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A NOTE ON CERTAIN TOPOLOGICAL INDICES OF THE DERIVED
GRAPHS OF SUBDIVISION GRAPHS

B. BASAVANAGOUD!, CHETANA S. GALI?, §

ABSTRACT. In this note, we correct some errors in S. M. Hosamani et al. [TWMS J.
App. Eng. Math., 6(2), (2016) pp. 324-332]. The derived graph [G]' of a graph G is
the graph having the same vertex set as G, with two vertices of [G]" being adjacent if
and only if their distance in G is two. Further, we compute generalized Randié, general
Zagreb, general sum-connectivity, ABC, GA, ABCy, and GAs indices of the derived
graphs of subdivision graphs.
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1. INTRODUCTION

Let G be a simple, finite and undirected graph with vertex set V(G) and edge set
E(G). The degree d, of a vertex u in G is the number of edges incident to it in G and

Sy = >, dy, where N, = {v € V(G)|uv € E(G)}. N, is also known as the set of neighbor
VEN,
vertices of u in G.

Li and Zhao introduced the first general Zagreb index in [14] as

Mn(G)= > d, (1)

ueV(G)

where « is a real number.
The general Randié connectivity index of G is defined in [15] as

Ro(G)= D (dudy)", (2)

weE(G)

where « is a real number.
The general sum-connectivity index xo(G) defined in [18] as

Xa(G) = Z (du + dv)aa (3)

weE(G)
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where « is a real number.
The atom-bond connectivity (ABC) index of graph G is defined in [5] as

ABC(G)= ¥ \/W. (4)

weFE(G)

The geometric arithmetic (GA) index of a graph G is introduced by D. Vukicevic and B.
Furtula in [17] and is defined as

2v/dyd,
GAG) = > . (5)
dy, + dy
uweE(G)
The fourth member of the class of ABC index of a graph G is defined in [6] as
Su+ Sy —2
ABCY(G) = > T (6)
weE(G)

The fifth geometric arithmetic index of a graph G is defined in [7] as
Gas(G) = Y B ™)
weB(G) Y v

The subdivision graph S(G) [9] is a graph with the vertex set V(G)U E(G) such that
two vertices of S(G) are adjacent if and only if one corresponds to a vertex v of G and
other to an edge e of GG, and v is incident to e in G.

The line graph L(G) [9] of graph G is the graph whose vertices are the edges of G, two
vertices of L(G) are adjacent if and only if the corresponding edges in G share a common
vertex.

For undefined terminology we refer [9, 13]. For recent study on topological indices of
transformation graphs, one can refer the articles [1, 2, 3, 4, 10, 16].

The derived graph [G]" [8] of a graph G is the graph having the same vertex set as
G, two vertices of [G]" being adjacent if and only if their distance in G is two.

In [11], authors computed topological indices of derived graph of subdivision graph
of tadpole graph T}, ;. But the expressions of R,(T;, ) and ABC(T), ) does not holds
for k = 1. The expressions of Ro(L(T, 1)), Xa(L(Thk)), ABC(L(T, 1)) and GA(L(T, 1)),
valid for k£ > 2. Also the expressions GA(T,, 1), ABCy(Ty ), GAs(Th k), Mo(L(Thk)),
ABCy(L(T, 1)), GAs(L(T), %)) are incorrect. In this paper, we correct all these errors.
Further, we obtain topological indices of derived graph of subdivision graph of a crown

graph CW,,, a gear graph G, and a friendship graph Cy()n).

Theorem 1.1. [8] Let G be any simple graph. Then [S(G)]' = G U L(G).
2. TADPOLE GRAPH

The tadpole graph T;, ; [12] is the graph formed by joining the end point of a path
of length k to a n-cycle.

TABLE 1. The edge partition of tadpole graph T}, , when k > 1

(dy,dy) where wv € E(T, 1) | (3,2)  (2,2) (2,1)
Number of edges 3 n+k—4 1
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FIGURE 1. The tadpole graph T2 5

TABLE 2. The edge partition of tadpole graph T}, , when n,k > 3

(Su,Sy) where wv € E(T,, 1) | (6,5) (5,4) (4,4) (4,3) (3,2)
Number of edges 3 3 n+k—38 1 1

Theorem 2.1. Let G =T, be the tadpole graph. Then

J (n+k—4)-4*4+3-6%+2¢ if k>1
(I)R"‘(G)_{ (n—2)-4%+2-6% 4 3¢ if k=1;
1
—(n+k) if k>1
2
(2) ABC(G) = \nf 5 .
E‘F g if k=1;
(3) GAGC) = (n—{—k:—4)—}—6\5/6—|—2\3/§ if k>1
(n_z)-|-4\5/6+\2g if k=1

Proof. The tadpole graph has n+ k vertices and n+ k edges, among them n+k —2 vertices
are of degree two, one vertex of degree three and one vertex of degree one. Therefore we
get the edge partition, based on the degrees of vertices as shown in Table 1. Using formulas
(2), (4) and (5) to the information in Table 1, we obtain the required result. O

Theorem 2.2. [11] Let G =T, be the tadpole graph. Then
(1) Mo(G)=(n+k—2)-2%+3*+1¢;
(2) Xa(G) = (n+k—4) 4% 435 4 3%,

Theorem 2.3. Let G =T, be the tadpole graph with n,k > 3. Then

) 4BOyG) = (n+ k-9 24y 8 4 5 T [D o
V30 43 2 45

(2) GA5(G) = (n+k—8)+ 6

11 7 5 3

Proof. Using formulas (6) and (7) to the information in Table 2, we obtain the required
result. O
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FIGURE 2. The line graph of tadpole graph 1125

TABLE 3. The edge partition of line graph of tadpole graph L(7}, ;) when
k>2

(dy,dy) where wv € E(L(T,, %)) | (3,3) (3, 2) (2, 2) (2, 1)
Number of edges 3 3 n+k—06 1

TABLE 4. The edge partition of line graph of tadpole graph L(7}, ;) when
n, k>4

(Su, Sy) where uwv € E(L(T, 1)) | (8,8) (8,5) (5, 4) (4, 4) 4,3) (3,2)
Number of edges 3 3 3 n+k—10 1 1

Theorem 2.4. Let H = L(T,, 1) be the line graph of tadpole graph with k > 2. Then
(1) Ra(H) = (n+k —6)-4° +3.6% 4 3. 9% 4 29
(2) Xa(H)=(n+k—6)-4*+3-5%+3-6%+ 3% ;
(3) Mo(H) = (n+k—4)-2% 43T 1o ;
1
ABC n+k)—+(2-v2);
(4) (H) = ( )\/i ( )
6[ 2{

Proof. The line graph of tadpole graph T with k > 2 has n + k vertices and n + k + 1
edges, among them n + k — 4 vertices are of degree two, three vertices of degree three and
one vertex of degree one. Therefore we get the edge partition, based on the degrees of
vertices as shown in Table 3. Using formulas (1)—(5) to the information in Table 3, we
obtain the required result. O

Theorem 2.5. Let H = L(T,, 1) be the line gmph of tadpole graph with n,k > 4. Then

(1) ABCy(H) = (n+k1o)\[ \f \[ \/7 7

12\F
2) GAs(H) = k—7)+
Proof. Using formulas (6) and (7) to the information in Table 4, we obtain the required
result. O

Theorem 2.6. Let [S(G)]' be the derived graph of subdivision graph of tadpole graph
G =T, with k > 2. Then

(1) Ra([S(G)]T) =2(n+k—5)-4* + 62T 4 2071 1 3. 92
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(2)
(3) M, ):(n—i—k 3).-20tl 4 4.3 4 2.1
(4) ABC([S(G))) =v2(n+k—1)+2 ;
12 2
(5) GA([S(@AN) =2(n+ k) — 7+ 7\[ \3[
Proof. From Theorem 1.1, we have [S (G)]Jr =~ G U L(G). Then by using the informations
in Theorems 2.1, 2.2 and 2.4 we obtain the desired result. O

Theorem 2.7. Let [S(G)]! be the derived graph of subdivision graph of tadpole graph
G =T, withn,k > 4. Then

1) ABc4([S<G>JT)=2(n+k—9)\f++3\f+3\[ \[“’\f*f

12\ﬁ
T — -1
(1) GA5([S(G)]") =2(n+ k) 5+ 13 11 7 5 3
Proof. From Theorem 1.1, we have [S(G)]T = G U L(G). Then by using the information
in Theorems 2.3 and 2.5, we obtain the required result. ]

3. CROWN GRAPH

A cycle C,, with a pendent edge attached at each vertex is called a crown graph CW,
[12]. Equivalently CW,, = C,, o Kj.

FIGURE 3. The crown graph CWi3 and its line graph L(CW3)

TABLE 5. The edge partition of crown graph

(dy,dy,) where uv € E(CW,,) | (1, 3) (3, 3)
Number of edges n n

TABLE 6. The edge partition of crown graph

(Su, Sy) where uv € E(CW,,) | (3,7) (7,7)
Number of edges n n
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TABLE 7. The edge partition of line graph of crown graph

(dy,dy) where wv € E(L(CW,,)) | (2,4) (4, 4)
Number of edges 2n n

TABLE 8. The edge partition of line graph of crown graph

(Su, Sy) where uwv € E(L(CW,,)) | (8,12) (12, 12)
Number of edges 2n n

Theorem 3.1. Let G = CW,, be the crown graph. Then
(1) Ma(G) = n[1% +3%];
(2) Ra(G) =mn-3%[143%;

(3) Xa(G) =n-2%2% + 3°];

(4)

_nﬂH[

(5) GA(G) = 1+7
(6) ABC4(G) =2n[ ek
(7) GA5(G) =n 1+\/5271 ,

Proof. The crown graph has 2n vertices and 2n edges, among them n vertices are of
degree one and n vertices of degree three. Therefore we get the edge partition, based
on the degrees of vertices as shown in Tables 5 and 6. Using formulae (1)-(7) to the
information in Table 5 and 6, we obtain the desired result. O

Theorem 3.2. Let H = L(CW,,) be the line graph of crown graph. Then
(1) My (H) =n-292+2%);

(2) Ro(H) =n-8%[2+2%;
(3) Xa(H) =mn-2°[2-3% +4%;
(4)

ﬁ+\/§ ;

4\f

L ==

4) ABC(H)=n

(5) GA(H) =

(6) ABCy(H) = g [\/3 + m] ;
4v/6

(1) GAs(H) =n |1+ 200

Proof. The line graph of crown graph has 2n vertices and 3n edges, among them n vertices
are of degree four and 2n vertices of degree two. Therefore we get the edge partition,
based on the degrees of vertices as shown in Tables 7 and 8. Using formulae (1)-(7) to
the information in Table 7 and 8, we obtain the desired result. O
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Theorem 3.3. Let [S(G)]" be the derived graph of subdivision graph of crown graph G =
CW,,. Then

(1) Ma(S(@]) = nl1® + 21 +3% +47)
(2) Ro([S(Q)]T) = n[2- 8% 4 16% + 3% + 99];
(3) xa([S(G) = - 20[30+ + 0 2

2 2 3
@) ABC(S@) =n |\ 2+ 2+ va \/;] :
(5) GA([S(A]N) =n |2+ \ég + 4\36] ;

(6) ABC4([S(G)]T) =n

2 23 V3 V2
2\/—+i+£+— ;
21 7 T2 12

(7) GAs(IS(G))F) = = [10+4v6 + v21).

Proof. From Theorem 1.1, we have [S(G)] = L(G) U G. Then by using the information
in Theorems 3.1 and 3.2, we obtain the desired result. ]

4. GEAR GRAPH

The gear graph G, [12] is obtained from the wheel W,, by adding a vertex between
every pair of adjacent vertices of the n-cycle.

FIGURE 4. The gear graph Gg and its line graph L(Gg)

TABLE 9. The edge partition of gear graph

(dy,dy) where uwv € E(Gy,) | (2,3) (3,n)
Number of edges 2n n

TABLE 10. The edge partition of gear graph

(Su, Sy) where wv € E(Gy,) | (6,n+4) (3n,n+4)
Number of edges 2n n
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TABLE 11. The edge partition of line graph of gear graph

(dy, dy) where uwv € E(L(Gy)) | (3, 3)

(3,n+1)

(n+1,n+1)

Number of edges 2n

2n

(2

TABLE 12. The edge partition of line graph of gear graph

(Su, Sy) where wv € E(L(G,)) | (n+7,n+7)

(n+7,n?+5)

(n? +5, n? +5)

Number of edges 2n

2n

(2

Theorem 4.1. Let G = G, be the gear graph. Then
(1) Mo(G) =n-3%+n-2%+n%;
(2) Ro(G) =2n-6% + 3% . notL;
(3) xa(G) =2n-5%+n-(n+3)%;

(4)

4 ABC(G):n[\/?—H/n:;l

26 V3n
- + ,-
5 n—+3

)

(5) GA(G) = 2n [

n+8 2n + 1
(6) ABCy(G) = 2n [\/ e+ V LIEa } ;

Proof. The gear graph has 2n + 1 vertices and 3n edges, among them n vertices are of
degree two, n vertices of degree three and one vertex of degree n. Therefore we get the edge
partition, based on the degrees of vertices as shown in Tables 9 and 10. Using formulas
(1)—(7) to the information in Tables 9 and 10, we obtain the desired result. O

Theorem 4.2. Let H = L(G,,) be the line graph of gear graph. Then

(1) My (H) =2n-3%+n(n+1)%;

(2) Ra(H)=2n-9 + <Z

)(n +1)2@ 4+ 2n[3(n + 1)];

®) xalt) = 20-6°+ (3 )20+ 1+ 20t 0)°
(4) ABC(H) = (n>\/% B
“\2)n+1 3(n+1) 37
(5) GA(H) = n(n;— 3) N 4n\{13~(£17+1);
_(m\V2nZ ¥ 8 n?+n+10  2(046)|
(7) GAS(H) = n(n;— 3) N 4n\/rfglj_-i1;5—i)_(?2+ 7)‘
(n+7)

Proof. The line graph of gear graph has 3n vertices and nT

edges, among them 2n

vertices are of degree three and n vertices of degree n + 1. Therefore we get the edge
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partition, based on the degrees of vertices as shown in Tables 11 and 12. Using formulae
(1)=(7) to the information in Table 11 and 12, we obtain the desired result. O

Theorem 4.3. Let [S(G)]! be the derived graph of subdivision graph of gear graph G = G,.
Then

(1) My ([S(@)]T) = n[2® + 32 + (n+1)°] +
(2) R ([S(Q)]T) = 2n(6% + 9%) +n - (3n)™ + 2n[3(n + 1)]* + ( )(n +1)2

2

(4) ABC([S(C )})—n[\f+ TRV 7;121]+< >n+1

(3) Ya([S(G)]) = 2[5 + 6% + (n + 4)%] + n(n + 3)° <">

26 V3n (n+3) (n+1)
(5)GA([S(G)])—2[5 o +8) WD),

(6) ABC4([S(G)]T):2n[\/ n+8 +\/ on 1 +\/(n2+n+10 L V21 +6)

6(n +4) 6n(n+4) n?2+5)(n+7) n+7

n\ v2n? 4+ 8

(o)X=
2) n?2+5

(n+3) 3n(n+4)

Voé(n+4)  /(n2+5)(n+7)
2 2(n + 1) '

9 GA5([S(G)}T) - n+ 10 n?+n+12

+4n

Proof. From Theorem 1.1, we have [S(G)] = L(G) U G. Then by using the information
in Theorems 4.1 and 4.2, we obtain the required result. O

5. FRIENDSHIP GRAPH

Let Ct(") denote the one-point union of n cycles of length ¢t. The graph Cén) is called
a friendship graph [12].

F1cURE 5. The friendship graph 03(,4) and its line graph L(C§4))
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TABLE 13. The edge partition of friendship graph

(du,dy) where uv € E(C{™) | (2,2) (2,2n)
Number of edges n 2n

TABLE 14. The edge partition of friendship graph

(Su, Sy) where wv € E(C{V) | (2(n+1),2(n+1)) (4n,2(n + 1))
Number of edges n 2n

TABLE 15. The edge partition of line graph of friendship graph

(du,dy) where uv € E(L(C{™)) | (2n, 2n) (20, 2)
Number of edges n(2n —1) 2n

TABLE 16. The edge partition of line graph of friendship graph

(Su, Sy) where wv € E(L(CS)) | (4n, 2[n(2n — 1) +1)) (2[n(2n — 1) +1],2[n(2n — 1) + 1])

Number of edges 2n n(2n —1)

Theorem 5.1. Let G = C’én) be the friendship graph. Then
(1) Mo(G) =2%[2n+n®] ;

E3§ Xa(G) = nld + 20t (n +1)°]

(@) ABC(G) = T

(5) GA(G) =n [1 4 s\fl] ,
SO =
(7) GAs(G) = n [1 A ;Z(fi”)

Proof. The friendship graph has 2n + 1 vertices and 3n edges, among them 2n vertices
are of degree two and one vertex of degree 2n. Therefore we get the edge partition, based
on the degrees of vertices as shown in Tables 13 and 14. Using formulas (1)—(7) to the
information in Table 13 and 14, we obtain the desired result. ]

Theorem 5.2. Let H = L(Cén)) be the line graph of friendship graph. Then
(1) My (H) =n-2%+ (2n)*+! ;
(2) Ro(H) =4 [n**(2n — 1) +2-n%] ;
(3) Xa(H) = 4%nF1(2n — 1) + 29T In(n + 1) ;
2n —1)y/(2n —1
(4) ABC(H) = ny2 4 2n= DV = 1)

\/i )
B dny/n
(5) GA(H) =n(2n—1) + nt 1’
_ @n+1)  (@n-1)VEn2—dn+2|
(6) ABC4(H)_n[ 2n?—n+1Jr 4n? —2n + 2 ’
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dny/2n[n(2n — 1) + 1]
n(2n+1) +1

Proof. The line graph of friendship graph has 3n vertices and n(2n + 1) edges, among
them n vertices are of degree two and 2n vertices of degree 2n. Therefore we get the edge
partition, based on the degrees of vertices as shown in Tables 15 and 16. Using formulas
(1)—(7) to the information in Table 15 and 16, we obtain the desired result. U]

(7) GA5(H) =n(2n—1) +

Theorem 5.3. Let [S(G)]" be the derived graph of subdivision graph of friendship graph
G = C:gn). Then

(1) Mo ([S(G)]) = (1 +2n)(2n)* +3n - 2% ;
(2) Ra([S(@)]1) = n-4% + (4n)*T" 4+ n(2n — 1)(2n)** ;
(3) Xa([S(A)]) =n -4~ + n((2n - 1)(4?)0‘ +4n[2(n + 1)
_n (2n—-1)y/(2n-1)
(4) ABC([S(G)]T) = Vol /s ;
(5) GAS(@) = 2n? + 20
B 1 [2n+1 3 2n+1)  (2n—1)V8nZ—dn+2
(6) ABC4([S(G)]T)_n[n+1\/ 2 +\/ +1+\/2n2—n+1+ An? —2n + 2
- 4y/2n(n+1)  4ny/2n[n(2n —1) + 1]
(7) GA([S(O)]Y) = 2n* + =7 n@n+1)+1
Proof. From Theorem 1.1, we have [S(G)]" = L(G) UG. Then by using the information
in Theorems 5.1 and 5.2, we obtain the required result. ]

6. CONCLUSION

In this paper, we have computed expression for some topological indices of derived graph
of subdivision graph of a tadpole graph, a crown graph, a gear graph and a friendship
graph.
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