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LONG TIME BEHAVIOR OF THE STRONGLY DAMPED WAVE
EQUATION WITH p-LAPLACIAN IN R”

Z. SEN, §

ABSTRACT. In this paper, the initial value problem for the one dimensional strongly
damped wave equation with p-Laplacian and localized damping in the whole space is
concerned. Under the condition 2 < p < 4, the existence of weak local attractors for this
problem in (W"? (R) N H' (R)) x L? (R) is proved.
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1. INTRODUCTION

This paper is devoted to the investigation of the long time behavior of the strongly
damped wave equation including p-Laplacian and localized damping

D (1 .
it = iz~ iz = 5 (Jal? 7 z) (@) e+ f (W) = g (@), in (0,00) xR, (1)
with the initial data

w(0,)=wuo () , u(0,r)=wui(:), inR, (2)
where
p>2, g€ L*R) (3)
and the functions a (), f (-) satisfy the following conditions:
acL'(R),a(-)>0 ae. inR, (4)
a(-)>ap>0 ae. in {x eR:|x| >}, (5)
feC*R) and sf(s)> As?, Vs €R, (6)

for some rg, A > 0.

The strongly damped wave equations have been drawing a great deal of attention of
many mathematicians for many years. In particular, long term analysis of these types of
equations has recently been an attractive research topic due to their presence in model-
ing many significant physical phenomena, such as motions of viscoelastic materials, heat
conduction and so on. With particular reference to the fact that asymptotic behavior of
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evolution equations can be represented in terms of attractors, authors have been inves-
tigating the attractors for the strongly damped wave equations over the last years. In
bounded domains, attractors for the equations involving linear Laplacian were studied
in [1-11] and in [12-13] for the equations with the linear and nonlinear strong damping,
respectively. For the equations with nonlinear Laplacian, it is referred to [14-16]. In [14],
by applying the splitting method, the authors proved the existence of finite dimensional
global attractor for the strongly damped wave equation including nonlinear Laplacian in
the form %a(ux) under the conditions ¢ € C*(R) and o/(-) > rg > 0. In [15], the exis-
tence of finite dimensional regular exponential and global attractors was obtained for the
strongly damped wave equation with more general nonlinear Laplacian. Here, it is worth
noting that the additional term —Aw in the considered equation, together with nonlinear
degenerate Laplacian, produces actually non-degenerate Laplacian, which yields some use-
ful estimates for weak and strong solutions. For the strongly damped wave equations with
degenerate Laplacian, it is referred to [16] in which the authors considered the strongly
damped wave equation with p-Laplacian

0
Utt — Utxr or <|ux’ uw) +f (u) g (.T),
for p > 2, g € L*(0,1) and

feC'(R) and liminf 7 () > =\,

|s|—00 |s|p_2 s

where X is the first eigenvalue of the Laplacian. In the paper, for p > 2, the existence
of the weak local attractors in I/VO1 P(0,1) x L%(0,1) was firstly proved. Then, under
the restriction 2 < p < 4, the authors obtained the boundedness of the attractors in
Whee (0,1) x W1 (0,1) and thereby established the existence of a regular strong global
attractor in Wol’p (0,1) x L2 (0,1).

In unbounded domains, the obstacle is that one can not apply the methods used in the
study of long time behavior of wave equations in bounded domain because of the absence of
Sobolev compact embedding theorems. In order to overcome this difficulty, many different
approaches have been presented over the last years. As far as it is known, the first studies
about the attractors for hyperbolic and hyperbolic-like equations were presented by Feireisl
in [17] and [18] in which the existence of global attractors of weakly damped wave equations
in H' (R") x L% (R") was proved using the property of finite propagation speed of wave
equations. In those works, the author used the splitting method based on a decomposition
of solution in asymptotically small and compact parts. It is referred to [19] and [20] in
which the authors proved the existence of global attractors in H' (R") x L? (R") for the
wave equations with the strong damping term —Aw; as well as weak damping term, under
different conditions on nonlinearities. Here, while the strong damping term increases the
dissipation, it also brings parabolicity to the equation, which means more regularization,
but also an infinite propagation speed of initial disturbances. Therefore, the authors could
not apply Feireisl’s method. However, they overcame this situation by introducing further
decomposition of the compact part of the solution. In the present paper, instead of using
the splitting method, by establishing regular tail estimates for equation (1), the existence
of weak local attractors in (W'P(R) N H! (R)) x L? (R) for 2 < p < 4 is shown.

This paper is structured as follows. In the next section, some definitions and the main
result of the paper are stated. In the last section, the existence of the weak local attractors
in (W'?(R) N H" (R)) x L*(R) for 2 < p < 4 is established. Moreover, it is proved that
these attractors attract the trajectories in the strong topology of H'(R) x L?(R).
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2. THE STATEMENT OF THE MAIN RESULT

First of all, the definitions are given as follows:

Definition 2.1. The functz'onu € LYo, T; WHP(R)NHY(R)) satisfying uy € L1(0,T; H*(R))
nC([0,T); W s 7(]1%) + H Y (R)), u(0,2) = up(x), us(0,2) = ui(z) and the equation

— ut(t,ac)v(x)dx—I—/um(t,x)vl(a@)dl‘+/uz(t, )’ (z)dz
R R

~—

R

+/f(u(t,m))v(x)dm: /g(gg)u(g;)d;p’
R R

in the sense of distributions on (0,T), for all v € WEP(R) N H! (R), is called a weak
solution to the problem (1)-(2) in [0,T] x R.

Definition 2.2. Let {V (t)}+>0 be an operator semigroup on a linear normed space E and
B be a bounded subset of E. A set Ap C E is called a strong (weak) local attractor for B
and the semigroup {V (t)},~, iff

o Ap is strongly (weakly) compact in E;

o Ap is invariant, i.e. V(t)Ap = Ap, Yt >0;

o Ap attracts the image of B in the strong (weak) topology, namely, for every neighbor-
hood O of Ap in the strong (weak) topology of E there exists a T = T(O) > 0 such that
V(t)BC O foreveryt>T.

The following well-posedness result can be obtained by applying the method of [15]:

Theorem 2.1. Assume that the conditions (3)-(6) are satisfied. Then, for any T > 0
and ug € WIP(R) N H' (R), uy € L?(R), the problem (1)-(2) admits a unique weak
solution u(t, ) which satisfies uw € L (0, T; WHP(R) N H* (R)), we € L™ (0,T; L* (R)) N

L?(0,T; H* (R)), uy € L? <O, T; Wbt (R)+ H! (]R)) and the energy inequality
¢

/]um HL?(]R dT+//a ) ug (1, 2)|* dedr < E (u(s)), Vt>s>0, (7)

UMWEW@)ZQMNNWR+§MAWH®+%MAMZ®+%FWW@Mx—
fg u(t,z)dx and F(u ff )dz. Moreover, if v € L (0,T;W'P(R)n H' (R)) N

oo (0,75 L2 (R)) n W2 (O,T; HY (R)) A W2 (0,T;W 5T (R) + H- (R)) s also a
weak solution to (1)-(2) with initial data (vo,v1) € (W'P(R) N H' (R)) x L? (R), then
[ () = v (Ol g ry + e (6) = ve (Ol g-1(wy
<C (T7 [1Cuos wi) [l w0y m (R))x L2 ®) » 1 (05 Ul)H(WI,p(R)nHI(R))xLQ(R)>

x (1o = voll 1 gy + s = 01l 2y ) » V2 € [0, 7] (8)

where C : RT x RT x RT — R is a nondecreasing function with respect to each variable.
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With the aid of Theorem 2.1, one can immediately derive that the problem (1)-(2)
generates a weakly continuous semigroup {S (t)},5, in (W"P(R) N H' (R)) x L? (R), by
the formula S (¢) (ug,u1) = (u (t),us (t)), where u(t, z) is the weak solution of the problem
(1)-(2) with the initial data (ug,u1). By the weak continuity, it is meant that ¢, — ¢ in

n—oo
(WhP(R) N H! (R)) x L? (R) implies S () ¢y, % S(t)pin (W'P(R) N H' (R)) x L* (R).
n—oo
Now, the main result of this paper is as follows.

Theorem 2.2. In addition to (3)-(6), assume that p < 4. Then, for every bounded subset
B of (WP (R) N H' (R)) x L* (R) the semigroup {S (t)},~(, generated by the problem (1)-
(2), has a weak local attractor Ag in (WP (R) N H* (R)_) x L? (R). Moreover, the weak
local attractor Ap attracts the image of B in the strong topology of H' (R) x L? (R).

3. EXISTENCE OF WEAK LOCAL ATTRACTORS

The aim of this section is to prove Theorem 2.2. To this end, we need the following
lemmas.

Lemma 3.1. Let the conditions (3)-(6) hold and B be a bounded set in (W'P(R)NH(R))
xL?(R). Then, for any ¢ > 0, there exist T = T (B,e) > 0 and R = R(B,g) > 0 such
that
15 (8) ll g1 @\ (- ryxL2@\(-rpy) <& VE2T, Vr > R, Vo € B.

Proof. First of all, using (3)-(4) and (6) in (7), it is obtained that

15 (&) ellowre@nm @) xL2@) < €, Yt 2 0,V0 € B,

t

9

[ e (7) ey dr < Cis, ¥ = 0, )

0
for some constant Cg > 0. Now, let ¢ € B and (u (t),u (t)) = S (t) ¢. Definen € C* (R),

<

0<n()<1,n(x)= { (1)’ IZiI N ; " and n, (z) =1 (%). Multiplying the equation (1) by

dn?u and integrating the obtained equality over R, by (6) and (9), it is found that

d 0 o
G 16 [ @ueo)ut) ot S nus O +5 [ 0@ @ o) ds
R R
p
0 et () ey + || /e ) )+ N e () Zy — 6 e ()2
1 1
<G <r + [|ute (75)”%2(]1@) + ||g||%2(]1§\(—7",r))) , YVt =>0. (10)

On the other hand, multiplying the equation (1) by n2u; and integrating the obtained
equality over R, by (5) and (9), it follows that
P

i 1 2 1 2 1 2
& (3 1m Ol + 3 s Oy + [/ 0,
+ [ @ F (u(t.)ds | +ao e ()]s

R

1 1 9 9
< Oy <r + Jute ()| 72(m) + ||g||L2(R\(—r,r))> , Vr >,V > 0. (11)
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Now, summing (10) and (11), for sufficiently small ¢, it is deduced that

do (1) 2 P 2 2
. +@(Mmammmwﬂ P (1) o et () ey + e (1)
1 1 9 9
< Cy (r + [tte (E)]| 2Ry + ||g||L2(]R\(r,r))> , V>,V >0, (12)
where
p
® (8) = [ (Ol + e O gey + [ s 0]+ [ 0 @) F (e d
R
0

48 [ @) un () w ) do 5 I (0] agey + 5 [ @@ (@) ot do
R R

Furthermore, by (4), (6), (7) and (9), it is obtained that

P
%(Wﬁmwﬁmﬁwqum;®+Hnﬂaﬂ

2
'+ VI O

< @ (t) < Cs (Imue Ollf2qzy + s Ol 2y

o o

9 1
ey IOl + 1) v 20, (13)

for some constants Cs, Cs > 0. Considering (13) in (12), it follows that

dq;t(t)—l—c7q’(t)<08<

L1 2 2
- + - [ tea (t)HLQ(]R) + ||g||L2(R\(,,’T))> , Vr > 1o, Vit > 0.
Therefore, together with (9) and (13), it is found that
—Crt 1 2
(1) < Co (e 4~ + gl (rry ) » V7 = 10,92 0.

Here, the constant Cg > 0 is dependent on the set B and is independent of t and r as
previous constants C;(i = 1,8). Hence, taking into account the right side of the last
inequality, together with (13), the proof of the lemma is completed. U

Lemma 3.2. Assume that the conditions (3)-(6) hold and B is a bounded subset of
(WLP(R) N H' (R)) x L?(R). Then, every sequence of the form {PS () ¢k oy, where
{or}re, C B, ti, — oo, has a convergent subsequence in H'(R). Here, P : (WhP(R) N
HY(R)) x L? (R) — WLP(R) N H' (R) is the projection operator defined as P (¢,) = ¢.

Proof. Firstly, since the sequence {¢y}re; is bounded in (W'?(R) N H' (R)) x L? (R), by
(9), it is obtained that the sequence {5 (+) ¢x } o, is bounded in L>(0, oo; (WHP(R) N H' (R))
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xL? (R)). Hence, by (1), (3)-(4), (6), (7) and (9), for any Ty > 1, there exists a subse-
quence {kp,} ~_, such that ¢, > Tp and

;

Stk — T0) Pky % po in (W'P(R)NH' (R)) x L*(R),
wm %S u o in L (0,00, WEP(R) N H! (R)),

m—0o0

Ut m%)*oo up in L™ (0, oo; L? (]R)) ,

Umgt %) ug in L? (07 003 H' (R)) ) (14)
Uit % uy in L2 ((), oo; H2 (—, r)) , Vr >0,
U (1) % w(t) in WHP(R)N H (R), Vt >0,

Uy (1) % ug (t) in L2 (R), Vt >0,

for some o € (WYP(R) N HY(R)) x L*([R) and u € L*(0,00; W'P(R) N HY(R)) N
W120(0, 00; L2(R))NWH2(0, 00; HL(R))NW?22(0, 00; H2(—7, 7)), where (wn, (1), umt(t)) =
St + tk,, — T0) Pk, -

Now, replacing v in the equation (1) with w,, and u,, and then subtracting the obtained
equations, the following equation is found:

umtt(ta l’) - untt(ta J)) - (umt:px(ta iL‘) - untmm(ta .%')) - (ummx(ta .T) - Unx:p(ta $))
0 p—2 p—2
—q. mx\ly mx\Y - [Ynx\b, nr\t
B ma (6 )7 tma (8, ) — [una (8, 2) " tna (8, )
+a (w) (umt(t7x) - unt(t’ l’)) +f (um(tv x)) —f (un(ta w)) = 0.
Testing this equation with 2 (1 — )¢ (uy, — uy) in (0,7) x R, where 7, is the function
defined in the previous lemma, and considering (4) and the inequality
(ya\H a— |bP? b) (@—b) >0, a,beR,

it is deduced that
2

T | VT (s (T) = e (T))

< —QT/ (1 =0 () (ume (T, ) — une (T, 2)) (um, (T, ) — up, (T, z)) dx
R

L2(R)

T
+2 / / (1= () (ume (8, ) — upt (£, 2)) (um (£, ) — uy (¢, x)) dedt
0 R

T
+20/t Hm(umt (t) — s (t))‘ ;(R) dt
T
+§ / / tn' (%) (Umta (,2) = Unta (¢, 2)) (tm (, ) = un (¢, 2)) dzdt
0 R

2

L3(R)

T
. 0/ [V e (0) = e ()
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T
+i// (2) (o (1,2) — e (1,2)) (i (1,2) = 1 (1, )) v
0
—2 0/ VT G ) = e O],

2
+=
r

T
/
X (U () — up, (t, z)) dedt
T
+2//a (1= 0 (2)) |t (£ 7) — up (¢, 2)) | davdlt
0 R
T
2 [ [t @) (F nlt.) ~ £ (wn(t.2)
0 R

X (U, (t, ) — up, (t, x)) dedt, YT > 0.
For the fifth term on the right side of (15), it is obtained that

T T
J IV Gt ) = e @), e <2 [ ¢ VT (e 0
0 1

2

L2(R

T
<e + 2/t Hﬂ(um (t) — Ung (t))H;(R) dt, ¥T > 1.
0

/ tf (%) (|um(t,x)|f?*2 U (£ 27) — [tne (£, 2) P2 um(t,x))
R

477

(15)

L2(R)

(16)

Taking into account (16) in (15) and considering (4), (6), (9) and (14), it is found that

C1

lim sup lim sup ||tz (') — Una (T)H%z(_m) < T vT > 1.

m—ro0 n—o0

Thus, together with Lemma 3.1, taking T' = Ty, for any € > 0, it is obtained that

hmmfhmlnf |1PS (tk) or — PS (tn) enllpiry < —7= +¢&, V1o 2 1,

k—o00 \/T

which, by taking limit as Typ — oo, yields

Moreover, it can be immediately seen that for every subsequence {k,} -_;,

holds:

lim infliminf [ PS (ty,,) @, = PS (tk,) @roll i) = 0-

the following

(17)

Now, it is concluded that the sequence {PS (tx) ¢x }req has a convergent subsequence in
H! (R). If the contrary is assumed, then, by the completeness of H! (R), there exist g > 0

and a subsequence {k,} ~_; such that
I1PS (thy,) Oh — PS (k) Pheo | 1) 2 €00 M # 1,4
which contradicts (17). Hence, the proof is completed.



478 TWMS J. APP. AND ENG. MATH. V.10, N.2, 2020

Lemma 3.3. In addition to the conditions (3)-(6), assume that p < 4. If u is a weak
solution to problem (1)-(2), then there exists a constant ¢ > 0 such that

p—2 1>
sup ||ug (¢ —ary SC @€ |/—, 5.
tg?” t (Ol ri-a(r) [ b2
Proof. By taking derivative of the equation (1) according to ¢ and denoting v := u, it is
found that

vt (Rop =) + (Ro =) = (o= 1) 5= (luaP 2 ue) +a(@) w4 7 W) we =0, (18)

where A : H2(—2n,2n) N Hg (=2n,2n) — L?(—2n,2n), Ap = —‘327“5 + . Testing (18)

with tQK*“vt in R, where o € [%, %), by the self adjointness of the operator K, it is

deduced that

2 2

d (t? ||~ _a 2 2 ||~ 120 9 ||+ 1ze
dt(QHA ()] + 3 V0 0 )“ Gl

L2(R) L2(R)

2

;(R) + 2 HK—%vt (t)H;(R) +t HK“T% (t)‘

A 2w, (t)> —(p-1t <\ux )P uge (1), 8% (K—%t (t))>

—¢2<avt@),x*autag>-t2<f’@l@))ut@),xfavt@)>, vt > 0. (19)

First of all, for the first term on the right side of (19), by interpolation and Young in-
equality, for any € > 0, it is obtained that

a 2 ~1—a 2

A3 tH < t2HA7 t‘ ,

H 2uc (t) L2(R) — c ? e (?) L2(R) L2(R)

For the second term on the right side of (20), from (1) and using (3)-(4), (6) and (9), it

follows that

L*(R)

R
4
~—~
~
N—

+¢2 <7\—

2

+C@W&%%mﬂ

VE>0.  (20)

~ lia 2
A0y, <€ {14 It @y + [ a@ s o) de | w0,
R
which, together with (20), yields
tHasn ol <25
2 2
[&F00 0] < o8 [AF 0 0 o
+a@1+MMM@®+/M@m@m%x,WZQ (21)
R
Similarly, it is found that
2 HT\*% (t)’ T ) A (t)’ ’
W ey = © N ey
+@@ﬂ1+MMm@®+/M@m@mﬁm,wza (22)
R
Regarding the fourth term on the right side of (19), by (9), it is obtained that
t2<K—%v(w K—%w(w><<cb (7@)#—%&2’K%?vt@ﬂr Vi>0.  (23)
’ - 2w/’ T
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Considering the fifth term on the right side of (19), by (9) and the embedding H e (R) —
2
L77 (R), it follows that

—(p-1)P <\u$ P2 g (1), 5:1; (A (t)>>

L)

e la 2
<y (c (&) ute (D) 2oy + et HA%W (t)HL2(R)) V> 0. (24)

Now, let us estimate the sixth term on the right side of (19). Since, by the interpolation
and Young inequality, for any p > 0, it is obtained that
2 2
ATt ‘ V>0,
e TH H v (t) L2(R)) =

v (8) 11120 (m) < Cs (c () ||A=% 0 )]
applying Young inequality, for any § > 0, by (4) and (22), it is found that

—t? <avt (t), A%, (t)> < Ct? [Jvr ()| oo (g fo%t (t)HLm(R)

< Cat? [|ue ()| 2wy

< Cr (B o0 Ol3-agry + C (B) v (B)31-20(s)

e [(/3 uC (8) + 20 () £ [R50, ()

2

L2(R)

+C (1, B,€) ¢ (1 + luee (8) |72y + /a () |ug (8, )| dﬂﬁ)] , Vi = 0. (25)

R
For the last term on the right side of (19), by (6) and (9), it follows that

2 <f’ (u (£)) ue (), A%, (t)> < Cy <c () £ + et? HKI‘TC“W (t)Hi

If we use (21)-(26) in (19), it is obtained that
d (t?|+_a
dt <2 HA St (t)‘

) ,Vt>0. (26)
2(R)

o g [F 0 )+ [ )

2

2

L2(R)

< Cyo [(5 +e+uC () +C (H,ﬁ)) t? HKI_TaUt (t)‘

+C (. 8,2) ((1 +t+17) (1 + e (t)||%2(m))

+(1—|—t2)/a(x)|ut (t,@%)] , V> 0. (27)

R
Now, testing (8) with §t2A~%v in R, by (9), it is obtained that
d

o <5t2 <K—%vt ), A" 2v (t)> + gt2 ‘

L2(R)

‘;(R)) e S=10]

2

2

Kl_Tav(t)H

L2(R)
= 5¢2 HK_%” (t)H2 o O HKl_T“u (t)H2

o + o612 HK—%v(t)}

v (t)>

L*(R) L*(R)
-3

+8 (12 +2t) (A0, (1), A
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5= (Jus (O s 0. 57 (B0 0) )
52 <cwt (t), A% (t)> — 5t2 < £ (u () u (), A (t)> , V> 0. (28)

For the fourth term on the right side of (28), by (9), it follows that

2

5 (t2 +2t) <7\—%vt t),A"2v (t)> < 6t ‘ Ay (t)‘ +Ch (t+2)%, VE>0. (29)

L2(R)

Taking into account the fifth term on the right side of (28), by (9), it is found that
o /~

— _ 2 p—2 . —Q
5(p—1)t <yu$ (O s (), 5 (A v (t))>

0 /~

— (A% (1)

Ox ( ) 75 ®)

< Cig (£ lluse ()72 + ¢ e ()
< Cun (t2 e (D)22z) + t2) LVt > 0. (30)
For the sixth term on the right side of (28), by (4), (9), it is obtained that
52 <avt (t), A% (t)>

2 || A 52 2 2 2 2
< bt HA 0 (t)’ oy T O (t luts (8)l122(zy +t ) vt > 0. (31)
For the last term on the right side of (28), by (6) and (9), it is found that
—5t? <f’ (u () (t), A% (t)> < Cyet?, Yt > 0. (32)
Hence, using (29)-(32) in (28), we have

jt <5t <7\*%vt (1) ,Tv%u(t)> + gt2 HKl’T“u(t)‘

< 012752 ||Utx (t)HLQ(]R)

p—2

2 2

> + ot HT\I’T“U(t)]

L2(R) L%(R)

—1_a 2
<602 |[R 5 0 @), Cus (¢4 82) Ju ()2 + Crr (14 £+ 2) ¥ 20,

L2(R)
and summing this equation with (27), for sufficiently small e, u, 5 and ¢, it follows that

do (t) 2
LQ(R)>

2 || 7 iz
— L+ C (t HA : vt(t)’
< Coo (141 +12) (1+ [ (t)||§2(R)) + O (1+t2)/a(x)\ut (t,2)[2dz, ¥t >0, (33)
R

2

42 HK“TQU (t)‘

L2(R)

where
2

O (1) = 6t <7\*%ut (), A% (t)> + gﬁ HK%"U (1)

L2(R)

2 [

L2(R)

2
o)

2

+t22 HK_%Ut (t)‘ ;(R)

Furthermore, there exist constants Cyo, Co3 > 0 such that

~1l—«

e (#0700

<D (t) < Cay <t2 HK—%vt (t)Hi 442 ] Kl_Tav(t)’

) , V> 0. (34)

*(R) L2(R)
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Considering (34) in (33) gives that

< Coys (1 +t4+ t2) (1 + Hutz (t)HQLQ(]R)> + Cag (1 + t2) a (J}) \ut (t, x)‘g dx, ¥Vt > 0,

B

which, together with (3)-(6) and (7), yields
D (t) < Cor (L+t+1%), Vt>0.
Hence, by (34), it is obtained that

< t>1
L® < Cag, VE>1,

which gives the result.

Now, the weak w-limit set of the trajectories emanating from a set B C (WP (R)N
H' (R)) x L? (R) is defined as follows:

we(B):=JS®)B .

T>0t>7

where the bar over a set means weak closure in (W1P(R) N H'(R)) x L?(R). It can be
easily shown that ¢ € w, (B) if and only if there exist sequences {t},-;, tx — oo and
{or}r2, C B such that S (t) px — ¢ weakly in (WHP(R) N HY(R)) x L?(R). Moreover,
the following invariance property of the set wy, (B) is stated:

Lemma 3.4. For any bounded set B C (W'P(R) N HY(R)) x L*(R), the set wy (B) is
muvariant.

Proof. Let ¢ € wy, (B) and z = S (t) ¢ for ¢ > 0. Then, by the definition of w,, (B), there
exist the sequences {tx}ro;, tx — 00 and {¢}ro; C B such that S (¢x) ¢, — ¢ weakly in
(WhP(R) N H'(R)) x L*(R). Moreover, by Lemma 3.1, Lemma 3.2 and Lemma 3.3, there
exists a subsequence {k,, },_, such that S (tg,,) ¥k, % ¥ in H' (R) x H~!(R). Then,

denoting 73, , ==t + t1,,, by (8), it is obtained that
S (Thpn) Yk = S () S (k) Vi % S(t)y =z (WP R)NH' (R)) x L* (R),

which implies z € wy, (B). Therefore, it follows that S (t) wy (B) C wy, (B).

On the other hand, if ¢ € w,, (B), then there exist {t;}r;, tx — 0o and {¢Yx}re; C
B such that S (t) ¢ — ¢ weakly in (W'P(R) N H*(R)) x L*(R). Now, define ¢ =
S (ty —t) g, for tp, > t > 0. By (9), there exists a subsequence {ky,},._; such that
Pk, — ¢ weakly in (WHP(R) N H'(R)) x L?(R) for some ¢ € (W!'P(R) N H'(R)) x L*(R),
which gives that ¢ € w,, (B). Furthermore, using Lemma 3.1, Lemma 3.2 and Lemma 3.3,
and passing to a subsequence, it follows that oy, P in H! (R) x H~!(R). Since

S (tk'mn) ¢an =9 (t) S (tkmn — t) ¢kmn =9 (t) Plipn,,
applying (8), it is observed that S (tx,, ) ¥k, %) St)e in (WH(R)NH' (R)) x
L? (R). Hence, 1) = S (t) ¢ and 50 wy, (B) C S (t) wy, (B). O

Thus, by applying Lemma 3.1, Lemma 3.2, Lemma 3.3 and Lemma 3.4, the proof of
Theorem 2.2 is obtained.
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