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ON EXISTENCE OF PERIODIC SOLUTIONS OF THE KDV TYPE
EQUATION

T. M. IMANALIEV?, §

ABSTRACT. We prove the existence of the periodic solutions of the KDV type of equation
with respect to time variable with periodic external force. Using the integral substitution
we reduce the original equation to the integral equation. The existence of the unique
solution of the equation is proved by the fixed point theorem. Thus we show that the
solitons are periodic in time as well as in space dimension.
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1. INTRODUCTION

In this paper we investigate the properties of Korteweg-de Vries type equation with
the external force. We show that the solitary wave under effect of the periodic force
becomes periodic. We investigated ”inhomogeneous” KDV type equations in [1]- [4]. In
that paper the equation is reduced to the system of integral equations. The method of
solving was named as the Additional Argument Method. We noticed that there is no much
investigations on equations with the right hand side terms. This paper is a part of the
research on this topic.

2. MAIN RESULTS

We investigate the properties of the solutions of KDV type equations of the form

ut(t, ) + ult, v)ug(t, ©) + ugaa (t, ) = f(t, 2, u(t, v)), (1)
with the known functionf(t,z,u) € C[Ry, R, R], f(t,z,u) = f(t + T, z,u), T=const,
Itz ul =  sup  |f(te,u)| < M = const,
0<t<T,

—00<T,u< 00

We investigate periodic solution of (1) alsatz

1 t+T poo oo efiw(xfs)f(w2+52+1)(tfz/)
wra)= o [ [ e Qusdstar ()

with the new unknown function Q(¢,x) € C[Ry, R, R],Q(t + T, z) = Q(t, ).
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Theorem 1. If f(t,x,u) is periodic then for the certain ball R equation (1) possess unique
periodic solution with respect to t.

We prove the theorem in the form of Lemmas
Lemma 1. Function (2) is periodic with respect to t.

Proof. Indeed

t+2T —zw x—8)—(w?+524+1) (t+T—v)
u(t+7T,x) / / / T ] Q(v, s)dsdwdv.  (3)

Using the substitution v = T + p we obtain from (3),

t+T —zw z—8)—(w2+s2+1)(t—p)
u(t+T,x) 277/ / / e(w2+52+1)T Q(v, p)dpdwdy = u(t,z). (4)
U

To define the unknown function Q(¢,x) we substitute (2) in (1). Differentiation with
respect to ¢ we obtain from (2), the following

iw(x—s) (w2+82+1)(t—t—T) -1

0o e~
() 27r/ / w2+32+1)T 1 Q(t, s)dsdw

T poo 00 piw(e—s)=(wHs*+1)(Ev) (h2 4 42 4 1)
/ / e(w?+s2+1)T _ 1 Q(v, s)dsdwdy (5)

t+T —zw z—8)—(w?4s2+1)(t—v) w2 + g2 +1
=Q(t,xr) — / / / W TIT _<1 )Q(u, s)dsdwdy.

Tripple differentiation with respect to x of (2), gives us

t+T w3e—tw(z— 8)—(w?+s2+1)(t—v)
Ugaz (t, T) 277/ / / W TIT ] Q(v, s)dsdwdv. (6)

We have

u(t, x)ug(t, x)

t+T e—iw(z—s) (w24s241)(t—v)
= 47_[_2 / / / 2+82+1)T Q(V, S)dsdwdy (7)

e p—iw(z—s)—(w+s+1)(t—v)
/ / / w2+82+1) 1 ZU)Q(V, s)dsdwdu.

Adding right and left hand sides of (5), (6) and (7) taking into account (1), we obtain

ut(t, ) + uug(t, ) + Uzge (t, ) = f(t, 2, u)

1 t+T poo  poo —iw(z—s)—(w2+s2+1)(t—v)(,,2 211
_2/ / / € (w+s"+ )Q(V,s)dsdwdu
T J¢ —00 J —00

e(w2+s24+1)T _ q
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i wde—iw(@—s)—(w+s2+1)(t—v)
/ / W2 T2 )T _ | Q(v, s)dsdwdv (8)

t+T fzw(x 8)—(w?+s2+1) (t—v)
e / / / W T ] Q(v, s)dsdwdv

t+T e—iw(z—s)—(w+s2+41)(t—v)
/ / / (w2+s2+1)T _ in(V, S)dsdwdy.

To define the unknown periodic functlon Q(t,x), we have the following nonlinear integral
equation

t+T —zw 2—8)—(w+s2+1) (t—v)
Qt,x)=f|1t,x, / / / w2+82+1) — Q(v, s)dsdwdv

t+T/ / e—iw(z—s) (w2+52+1)(t—y)(w2_|_52+1)Q( )d o
v, Ss)asawar

e(w?+s2+1)T _ 1 ’ 9)

t+T —zw(x 8)—(w?+s2+1) (t—v)
47r / / / @ T ] Q(v, s)dsdwdv

+T —zw(ac 5)—(w?+s2+1) (t—v)
/ / / (w2+s2+1)T _ in(% S)dsdwdu.

Lemma 2. The function Q(t,x) is periodic Q(t + T,x) = Q(t,x).

Proof. Direct substitution gives us

t+2T 7zw x—8)—(w24824+1) (t+T—v)
Qt+T,x)=f|t+T,uz, 27?/ / / AT Q(v, s)dsdwdv

t+2T 71w z—s) (w2+32+1)(t+T71/)(1 4 w2 4 2 — ng)
/ / e(w?+s24+1)T _ 1

t+2T 71w z—8)—(w4s24+1)(t+T—v)
477 / / / e(w2+52+1)T Q(v, s)dsdwdv (10)

t+2T —zw z—8)—(w2+s2+1)(t+T—v)
/ / / e(w24s2+1)T _ wQ(v, s)dsdwdy.

Applying the substitution v = T + s we obtain from (10) the following

t+T e—tw(z— 5)—(w?+s2+1)(t—p)
QT = f(ros- [ [ [ Qe s)dsdudy

t+T /oo /oo e—iw(m—s)—(w2+82+1)(t—p)(1+w2+82 — iw?)

Q(v, s)dsdwdv

e(w2+52+1)T _ 1 Q(p7 S)dewdp

T e~ tw( —(w?+s%4+1)(t—p)
47"2 / / / w2+s2+1)T 1 Q(p, s)dsdwdp
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t+T —zw (w2+s24+1)(t—p)
L vt sasdudp = Q).

Lemma 3. The equation (9) possess periodic solution if

f(t,z,u) € Lip{Go{0 <t <T,—00 < x,u < oo}},

M
1£(t, 2, u2) = ft, 2, u) | < Nlup — ]| [(N+3) e + —=e™| <

1
V2 T2

Proof. Consider the space of continuous functions C' {Q(¢, )} with the norm

=8

The right hand side of equation (9) we consider as operator H [Q] : Go — Go.
We have

IH QI < IIf(t,z,0)]]

t+T —Z’LU(I S) 2+32+1)(t—y)
b / / / e(w2+s2+1)T _ Q(v, s)dsdwdv | — f(t,x,0)

g e Gl T RATEL AR
27r / / / ‘ ‘ e(w?+s2+1)T _ |Q(v, s)|| dsdwdv
s 00 |gmin(e=s)| o~(witsT1)(t—v)
47T2 / / e(w2+32+1)T -1 HQ(Vv S)” dsdwdv

t+T 00 ‘e—zw(x s) (w?+s2+1)(t—v)
/ / / w2+82+1) 7 |w] |Q(v, s)|| dsdwdv

t+T 0o |6—7,w(w 5)| e~ (w2+s2+1)(t—v)
<M —|— / / ST ] dsdwdv ||Q(v, s)||

t+T (w 2452 +1) (|w|3 +w2 +$2 + 1)
/ / 1 — - +s+1)T dsdwdv |Q(v, s)|

1 t+T poo oo 67(w2+32+1)T
+477T2 / / / 1_ 6—(w2+32+1)T dsdwdy
t+T (w2+s2+1)T 5
e el dsdudy Q)

t+T 0 e’}
< M+ / / / e~ (W07 g dsdy R

/HT/ / [46 > } dwdsdvR
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t+T T
T A I B A I e T
T
Ne™ de~ t+T poo  poo w22
=M+ e2 WR_'_ ; / / / e TdwdsdvR
m

N

Ne T N e_T\ffT\/E\/TT

2R?e?T \/7\/m\V2T

2 27/ TVT i JTVT
2Re 2T
<M+ |[(N+4)e T+ ]
a [( ) 2v/2

=M+ [(N+3)e”" +Re | R

1 1
:M_|_§R:R;R:2M.(N—|—3)6_T+2M€_TS 5

Thus, the operator H [@)] mapps the points of the ball with the radius R=2M onto the
same ball. We now show that the operator H [Q)] is the contractive operator. Indeed

o e—iw(@—s)—(wi+s>+1)(t—v)
b / / / w2+s2+1) 1 Q(v, s)dwdsdv
e g iw(e—s)~(w?+52+1) (1)
A / / / W2+ )T _ | G(v, s)dsdwdv

o 2 |emiwlea)| = (DO (P 4 w? + 57 +1)
271' / / / e(w2+32+1) 1 dsdwd}j ||Q — GH

t+T 00 ‘e—zwm s‘ —(w2+s24+1)(t—-v)
471'2 / / (W2 1)T _ | dsdwdv

t+T oo |g—iw(z—s) 6 —(w?4s241)(t—v)
T ‘ e [0l Q0 9)| dsduwds | — G|

t+T poo  poo ‘efiw T—s ‘ 67(w2+52+1)(t—y)
/ / W2 +s2+ )T _ | |G (v, s)|| dsdwdv

t+T 00 |€ tw(z— s)’e w2+s2+1)(t—v)
/’ / | e uldwdsv @ - 6]

t+T o0 }e dw( (w?+s2+1)(t—v)
> 27_‘_ / / w2—|—s2+1) 1 dsdwdv HQ — GH

t+T e_(w2+52+1)T(’w| Fw? s+ 1)
_ t / / 1— 6_(w2+52+1)T dsdwdv HQ — GH

o e~ (W?+s*+1)T
47r2 / / / 1 — o—@+s2+ )T dsdwdv

IH [Q] - HI[G]|| <
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t+T oo [oo e—(%2+s2)T
/ / / = dwdsdv [|Q — G|
t —o0J—00 1 — e_(7+5 +1)T
N t+T oo [eS) —(w?+s24+1)T 4 -T t+T oo o0 w22
< 2—/ / / ‘ T T dsdwdv + ; / / / e T dsdwdy
™ Jt —oo J —00 I—e ™ t —o0 J —00

—27 t+T foo  foo t+T oo oo w?
+ 62—2R/ / / 6_(w2+82)Tdede/ / / e_(2+32)wad8dV} 1Q -Gl
a t —o0 J —00 t —oo J —o0

=27

Re 1
< |Ne T +4e T + ] -Gz |I1Q-G
<| - |le-cl<5le-cl
Thus we proved that operator H [Q)] is contractive. Therefore nonlinear integral equa-
tion (9) has the unique periodic solution Q(t,z), and

1Q(t, z)[| < R = 2M;

Hence we proved that the equation (1) also has the unique periodic solution with

lu(t,z)|| < R =2M,
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