TWMS J. App. and Eng. Math. V.10, N.1, 2020, pp. 59-68

ON FUZZY QUOTIENT BCK-ALGEBRAS

S. SAIDI GORAGHANT!, §

ABSTRACT. In this paper, by considering the concept of fuzzy congruence in some alge-
braic structures, we specially study fuzzy congruence in BC K-algebras. We prove that
there is a bijection between the set of fuzzy ideals and the set of fuzzy congruences in
BCK-algebras. Then we show that for each fuzzy ideal p, there is an associated algebra
X/p that is a BC K-algebra. Also, we obtain a congruence relation on a BC K-algebra
by fuzzy ideals.
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1. INTRODUCTION

The notion of BCK-algebra was formulated first in 1966 by Imai and Iséki [6]. This
notion is originated from two different ways. One of the motivations is based on set theory.
Another motivation is from classical and non-classical propositional clacului. As is well
known, there is close relationship between the notion of the set difference in set theory and
the implication functor in logical systems. Then the following problems arise from this
relationship. What is the most essential and fundamental common properties? Can we
establish a good theory of general algebra? To give an answer this problems, Y. Imai and
K. Iséki introduced a notion of a new class of general algebras, which is called a BCK-
algebra. This name is taken from BC K-system of C. A. Meredith. BC K-algebras have
been applied to many branches of mathematics, such as group theory, functional analysis,
probability theory and topology. The concept of fuzzy subset was introduced by Zadeh for
the first time [14]. At present these ideas have been applied to other algebraic structures
such as groups, rings, modules and since then many studies were performed about this
subject on fuzzy new algebraic structures. In 1993 the consept of fuzzy sets was applied to
BC(CT-algebras [1, 7]. The concept of a fuzzy relation on a set was introduced by Zadeh [14].
In [8], Kondo defined the quotient BCI-algebras induced by fuzzy ideals. Note that each
congruence class in quotient BCI-algebras induced by fuzzy ideals is not a fuzzy set but
it is a crisp set. In [11], A. Rezaei and A. Borumand Saeid studied and introduced fuzzy
congruence relations on C'I-algebras. Recently, some reasearchers worked on MV -algebras
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and ideals in them (see [10, 12, 13]). In this paper, specially, we present the definitions of
fuzzy congruence, fuzzy congruence classes and fuzzy quotient algebras in BC K-algebras.
We will show that the elements in fuzzy quotient algebras induced by fuzzy ideals are
fuzzy sets in BC'K-algebras. Hence we prove that there is a bijection between the set of
fuzzy ideals and the set of fuzzy congruence. For each fuzzy ideal u, there is an associated
algebra X/u. We prove that X/u is a BC'K-algebra and it is isomorphic to the BCK-
algebra X/p,, ). Finally, we obtain a congruence relation on a BCK-algebra by fuzzy
ideals.

2. PRELIMINARIES

In this section, we review related lemmas and theorems that we use in the next sections.

Definition 2.1. [9] A BCK-algebra is a structure X = (X, *,0) of type (2,0) such that:
(BCK1) ((xxy)* (xx2))x(zxy) =0,

(BCK?2) (w+ (% y) +y = 0,

(BCK3) xxx =0,

(BCK4) 0xx =0,

(BCK5) xxy =y*x =0 implies that x =y, for all z,y,z € X.

The relation x < y which is defined by x xy = 0 is a partial order on X with 0 as least
element. In BCK-algebra X, for any z,y,z € X, we have

(BCK6) (xxy)*z=(r*2)xy,

(BCKT) x <y implies zxy < z* x,

(BCKSB) x <y implies x ¥ z < y * 2.

Let (X, %,0) be a BCK-algebra. Then ) # Xo C X is called to be a subalgebra of X, if
for any x,y € Xo, x xy € Xo, t.e., Xo is closed under the binary operation “x” of X. X
is called bounded, if there exists 1 € X such that x < 1, for any x € X and in this case,
we let Nox = 1xx. X is said to be commutative, if y* (yxz) = x*x(x*y), for allz,y € X.
Subset ) # I C X is called an ideal of X, if 0 € I and for any x,y € X, x xy € I and
y € I, implies that x € I. In a BCK-algebra X, we let x Ny = yx (y*x) and in a bounded
BCK-algebra X, we let Vy = N(Nxz A Ny), for all z,y € X. In bounded commutative
BCK -algebra X, for any x,y € X, x V y is the least upper bound and x Ny is the grate
lower bound of x,y and so (L,V, ) is a bounded lattice.

Definition 2.2. [14] Let X be a set. A fuzzy set in X is a mapping p: X — [0,1]. The
notations 1x and Ox represent two special fuzzy sets in X satisfying 1x =1 and 0x =0,
for every x € X, respectively. For every sequence {a1,--+ ,a,} of real numbers,

ar A+ Nap, =min{ay, -+ ,an} and a1 V-V a, = mazx{ai, - ,a,}. For any fuzzy sets
frgin X, f < g means that f(x) < g(x), for every x € X. Let p be a fuzzy set in X,
t €[0,1], the set py = {x € X : u(x) >t} is called a level subset of p.

Definition 2.3. [5] A fuzzy set p in BCK -algebra X is a fuzzy ideal of X, if it satisfies
(F1) 14(0) > p(x), for allz € X,
(F2) w(y) > p(x) A p(y * ), for all x,y € X.

Definition 2.4. [2] A fuzzy relation p in a set X is a fuzzy subset of X x X. p is e-
reflexive in X if p(xz,x) > e >0, for all x € X. p is symmetric in X if p(x,y) = p(y, x),
for all x,y € X. p is transitive in X if pop C p.

Proposition 2.1. [5] Let p be a fuzzy ideal in BCK -algebra X. Then
(1) if # <y, then p(x) = p(y),
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(71) plx *y) = plz * z) A p(z xy),
(131) if p(x xy) = w(0), then pu(x) > w(y), for al x,y,z € X.

Definition 2.5. [3] An MV-algebra is a structure M = (M, &, ,0) of type (2,1,0) such
that:

(MV1) (M,®,0) is an Abelian monoid,

(MV2) (@) = a,

(MV3) 0/ Ga=0,

(MV4) (d @b)®b= (b ®a) ®a,

If we define the constant 1 = 0 and operations ® and © by a©b = (' ®V), aSb=a®¥l,
then

(MV5) (a®b) = (a OV,

(MV6) z@1=1,

(MVT7) (acb)@b=(bsa)®a,

(MV8)add =1,

for every a,b € A. It is clear that (M,®,1) is an abelian monoid. Now, if we define
auziliary operations V and A on M by aVb= (a®b) Db andaANb=a® (a ®b), for
every a,b € M, then (M,V,A,0) is a bounded distributive lattice. An ideal of MV -algebra
M is a subset I of M, satisfying the following condition: (I1) 0 € I, (I2) x < y and
y € I implies that x € I, (I3) x @y € I, for every x,y € I.. Let M and K be two
MYV -algebras. A mapping f: M — K is called an MV -homomorphism if (H1) f(0) =0,
(H2) fz&y) = f(z) & f(y) and (H3) f(z') = (f(2)), for every z,y € M. If f is one to
one (onto), then f is called an MV -monomorphism (epimorphism) and if f is onto and
one to one, then f is called an MV -isomorphism.

The following results were proved in MV-algebras. Then this results are proved in
BC K-algebras, easily.

Lemma 2.1. [4] Let A be an MV -algebra and p: A — [0,1] be a fuzzy set on A. Then p
18 a fuzzy ideal on A if and only if
(1) p(z) < p(0), (2) x <y implies that p(z) < p(y), for all z,y € A and .

Theorem 2.1. [4] Let u be a fuzzy set in MV -algebra A. p is a fuzzy ideal if and only if
for allt € [0,1], w; is either empty or an ideal of A.

Corollary 2.1. [4] I is an ideal of MV -algebra A if and only if x1 is a fuzzy ideal of A,
where 1 is characteristic function of I.

Definition 2.6. [14] Let X, Y be two MV -algebras, p be a fuzzy subset of X, u' be a fuzzy
subset of Y and f : X — 'Y be a homomorphism. The image of i under f denoted by f(u)
18 a fuzzy set of Y defined by

_ Supxef—l(y):u(x) if f_l(y) 7& 0
Pty = { Svteer ) T 2

for ally € Y. The preimage of i’ under f denoted by f=(') is a fuzzy set of X defined
by: for allz € X, f~1(p')(x) = i/ (f()).

Theorem 2.2. [5] Let u be a fuzzy ideal in MV -algebra A. For any x,y,z € A, u(xVy) =
(@) A p(y)-

Note: From now on, in this paper, we let X be a BC K-algebra.
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3. ON CONGRUENCE RELATIONS INDUCED BY FUZZY IDEALS

In [8], Kondo defined the quotient BCI-algebras induced by fuzzy ideals. Note that
each congruence class in quotient BCI-algebras induced by fuzzy ideals is not a fuzzy set
but it is a crisp set. In the following, we present the notions of fuzzy congruences, fuzzy
congruence classes and fuzzy quotient algebras in BC K-algebras. Note that the definition
of fuzzy relation in most of algebraic structures is the same. We will show that the elements
in fuzzy quotient algebras induced by fuzzy ideals are fuzzy sets in BC K-algebras.

Definition 3.1. A fuzzy relation 6 from X x X to [0,1] is called a fuzzy congruence in X
if it satisfies the following:

(C1) 6(0, ) O(x,x), for allz € X,
(C2) O(z,y) = 0(y,x), for all z,y € X,
(C3) O(z,2z) > 0(x,y) NO(y, 2), for all x,y,z € X,

(C4) O(xxz,yxz) > 0(x,y) (right compatible) and O(zxx, zxy) > 0(x,y) (left compatible).
Example 3.1. Let X ={0,a,b,1} and x be defined as follows:

b

— SR O %
QR OO
SO O R

QL O O
oS O O

1 b 0

Then (X,*,0) is a BCK-algebra. Consider fuzzy relation 0 from X x X to [0,1] with
0(0,0) = 6(a,a) = O(b,b) = 0(1,1) = 0.8, 0(a,1) = 0(b,0) = 6(1,a) = 6(0,b) = 0.5 and
0(0,1) = 0(1,0) = O(a,b) = 6(b,a) = 0(a,0) = 0(b,1) = 0(0,a) = 6(1,b) = 0.3. It is easily
checked that 0 is a fuzzy congruence in X.

Proposition 3.1. If 0 is a fuzzy congruence in X, then
(1) 0(Nz,Ny) > 0(z,y),
(i) O(x N z,y A z) > 0(z,y),
(131) O(x V z,y V z) > 0(z,y)
(iv) 6(0,0) > 0(z,1),
(v) 8(z,y) = 6(z +y,0),
i

iv) We have 0(0,0) = 0(z,z) and §(z,x2) > 0(xz,y) A 0(y,z) = 0(x,y). Then 6(0,0) >
T, y).

) By (Cy), 0(z,y) < 0(x xy,y xy) = O(x *y,0). On the other hand, 0(z * y,0) =
x*y,x*aj) >9( Y, )—9(1’ y). Hence 6(z,y) = 0(x *xy,0).

(vi) Let 6(0,0) = 0(z, ). By (C2) and (C3), 6(0,0) = 0(x, ) > 0(z,y) AO(y,z) = 0(x,y).
Converesly, by (Cy), 0(0,0) < 0(x x 0,2 *x0) = 0(x, x). O

Let 6 be a fuzzy relation on X. Consider Uy(f) = {(z,y) € X x X|0(x,y) > t} and
Up=(0) = {(z,y) € X x X|0(z,y) > t}, where t € [0,1].

Theorem 3.1. If 0 is a fuzzy congruence relation and Uy(0) # 0, fort € [0,1], then U(6)
18 a congruence relation on X.

T

Proof. (z) (i), (m) By Cy, the proof is clear.
(
(

Y,

Proof. Since Uy(#) is not empty, there is an element (u,v) € X x X such that (u,v) € U(6).
This means that ¢ < §(u,v). Since 6 is the congruence, by Proposition 3.1 (iv), we have
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t < 6(u,v) < 6(0,0) = O(x,z). That is, (z,z) € Ui(f). Also, the relation is clearly
symmetric.

Let (z,y), (y,2) € Ug(9). Since t < O(x,y) and t < 0(y, z), we have t < 0(xz,y)NO(y, z) <
O(x, z). Hence (x,z) € Uy(6).

Now, we assume that (z,y) € Uy(0). Since t < 0(z,y) < 0(z *u,y*u), for every u € X,
we have (z x u,y * u) € Up(0) and similarly (ux z,u xy) € Up(6). Therefore, U(0) is the
congruence on X. ]

Since the definition of Uy(#) is a general definition and it is not rerated to properties
of algebraic structures, we can easily prove that the following theorem in all algebraic
structures as BC' K-algebras:

Theorem 3.2. Let 0, 61 and 02 be fuzzy congruence relations in X. Then

(1) Ut(0) = No<ser Us>(0) and Ups(0) = Uy <y Us(0).

(17) 0 is a fuzzy left(right) compatible relation if and only if Up(0) (U= (0)) is a left(right)
compatible relation on X.

(7i1) Let the composition 61 00y is defined by 01 00 = sup,c xmin(0y(z, z),02(z,y)). Then
for every t € [0,1],

01 = 02 if and only if Uy~ (01) = U= (02) and U (01 0 02) = Up (01) o Ups(62).

(iv) Oy 009 = 02001 if and only if Uy (01) o U (02) = Ups (02) o U (01), for every t € [0,1],
where 01 # () and 0y # 0.

Proof. (i) Let t € [0,1]. By definition Uy(#) and Uy~ (6), we have

Up-(0) = {(z,y) € X x X|0(z,y) > t} = (] {(z,9) € X x X[0(z,9) 2 s} = | Us(6)

t<s<1 t<s<1
and
Ui(0) = {(z,y) € X x X|0(x,y) >t} = [ {(x,y) € X x X|0(x,y) > s} = |J U (0).
0<s<t 0<s<t

(74) The proof is easy.

(1i1) Let 61 = 02 and (z,y) € U= (61). Then 0 (z,y) = O2(z,y) > t and so (x,y) € U= (02).
Hence Ui (01) C Ups(62). Similarly, U (02) C U (01) and so Ups (61) = U (62).
Conversely, let Uy (01) = Uis(02), but 01 # 62 . Then there exists (z,y) € X x X
such that t; = 61(x,y) # O2(x,y) = to. Without loss of generality, let ¢; > t2. Then
01(x,y) > to and so (z,y) € Uss(62) = U~ (01). Hence 2(x,y) > t1 and so ta > t1, which
is a contradiction.

Also, let (z,y) € X x X and t € [0,1]. Then

(7,y) € Up=(01062) < 01060y >t sup.exmin(br(z, z),02(z,y)) >t

Jz0 € X, min(01(z, 20),02(20,y)) >t <> 01(x, 20) >t and 02(z0,y) >t
dzp € X, (z,20) € Up=(61) and (20,y) € U= (62)

(z,y) € Up=(01) 0 U (62).

Therefore, U (61 0 02) = Up (61) o Up(62).

(iv) (=) Let 01 0 03 = 09 0 0;. Then by Theorem (#i7), the proof is clear.
(<) Let U (01) 0 U (02) = U= (02) o Ugs (01), for every t € [0,1]. Then by (i), (i) and

rTe
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(i),
U(01002) = ﬂ Us>(01062) = m Us>(61) 0 Uss(62) = ﬂ Ugs(02) o Uss (61)
0<s<t 0<s<t 0<s<t
= ) Uss(020061) = Us(02061).
0<s<t

Now, let z,y € X such that (61 0 62)(z,y) = t. Then (x,y) € Uy(01 0 03) = U(62 0 61)
and so (61 0 62)(x,y) >t = (01 06s). Similarly, (62 0 61)(x,y) > (61 0 62)(x,y). Therefore,
01002 :92091.

U

Definition 3.2. Let 0 be a fuzzy congruence in X and x € X. Define the fuzzy set 6% in
X by 0%(y) = 0(x,y), for ally € X. The fuzzy set 6% is called a fuzzy congruence class of
x by 0 in X. The set X/0 = {0%|x € X} is called a fuzzy quotient set by 6.

Example 3.2. Consider BCK-algebra X = {0,a,b, 1} with fuzzy congruence relation 6
in Example 3.1. A fuzzy quotient set by 0 is X/0 = {6°,0%,6°,01}.
Lemma 3.1. Let 0 be a fuzzy congruence in X. Then 6° is a fuzzy ideal in X.
Proof. Since 6 is a fuzzy congruence in X, by Proposition 3.1 (iv), we have 6°(0) =
6(0,0) > 6(0,x) = 0°(z), for every z € X.

Also, since 6 is a fuzzy congruence in X, we have 6(0,y) > 0(0,y * x) A 0(y * x,y)
and 6(y x x,y) = 0(y x z,y * 0) > 6(z,0). Hence 0(0,y) > 0(0,y * x) A 6(0,x). Thus
0°(y) > 6°(y x x) A 0°(x), for all 2,y € X. Therefore, 0" is a fuzzy ideal in X. O

Lemma 3.2. Let p be a fuzzy ideal in X. Then 0,(x,y) = p(x xy) A u(y * ) is a fuzzy
congruence in X.

Proof. (C1) and (C2) are clear.
(C3) Let z,y,z € X. By Proposition 2.1 (i7),
Ou(z,2) = plexz) Ap(zxz) > (@ *y) Apy*2) A(p(z xy) Aply o))
= (ulzxy) Aply*x)) A (ply *2) A p(z *y))
= gu(l', y) A H,U«(yv Z)
(C4) Let x,y,z € X. By (BCK1), we have (z*z)*(y*xz) < z*xy and (y*z)*(z*xz) < y*x.
Then by Proposition 2.1 (i),
Ou((x % 2), (yx2)) = p((wx2) % (y 2)) Apl(y + 2) * (2% 2)) = @+ y) A ply *z) = 0u(2, y).
Similarly, 0,,(z * z,z*y) > 0,(x,y). O

Theorem 3.3. There is a bijection between the set of fuzzy ideals and the set of fuzzy
congruences in X.

Proof. By Lemmas 3.1 and 3.2, it is easily checked that u = (6,)° and 6 = 6y for each
fuzzy ideal p and fuzzy congruence 6 in X. Hence there is a bijection between the set of
fuzzy ideals and the set of fuzzy congruences in X. O

Let p be a fuzzy ideal in X, p* denote the fuzzy congruence class of x by 6, in X,
for every x € X and X/u be the fuzzy quotient set by 6,. In following, we introduce
congruence relations induced by fuzzy ideals.

Proposition 3.2. Let u be a fuzzy ideal in X. Then p® = p¥ if and only if p(x xy) =
w(y ) = u(0), for all z,y € X.
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Proof. Let p* = p¥, for x,y € X. We have p*(v) = 01(v) = 0,,(u, v) = p(u*v) A p(v * u),
for any u,v € X. Since pu* = p¥, p*(z) = p¥(z), for all x € X. It follows that u(x * x) A
p(x x x) = p(y * ) A p(x x y) and so by (F1), p(z *y) = u(y * x) = p(0).

Conversely, let u(x *y) = u(y * z) = p(0). By Proposition 2.1 (ii), we have pu(z * z) >
p(xxy) Ap(y*z) and p(y*xz) > plyxz) Ap(r*z), for all z € X. Since p(x*y) = p(y*z) =
1(0), we have pu(x * 2) > u(y * z) and p(y * z) > p(z * z) and so u(x * 2) = u(y * 2).

Similarly, we have pu(z * ) = u(z * y). This implies that

pr(z) =ulxx2) Ap(z*xx) = ply *2) Au(zxy) = p9(z), forall z € X.
Hence p* = p¥ O

By Proposition 3.2, consider the binary relation ~, on X by z ~, y <= pu(y xz) =
p(x xy) = u(0) where p is a fuzzy ideal in X.

Lemma 3.3. Let i1 be a fuzzy ideal in X. Then ~,, is an equivalent relation on X.

Proof. 1t is clear that ~, is reflexive and symmetric. Let  ~, y and y ~, z, for any
z,y,z € X. Then pu(yxz) = p(rxy) = pu(z*xy) = ply * z) = p(0). We have z xy <
(yxx)x(zxx)and zxy < (y * 2) % (x x z). Then

p(zxx) 2 p(y = o) A p((y * ) * (2 x2)) 2 ply = x) A p(z xy) = p0)
and

@ z) > ply = 2) A p((y = 2) « (x*2)) > ply *z) A p(z*y) = p(0)
and so p(z x x) = pu(x * z) = p(0). It results that « ~, z. Therefore, ~, is an equivalent
relation on X. O

Theorem 3.4. Let i be a fuzzy ideal of X. Then ~, is a congruence relation on X.

Proof. By Lemma 3.3, it is cofitient to prove that x ~, y implies z x x ~, z * y, for any
z,y,2 € X. Let x ~, y. Then p(y*x) = p(x*y) = p(0). Since y*xx < (2*xy)* (2 *x) and
xxy < (zxx)*(2xy), we have u(0) = p(rxy) < p((zxx) * (z*xy)) and p(0) = p(y*z) <
u((z 5+ y) % (2% 2)) and so (2 + ) * (2 £ ) = p((z % ) * (= £ 2)) = p(0). Therefore,
ZHT vy 2 kY.

O

Theorem 3.5. Let p be a fuzzy ideal in X. Then X/ is a BCK -algebra (BCK -quotient
algebra induced by fuzzy ideal ).

Proof. For every pu®, u¥ € A/, we define p® x p¥ = p**¥. We prove that the operation on
X/ is well defined. Let u® = p*, p¥ = p'. Then  ~, s and y ~, t. By Theorem 3.4, we
have x * y ~,, st and so p®¥ = p**t. It is routine to prove that X/u = (X/u, *, u°) is a
BCK-algebra. O

Example 3.3. Let Q = {1,2} and X = P(Q). Then (X,x,0) is a BCK-algebra. If
1 is a non-constant fuzzy ideal such that p(X) # p(0), for X # 0, then pt't = {{1}},
W2 = (2}, 0 = {0} and p0? = ({1.2}} and so X/p = (X/p. i) is a BOK-
algebra.

Remark 3.1. By Theorem 3.5, we conclude that u® Vv ¥ = p*vY and p® A p¥ = p*™,
where p is a fuzzy ideal in X and z,y € X.

Note. Let I be an ideal of X. Then a congruence relation ~; induced by I will obtained
by x ~yyifanonly if e xy,yxxz € I.

Theorem 3.6. Let I be an ideal of X and x; be the characteristic function of I. Then
x ~ryif and only if v ~y; y.
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Proof. We have
x~py = yxr,xxy €l <= yxi(yxz)=1and x;(x*xy) =1
= xr(yxz)=x1(I) and xr(z*xy) = x1(I) <= = ~y, v.
O

Theorem 3.7. Let X and Y be BCK-algebras, f : X — Y be a BCK -epimorphism
and p be a fuzzy ideal of Y. Then X/f~ (p) 2 Y/p.

Proof. We know f~'(u) is a fuzzy ideal of X. Then by Theorem 3.5, X/f~!(u) and
Y/u are BCK-algebras. Define g : X/f~'(u) — Y/u by g((f 7 (n)*) = p/@. Let
(f ()" = (f 1 ())?, for any 2,y € X. Then f~(u)(zxy) = [~ (n)(y*2) = f~1(1)(0)
and hence p(f(2)*f(y)) = u(f(y)*f(x)) = p(f(0)) = u(0). This means that f(z) ~. f(y),
that is, pf@ = pf®). Hence g is well-defined. For injectiveness of ¢, we suppose that
g((fF 1 ()") = g((f~1(w))¥), that is, /@) = J W), for any z,y € X. Since f(a) ~. f(y),

we have p(f(z) f(y)) = p(f(y) * f(x)) = p(0). Tt follows that f~"(u)(z+y) = f~ (1) (y*
x) = f~1(u)(0) and hence (f~(u))* = (f~1(u))?. It is easy to show that g is a surjective
BC K-homomorphism. Therefore, X/f~!(u) 2 Y/pu. O

Corollary 3.1. Let X and Y be BCK-algebras, f : X — Y be a BCK-epimorphism
and I be an ideal of Y. Then

(i) X/f~ 1) =Y/I.

(1i) X/(Ker(f) =Y

Proof. (i) We know that f~!(I) is an ideal of X. Consider

1, ifze YD)
XF) T3 0, otherwise

Hence x¢-1y = f~'(xs)(z) and so X/f~'(I) = X/xs-1(;). Furthermore, we have
X/f~Y1) = X/f Y (x1) and Y/I = Y/x;. Now, by Theorem 3.7, we have X/f~!(x;) =
Y/xr. Therefore, X/f~1(I) = Y/I.

(73) By (1), the proof is clear. O

Theorem 3.8. For two fuzzy quotient algebras & and n which are defined by
€+ X/f7H ) — [0,1], &(@/fH(w) = FH(w)(x) and n = f(X)/p = [0,1], n(f(x)/p) =
u(f(x)), respectively, there exists a bijective map h from X/f~1(u) to f(X)/u such that
noh=¢.
Proof. The proof is routine.

O

Theorem 3.9. Let u be a fuzzy ideal in X. Define a mapping f : X — X/u by f(x) = p®.
Then

(1) f is a surjective homomorphism,

(2) Ker(f) = puo),

(3) X/ is isomorphic to the BCK-algebra X/, (o)-

Proof. (1) Clearly, f is surjective. We have f(x *y) = ™V = u* x p¥ = f(x) * f(y) and
f(0) = u°. Hence f is a surjective homomorphism.

(2) z € Ker(f) if and only if f(x) = u° if and only if pu* = p° if and only if x oy O
if and only if x € p,0). Hence Ker(f) = p,(0)-

(3) By (1) and (2) we have X/ is isomorphic to the BCK-algebra X/, (o). O
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Example 3.4. Consider BCK-algebra X and X/p in Ezample 3.3. We have
pu@y = {x € X|p(x) = p(0)} = {0}. Hence

X/ o) = X0} = X 2= ({0}, ({13}, ({23}, ({1200} = {0, ! o, 08 = X

In following, we present the generalization of the congruence relation induced by a fuzzy
idela of X. It shows that more congruence relations on X can be induced by a fuzzy ideal of
X. Moreover, the above congruence relation is an special case of the following congruence
relations to be defined.

Let pu be a fuzzy subset of X and a € [0,1]. A binary relation g% on X is defined as
follows:

p* ={(z,y) @,y € X, p(w*y) > a and p(y xx) > o}

Lemma 3.4. Let p be a fuzzy ideal of X, o € [0,1] and g™ # (0. Then for every (x,y) € a®
and z € X,

pl(zxy) * (zx2)) > a, pl(zx2) * (2 xy)) > o,

iy * 2) * (@ % 2) > o, (@ 2) * (y 2) > a

Proof. By (BCK1) and definition of fuzzy ideal, we have pu(((z xy) * (z % x)) x (x x y)) =

p(0) > p(y*x) > a. Hence p((zxy)x(zxx)) > p(((zxy) * (z*x)) x (xxy)) Au(zxy) > a.
Similarly, we can prove other cases. O

Theorem 3.10. Let p be a fuzzy ideal of X, a € [0,1] and p® # 0. Then g is an
equivalent relation on X.

Proof. Since g # (), there exists x,y € X such that u(y * ) > «. By definition of
fuzzy ideal, u(0) > u(y * ) > a. We have u(x xx) = u(0) > «, for every x € X. It
results the reflexitivity of g®. It is clear that g® is symmetric. For proving the trasitivity
of p®, let (z,v),(y,2) € p®. By Lemma 3.4, we have pu((z * z) * (z xy)) > «. Then
u(zxx) > p((zxx) * (zxy)) A u(z xy) > «. Similarly, we can prove pu(z * z) > a.
Therefore, (z,2) € p®. O

Theorem 3.11. Let p be a fuzzy ideal of X and a € [0,1] such that u(0) > «. Then g
s a congruence relation on X.

Proof. Since 11(0) > «, we have u(z,z) = u(0) > « and so g® # 0. Let (z,y), (2,t) € .
Then by Lemma 3.4, we get (z * x,z *xy), (2 xy,t xy) € i and so by Theorem 3.10, we
have (z*z,t xy) € . Hence g is a congruence relation on X. U

4. CONCLUSIONS

We tried to improve the studying of fuzzy congruence in algebraic structures and proved
some results on BC K-algebras. Since congruence relations are interesting and important
subjects in fuzzy logic, we hope that we helped to open new fields to anyone that is
interested to studying of these concepts in BC' K-algebras.
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