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FOURTH-ORDER ACCURATE METHOD BASED ON HALF-STEP
CUBIC SPLINE APPROXIMATIONS FOR THE 1D
TIME-DEPENDENT QUASILINEAR PARABOLIC PARTIAL
DIFFERENTIAL EQUATIONS

R.K. MOHANTY?, S. SHARMA?Z, §

ABSTRACT. In this article, we discuss a fourth-order accurate scheme based on cubic
spline approximations for the solution of quasilinear parabolic partial differential equa-
tions (PDE). The stability of the scheme is discussed using a model linear PDE. The
proposed method is tested on Burgers’ equations in polar coordinates and Burgers-Huxley
equation.

Keywords: Quasi-linear parabolic equations; Uniform mesh; Cubic Spline approxima-
tions; Burgers-Huxley equations;

AMS Subject Classification: 65M06; 65M12; 656M22; 65Y20

1. INTRODUCTION

We study the following 1D quasi-linear parabolic partial differential equation (PDE) of
the form

0w
Ox?
subject to the initial and boundary conditions are prescribed by

w(x,0) =wp(z), 0<x <1,

= f(z, t,w,wy,wy), 0<ax<1l t>0 (1)

w<07t> = gU(t)7 w(lat) - gl(t)a t>0,

where we assume that f, wo(x), go(t)and g;(¢) are the continuous functions of sufficient
differentiability.

In this work, we attempt to capture the patterns of time dependent quasi-linear PDE
in one dimensional model equations. The quasi-linear PDE arise in various mathematical
models of physical phenomenon in science and engineering such as reaction mechanism,
convection and diffusion transports. Major quasi-linear PDE (1) which occur in wide vari-
ety of physical problems are considered in our studies, which are Burgers-Huxley equation
(BHE) and Burgers’ equation.
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Mathematical modeling of nerve pulse propagation in nerve fibres and wall motion in
liquid crystals is explained by BHE [16] whereas Burgers’ equation explains the model of
wave propagation in non-linear dissipative systems [3]. Various numerical and analytical
methods for BHE have been found in the literature [1, 2, 4, 5, 6, 9, 10, 14]. High order finite
difference methods for the solution of quasilinear parabolic equations have been discussed
by Jain et al. [7, 8] and Mohanty et al. [12, 13]. Rashidinia et al. [15] have proposed
non-polynomial cubic spline methods for the solution of parabolic equations. In the recent
past, using the second order consistency condition, a polynomial cubic spline method for
quasilinear parabolic PDE was proposed by Mohanty and Jain [11], and that method
needs modification in order to solve singular parabolic PDE, which is a main drawback
of that method. Using fourth order consistency condition, we have developed half-step
cubic spline method which can solve singular parabolic PDE without any alteration in
the scheme. To the authors’ cognition, there is no polynomial cubic spline scheme of
fourth-order accuracy has been seen in the literature so far.

Rest of the article is organized as follows: In section 2, cubic spline function and its
properties on uniform mesh are given. Derivation of the implicit method is discussed in
section 3. Unconditionally stability condition is proven for model linear problem in section
4. In section 5, we obtain the maximum absolute errors for BHE, Burgers’ equation and
Burgers’ equation in polar coordinates and compare the numerical results with the results
found in earlier research work. Concluding remarks of the article are presented in section
6.

2. CUBIC SPLINE FUNCTION AND ITS PROPERTIES

For the approximate solution of the given PDE (1), we discretize the space interval [0, 1]
as 0 =29 <21 < .... <zny < znyy1 = 1. where N is a positive integer. The grid points
of the interval is defined as x;41 = x; + h, | = 0(1)N, where h be spacing in z-direction
and the time steps are given by t; = jk, j = 0(1)J, where k =t;,1 —t; >0, j=0,1,2,...
be the spacing in ¢-direction. The‘ half-step points are defined as x;_y/p = z; — % and
Tip12 =T+ %, I =1(1)N. Let W} = w(ay,t;) be the exact solution value of w(x,t) and
is approximated by w.

A cubic spline polynomial of degree three interpolating the value wlj at jth-level is given
by

Sj(x) :a{—|—b{(a:—xl)—i—clj(x—acl)g—i-d{(x—xl)B, y1<z<uz, l=11)N+1,j>0,

(2)

which satisfy the following conditions at jth-time level:
(i) In each subinterval [z;_1,2;], S;(x) coincides with a polynomial of degree three,
(ii) Sj(x) € C?[0,1], and
(iii) Sj(2) =W}, Sj(zi—1) =W/,

We assume some notation of second order derivative of S;(x)

S_;/(.Tl) = A‘lj = sz‘l’ S}/(xlil) = A{il = Wixl:l:l and S‘;/(xl:l:l/Q) = A{:ﬁ:l/? — W,ixl:l:l/Q, l —
0(1)N +1, j > 0.

With the help of cubic spline properties, we get the coeflicients
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S Y , A Al 1/2
Wi, = LTIl [AJ 2.4 R S R el Ve
1Y L 6 - l 2 3h
Substituting the coefficients a{ , b{ , clj , d{ , in the equation (2), we get the cubic spline
function

Wi-Wi, h
- 1/2}

i) = w7+ (M s [ 2a] )| @4 4 oo 5
A] A{ 1/2 3
—i—T (x —x)”, € [xj—1,2).
Similarly, we get
. Wi _wi A
Si(z) =W/ + [l“hl — 2 [AJ + 2Al+1/2H (x — ) + 5 (. — ay)° @
Ag+1/2 Ai 3
+T (:L‘—xl) , T € [$l,xl+1]-
From equation (3)-(4), we define the derivative of cubic spine function at ;4
Wl -wl, no , .
S],'(xl—l/2) = % + E (A;_l/g - Af) = Wil—1/2 +0 (h4) , TE [lil—laxl]a (5)

Wj N Wj h )
Sj(Tit1/2) = % 12 (AJ A{+1/2) Wi+ 0O (h1), @€ lz,mpnl, (6)

Using the continuity of the first derivative, that is, S%(z;—) = S)(x;+),we obtain the
following consistency condition

h2 . . . .
Wiy —2W) + WY, = 3 <A§+1/2 +A+ Ag—1/z) +17, (7)

where T}/ = O (h9).

3. DERIVATION OF THE METHOD

To formulate the method, we simply follow the approaches given by Mohanty [11].
At the grid point(z;,t;), let us define some notation

orraw ;. (of af \* ; [ of (oY
Woa = Gavana 1 = <a> B = (aw), e <8w > 0= <8t)l' (®)
Partially differentiate the PDE (1) with respect to ‘¢’, we obtain

—’Yleoz = 5lj + WOlOé{ + W11,3lj — Wo (9)
At the grid point(x;,t;), we can write the PDE (1) as

A = f (wt;, W7, Wi, W) (10)

xzl’

Similarly,

Agi1/2 f(xlil/Q’tj’VVljil/Z’Wilil/TWtjlil/z)' (11)
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Since A] and A7 contain the first derivative terms, then from the consistency condition

1+1/2
(7) the cubic spline method for the parabolic equation (1) can be written as
_ . . h2 . N .
W, — oW + Wi = (Ag+1/2 + AT+ Ag_l/g) + 1Y, (12)

where le =0 (k‘2h2 + kh* + h6) ,
for the development of above method (13), we use the following approximations:

fj =t; + 0k
Wi = oW/t + (1 - 0) W) = W/ + 0kWo + O (k%)

Wi, = OW/ + (1= 0) Wiy = W/, + 0k (Wor & hW) + O (k?)

2

- . h
VVZJ:H/Q (I/Vlj:tl + sz) VVZJ:H/Q + 0kWo1 + ngo + O (K* + kh* + %),
i L (it i\ _ k 2
th_%(VVl _M/l)—W01+§W02+O( ),

17J 1 i+1 i j k 9
Wtjlﬁzl ~k (VVljj:l - I/Vlji1) = Wtjlil + §W02 +0 (kh + k ) ,

377 1 j+1 j+1 j j
Wiharyo = o (WEH + Wi = Wiy = w7)
=W/ " th O (k® + kh?® + bt
ix1/2 T 5 Woz o War + (K + +ht),
W, —w h2
Wy, = % = Wio + €W3o + 0kWi1 + O (K* + h*)
VT/I{H B I/T/lj j ht 2 2 4
Wiz+1/2 T Wil+1/2 + ﬂW:ao + 0kW11 4+ O (k +kh*+h ) ,
- Wj — W{ h2
Wiy 1y = = = Wi+ 57 Wao + 0k W1 + O (K + kh? 4 ')
Wi — 2W + W/
Wi, =~ = W+ 0k Wy + O(k? + 1),

where '0’ is a parameter to be determined. By the help of above approximations, we can
simplify the following approximations:

A = f (w5, W], W3, W)

zl’
2

. . , Nk o
= Al + 0k (5{ + Woror] + Wnﬂlj) + §W02’y{ + —

5 WaoB] + O (K + kh? + h*)
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Agil/Q =f (wlil/%fj’ I/Vljil/Z’ Wilil/?’ Wtjlil/2>
= A, ), + Ok (5{ + Worad + Wnﬂlj> + EWoand
+55 (3Waoa] + WaoB] + 3War] ) + O (2 + kh? + 1Y)

From the properties of spline function given by (5) and (6), we define the approximations:

W W

Wit = Tt (A{ - A;H/g) ) (13)
L WI-Wi b

Wilfl/2 - h 12 (A{ - Ag71/2> : (14)
By the help of the approximations T/T/lj,ﬁ/ljﬂ,flg,fl{ﬂ/? and simplifying (13)-14, we obtain
Whi1jo = W1y + 0kWin + O (K + kh? 4+ 1Y), (15)
Wy g = Wiy g + 0kWii + O (K + kh® + 1Y) (16)

Now, we I_1€¢d @) (k2 + kh? + h4)—approximations for I/Vlj , ng and O (k2 + h4)—appr0xima—
tion for W}. Let

Wi =W/ + ah®W? 17
l l zxl

Wi =W, + bh (Ag+1/2 - [1{_1/2) ; (18)

Wi = Wi+ ¢ (Wil — 20+ Wi, ). (19)

where a, b and ¢ are parameters to be determined. With the help of the approximation

Wil’A{il/Q’ and from (18) we obtain
2

ng = Wil + 0kW11 + h (1 + Gb) Wso + O (/{72 —+ k‘h2 -+ h4) ,

6
Equating the coefficient of h? to zero in above equation, we obtain b = —% and the equation
reduces to
Wi, =W, + 0kWiy + O (K* + kh? + h*) (20)
Similarly, simplifying (17) and (19), we obtain
Wi = Wi + 0kWor + ah®Wag + O (k2 + kh? + h*) (21)
Wi =W + gwog +ch®War + O (K + h?) . (22)

Further, we define
A = f (0,85, W7 WEL W) (23)

Agil/Z =f (xli1/2>fj’ I/Vljil/Z’ Wilil/Q’ Wtjlil/2> : (24)
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By the help of the approximations t_j,I/T/ljil/2, nglp, using the equation (15)-(16), and
(20), we simplify the equation (23)-(24)

N . . . . k .
A} = Al + 0k (5{ + Wora] + Wnﬁi) + 5 Wy

h? . .
+ 5 (2aWa00] + 26Wa19] ) + O (K% + kh? + )

AJ

1+1/2 = Agil/Z + Ok (513 + Woreg + Wnﬁl]) + 5W02%j

2 ) )
+ % (Waoaf + Wary] ) + O (k? + kh? + 1),

Using the approximation I/T/lj , Wlil, fl{ , A{ , from (12), we obtain

Wiy —2W/ + Wi
hZ . . 4 4 . .
= E[A?H/? + A + Ag—1/2 + 30k(6] + Woroq + W11 8] — Way)

3k h? ;R P
+ ?WOQ’}’l + Z(]. -+ 4@)W200&l + Z(l -+ 4C)W21"}/l] +T; s (25)

Now with the help of the consistency condition (7) and the relation (9), and using the
equations (21)-(22), and (25), we obtain the local truncation error

Tl = —3 3 5 —0 k‘WOQ”yl + §(1 + 4&)W210&l + Z(l + 4C)W30"yl
+ O (K*h* + kh* + 1°) . (26)
The proposed cubic spline method (12) to be of O (k:2 + kh? + h4) , the coefficients of kh?
and h* in (26) must be zero.

Thus we obtain 6 = %, a = —i, c = —% and the local truncation error reduces to
T} = O (k*h? + kh* + 19) .

4. APPLICATION AND STABILITY CONSIDERATION OF THE METHOD

Now let us consider the quasilinear singular parabolic PDE in polar coordinates
1

R
where R. > 0 denotes the Reynolds number. For 7 = 1 and 2, the above equation de-
scribes Burgers’ equation in cylindrical and spherical symmetry, respectively. It represents
the mathematical model of shock wave, turbulence and boundary layer in fluid dynam-
ics. It establishes the similar characteristics with 1D Navier-Stokes equation because of
the presence of viscosity and convection term. Due to the large fluctuations around the
singularity in the numerical solution of Burgers’ equation, half-step implicit cubic spline
technique plays a crucial role for getting the high accurate numerical solution.

Re-writing equation (27) as

<wTT+;wT—%w) = w; + ww, + g(r,t),0 <r <1, t >0, (27)

EWpp = Wt + Q(T)wr + ww, + S(T)w + g(T7 t)v (28)
where R, = e~! > 0 represents a Reynolds number and Q(r) = ==, 8(r) = 5.
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Replacing the variable z by r and applying the method (12) to the differential equation
(28), we obtain

_ . _ h2 /.. N " .
(Wl]+1 2w} + VVlJfl) =3 (Ag+1/2 + A + Ag—l/2) +17, (29)
where
Aiﬂ/z thil/Q + Qli1/2 rli1/2 I/Vlil/2eri1/2 + Sli1/2Wl:tl/2 + gl]il/2’
where vVlil/Q’WtJlil/w I/Vlj, er’W 1412 and Wtjl are defined in section 3 and Q; =

Q(r), Quzrj2 = Qrizrya), St = S(r1), Siz1y2 = S(rixrje), G = g (ritj +5) s Giza2 =
g (mﬂ/zatj + %) .

We observe that, the method (29) is of fourth-order accuracy for the numerical solution
of PDE (27) and is independent from the terms 1/(r;+1), i.e. there is no need of any
other points to handle the singular problems. Hence, we can directly solve PDE (27) for
I=1(1)N; 7=0,1,2,... in the given domain.

To discuss the stability of the method, we consider the convection-diffusion equation

VWey = Wt + pwe,0 <z <1, £ >0 (30)

where the coefficients p and v > 0 are constants and represents the convective velocity and
the diffusivity respectively. Applying the method (12) to the differential equation (30), we
obtain the following scheme

1 _ 252 B J+1
[1 + 33 (1 -6 v —2\vR?) 42 5 (1= 6v) (2;%536)] wy
1+ 5 (14 6\v + 2\ R?) 52 -5 (1+6vA) (210s) | wy, (31)

where R = g—h and A\ = k/h%. Now, we consider the von Neumann stability method to

establish the stability of the scheme (31) for which we consider the periodic data u(0,t) =

u(1,t). we define the error term & = &Je™! at the grid point (x;,t;), where y is a real
number and £ is a complex number. Now, put the value of 6{ into error equation of the
scheme (31), we get the amplification factor & as

P G 2(1 4 6 + 2vAR?) sin?
(1 (1 — 6Av — 2vAR?) sin?

&1+ 6v\)sing) 14 (C+iD)
— & 6uN)sing) 11— (C+iD)’

(32)

where

—2/\V[<1+%Z sin 277+1Rsm77}
C+iD = .
11— % sin® 4 — Zé% sinn)
For stability, it is required that [£ |2 < 1. Imposing this condition on (32) yields C' < 0,
which satisfied for all variable angle 1. Hence the scheme (31) is unconditionally stable.
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5. NUMERICAL RESULTS

To check the efficiency and usefulness of the scheme, we solve BHE, Burgers’ equation
and Burgers equation in polar coordinates. The analytical solution (exact solution) is
known as a test procedure. From the analytical solution of the problem, we can obtain
the initial and boundary conditions for that problem. We use Newton-Raphson method
to obtain the numerical solution of time dependent quasilinear PDE. In each example, we
choose 0 as the initial guess.

Example 1. (Burgers-Huxley equation): The one-dimensional viscous Burgers-
Huxley equation described in [3, 16] is given by the following form:

€wm=wt+awwz+5(w3+'yow2+fyw), a<xz<b t>0

where w = w(x, t) is sufficiently differentiable function, £ > 0 is a small positive parameter,
ads real parameter, § > 0, v € (0,1) and 79 = —(1 + 7). The exact solution (See [10]) is
given by

w(a, t) = %[1 + tanh(ci(z — est))], ¢ >0,

where

—a—+/a?+8p3 (1—279) (a—v02+85)
Cc1 = , Co = .
8 4
In this example, we choose the interval [a, b] as [0, 1] and § = 1. The maximum absolute
errors are reported in Table 1 at ¢ = 1.0 for different values of « and . The graphical
results are depicted at ¢t = 1 in Fig. 1.
Example 2. (Burgers’ equation) In this example, we studied the problem considered

in example 1 with the parameters o = 1 and = 0. The exact solution (See [8]) is given
by

| Q

2e7 sin(mx) exp(—en?t)
2 + cos(mz) exp(—em?t)’

w(z,t) =

where ¢ is the coefficient of viscosity and R, = ¢! > 0 is the Reynolds Number. In this
case, we select the interval [a,b] as [0,1]. The maximum absolute errors are reported in
Table 2 at t = 1.0 for different values of R... In Fig. 2, we portrayed the visual comparison
of numerical and exact solution at ¢t = 1.

Example 3. (Burgers’ equation in polar coordinates): In this example, we solve
the problem (28) with the exact solution w(r,t) = e *sinhr. In this case; we select the
parameters 7 = 1 and 2 with the time spacing £ = 1/100. Maximum absolute errors at ¢t =
1 are presented in Table 3. In Fig. 3, we portrayed the two dimensional visual comparison
between numerical and exact solution at ¢ = 1.

6. CONCLUDING REMARKS

In this manuscript, we present a new fourth-order accurate implicit numerical method
based on cubic spline approximations for the numerical solution of time-dependent quasi-
linear parabolic PDE in one spatial dimension. The stability consideration for one-
dimensional linear model problem has been demonstrated. The accuracy and applicability
of the proposed method has been tested on BHE and Burgers’ equation in polar coordi-
nates. These have been verified by the maximum absolute error given in tables. It can
be seen from table 1 and 2, fourth-order convergence have been achieved. We also see the
proposed method works well for high Reynolds number.
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N+1| Proposed Method (12) Method given in [2]
a = 5,7 =|a=3,7v=05 a = 5 v =|la=3,7vy=05
0.85 0.85

8 | 1.6011(-05) 1.2921(-05) 2.2121(-04) 1.7151(-04)

16 1.0031(-06) 8.0703(-07) 5.0308(-05) 4.1196(-05)

32 6.1135(-08) 5.0420(-08) 1.2278(-05) 1.0147(-05)

64 | 3.8419(-09) | 3.0595(-09) 3.0526(-06) | 2.5274(-06)

TABLE 1. Table 1: Example 1: Maximum absolute errors at ¢t = 1 with 5 = 1.
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N+1| Proposed Method (12) Method given in [2]
R, =10*| R. =10 |R,=10° |[R.=10°| R, =10" | R.=10°
8 1.7214(- | 3.8844(- 4.1139(- 4.1061(- | 8.3710(- 8.4373(-
05) 09) 13) 04) 08) 12)
16 1.0144(- | 2.4501(- 2.5384(- 1.1067(- | 2.2489(- 2.2700(-
06) 10) 14) 04) 08) 12)
32 6.2387(- | 1.5315(- 3.1595(- 2.7680(- | 5.7437(- 5.7920(-
08) 11) 15) 05) 09) 13)
64 3.8844(- | 1.0035(- 9.8998(- 6.9473(- | 1.4564(- 1.4698(-
09) 11) 16) 06) 09) 13)
TABLE 2. Table 2: Example 2: Maximum absolute errors at ¢ = 1 with
a=1, =0.
N+1l|7=1 T=2
R. =10 R, =100 R. =10 R, =100
50 1.7780(-06) 4.6738(-06) 1.5605(-06) 4.6672(-06)
60 1.5303(-06) 4.6710(-06) 1.3393(-06) 4.6655(-06)
70 1.3135(-06) 4.6651(-06) 1.1353(-06) 4.6602(-06)
80 1.0137(-06) 4.6712(-06) 8.5868(-07) 4.6623(-06)
90 6.7447(-07) 4.6703(-06) 5.4159(-07) 4.6626(-06)

TABLE 3. Table 3: Example 3: Maximum absolute error at t =1, k = 0.01.
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05

Exact values of w

05

0.6 06
04 04
0.2 02
X values . T values X values 0 o T values
(a) (B)
1 T T T T
%~ * — % -~ Approximate solution
T — — ~Exact solution
o
0.995 - e - 1
*
N
*
N\
*
L N |
0.99 .
N\
2 \*\
\
0.985 - ¥ 1
\
\
¥
\
\
0.98 - 1
X%\
\
\
0.975 L L - L I I . L . 3
0 01 02 03 04 05 06 07 08 09 1
X
()

FiGure 1. Example 1: The graph of exact and numerical solutions for the
values « = 5, f = 1.0, v = 0.85 at t = 1 (a)Numerical Solution,(b)Exact
Solution and(c)Numerical vs Exact solution at ¢t = 1
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FIGURE 2. Example 2: The graph of exact and numerical solutions for
the values R, = 100, N + 1 =16 at t = 1 (a)Numerical Solution,(b)Exact
Solution and(c)Numerical vs Exact solution at ¢t = 1
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FIGURE 3. Example 3: The graphs of numerical and exact solution for the
values k = 1/100, N +1 =50, and R, = 100 at ¢t = 1.
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