
ordered metric spaces, Kuwait J. Sci., 42 (3), pp. 36-49.

[14] Mutlu, A. and Giirdal, U., (2016), Bipolar metric spaces and some fixed point theorems, J. Nonlinear
Sci. Appl., 9(9), pp. 5362-5373.

[15] Mutlu, A., Ozkan, K. and Giirdal, U., (2017), Coupled Fixed Point Theorems on Bipolar Metric
Spaces, European Journal of Pure and Applied Mathematics, 10 (4), pp. 655-667.

[16] Mutlu, A., Ozkan, K. and Giirdal, U., (2018), Coupled fixed point theorem in partially ordered
modular metric spaces and its an application, J. Comput. Anal. Appl., 25 (2), pp. 1-10.

[17] Mutlu, A., Ozkan, K., Giirdal, U., Fixed point theorems for multivalued mappings on bipolar metric
spaces, Fixed Point Theory, in press.

[18] Shatanawi, W., Karapinar, E. and Aydi, H., (2012), Coupled coincidence points in partially ordered
cone metric spaces with a c-distance, Journal of Applied Mathematics, 2012, Article ID 312078.



388 TWMS J. APP. ENG. MATH. V.10, N.2, 2020

[19] Shatanawi, W. and Pitea, A., (2013), Some coupled fixed point theorems in quasi-partial metric
spaces, Fixed Point Theory Appl., 2013 (153), pp. 1--15.

[20] Tahat, N., Aydi, H., Karapinar, E. and Shatanawi, W., (2012), Common fixed points for single-valued
and multi-valued maps satisfying a generalized contraction in G-metric spaces, Fixed Point Theory
Appl., 2012 (48), doi:10.1186/1687-1812-2012-48.

Ali MUTLU was born in Kayseri, Turkey in 1969. He received his BS degree
in Mathematics in 1991 and his MS degree in Analysis and Functions Theory in
1993 from Erciyes University, Turkey. He obtained his Ph.D degree in 1994 from
the University of Wales, Bangor, UK, and is currently Associate Professor in the
Department of Mathematics at Celal Bayar University, Turkey. His research interests
include Algebraic Topology, especially simplicial objects, digital topology, fixed point
theory and functional analysis.

Kiibra OZKAN graduated from Department of Mathematics at Atatiirk University,
Erzurum, in 2012. Then she received her M. Sc. degree from Atatiirk University in
2014 and Ph. D. degree from Manisa Celal Bayar University in 2018. Since January
2015, she works as an research assistant in Department of Mathematics at Manisa Celal
Bayar University. Her research area includes general topology, fixed point theory and
functional analysis.

Utku GURDAL graduated from Department of Mathematics at Manisa Celal Bayar
University in 2007. Then he received his Master’s degree from Mehmet Akif Ersoy
University in 2011 and Ph. D. degree from Manisa Celal Bayar University in 2018. As
of 2019 he works as an assistant professor in Burdur Mehmet Akif Ersoy University.
He predominantly researches on fixed point theory.




