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APPLICATION OF THE HOMOTOPY PERTURBATION METHOD
(HPM) AND VARIATIONAL ITERATION METHOD (VIM) TO GAS
DYNAMIC EQUATION

M. KAZEMI-SANGSEREKI', D. D. GANJI!, M. GORGI' §

ABSTRACT. A gas-dynamic control system is one where the path of an object in flight is
controlled by either the generation or redirection of gas flow out of an orifice rather than
with the traditional movable control surfaces. In this paper considering Hes Homotopy
perturbation and Variational iteration methods are calculated the homogeneous gas dy-
namics equations. The exact (analytic) solution of the equation is calculated in the form
of a series with easily computable components like to Adomians decomposition method.
The Comparison of result of HPM and VIM with Adomians decomposition method show
that they are agreement with them, and HPM, VIM can solve large class of nonlinear
problems.
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1. INTRODUCTION

The recent years have seen significant development in the use of various methods for the
numerical and analytic solution of the partial differential equation. The aim of the present
paper is to implement the homotopy perturbation and variational iteration methods [1220]
for the homogeneous gas dynamics equations to an approximation solution. The solution
of this method is derived in the form of power series with easy computable components.

Over the last decades several analytical/approximate methods have been developed to
solve linear and nonlinear ordinary and partial differential equations. Some of these tech-
niques include variational iteration method (VIM) (He [16,17]; Ganji et al., [12,14,15];),
homotopy perturbation method (HPM) (He [2,8,9,10,11]; Ganji et al., [5,6,7,12,14,15];)
etc. Linear and Nonlinear phenomena play an important role in varios fields of science
and engineering. Most models of real life problems are still very difficult to solve. There-
fore, approximate analytical solutions such as homotopy perturbation method [2-15] were
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introduced. This method is the most effective and convenient ones for both linear and
nonlinear equations.

Perturbation method is based on assuming a small parameter. The majority of nonlinear
problems, especially those having strong nonlinearity, have no small parameters at all and
the approximate solutions obtained by the perturbation methods, in most cases, are valid
only for small values of the small parameter. Generally, the perturbation solutions are
uniformly valid as long as a scientific system parameter is small. However, we cannot rely
fully on the approximations, because there is no criterion on which the small parameter
should exists. Thus, it is essential to check the validity of the approximations numerically
and/or experimentally. To overcome these difficulties, HPM have been proposed recently.

Recently, He (1999) proposed a variational iteration method based on the use of restricted
variations and correction functionals which has found a wide application for the solution
of nonlinear ordinary and partial differential equations. This method does not require the
presence of small parameters in the differential equation, and provides the solution (or
an approximation to it) as a sequence of iterates. The method does not require that the
nonlinearities be differentiable with respect to the dependent variable and its derivatives.

In this paper we will apply the homotopy perturbation method and variational iteration
method to gas dynamics equation and comparing the result of HPM, VIM with ADM
[21-23]

2. Basic IDEA oF HOMOTOPY-PERTURBATION METHOD
To explain this method, let us consider the following function:
A(uw) — f(r)=0, reQ (1)
With the boundary conditions of:
=0, rerl, (2)

Where A, B, f(r) and I' are a general differential operator, a boundary operator, a known
analytical function and the boundary of the domain €, respectively. Generally speaking
the operator A can be divided in to o linear part L and a nonlinear part N(u). Eq.(1) can
therefore, be written as:
L(u) + N(u) — f(r) =0 (3)
By the homotopy technique, we construct a homotopy
u(r,p) : 2 x [0,1] — R Which satisfies:
H(v,p) = (1 = p)[L(v) = L(uo)] + p[A(v) = f(r)] =0, (4)
pe[0,1], reQ,
or
H(v,p) = L(v) — L(uo) + pL(uo) + p[N(u) — f(r)] =0, (5)
where p € [0, 1] is an embedding parameter, while ug is an initial approximation of Eq.
(1), which satisfies the boundary conditions. Obviously, from Egs. (4) and (5) we will

have:
H(v,0) = L(v) — L(up) = 0, (6)
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H(v,1) = A(v) = f(r) =0, (7)

The changing process of p from zero to unity is just that of v(r,p) from ugp to u(r).
In topology, this is called deformation, while L(v) — L(ug) and A(v) — f(r) are called
homotopy. According to the HPM, we can first use the embedding parameter p as a small
parameter, and assume that the solutions of Eqgs. (4), (5) can be written as a power series
in p:

v =1y +pur +pPug + -, (8)
Setting p = 1 yields in the approximate solution of Eq. (4) to:

u:hHiUZU()—i-'Ul—i-UQ—f—”', (9)
p—)

The combination of the perturbation method and homotopy method is called the HPM,
which eliminates the drawbacks of the traditional perturbation methods while keeping
all its advantage. The series (9) is convergent for most cases. However, the convergent
rate depends on the nonlinear operator A(v). Moreover, He (1999) made the following
suggestions:

. The second derivative of N(v) with respect to v must be small because the param-
eter may be relatively large, i.e.p — 1.
ION
. The norm of L~"%> must be smaller than one so that the series converges.

3. BAsIC IDEA OF VARIATIONAL ITERATION METHOD:
To clarify the basic ideas of VIM, we consider the following differential equation:
Lu+ Nu = g(t), (10)

Where L is a linear operator, N is a nonlinear operator and g(¢) is a homogeneous term.
According to VIM, we can write down a correction functional as follows:

Unt1(t) = un(t) +/0 A(Lun(7) + Na(r) — g(7))dr (11)

Where X is a general lagrangian multiplier which can be identified optimally via the vari-
ational theorem, The subscript n indicates the nth approximation and u,, is considered as
a restricted variation, i.e.0t = 0.

4. THE GAS DYNAMIC EQUATION IN GENERAL:

The classical gas dynamic equation is given by the formula [1]:

0 u?(z,t) O
au(m,t)—i— 5 Bp

u(z,t) =Degree of tempreture,

u(z,t) —u(z, t)(1 —u(z,t)) = 0; (12)

t =Time from Zero Point, seconds,
x =Distance from zero to 1,

Consider Eq. (12), and assume that initial condition as follow and assume that we have
not any boundary condition,

u(z,0) = g(x) (13)
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Where g(z) =Initial condition of gas equation,
The exact solution by Adomians Decomposition method [12] has been expressed as follows:

v(z,t)=a(l —e @) +at(l —e?) —a’t(l — e ®)? —a’t(e™® — e 2%) + (14)

242 242
' |
+ (e (e e a4

5. APPLICATION OF HOMOTOPY PERTURBATION METHOD:

We consider Eq. (12) for gas dynamic equation with initial conditions as follows:
To solve Eq. (12) by means of HPM, we consider the following process after separating
the linear and nonlinear parts of the equation.
A homotopy can be constructed as follows [20]:

2

H(up) = (1 - p)( P00y 4 p Q0D CEDIULY )1~ ua, 1)), (15)
Substituting u = ug + pui + --- in to Eq. (15) and rearranging the resultant equation
based on powers of p—terms, one has:

0
pO : auﬂ(xat) = Oa (16)
e Lo, t) Bty + L) — uola ) = 0 (17)
P 5un(®, &ruo T, uj(z, atul x, ug(x,t) = 0.
> Qug(a, tus (1) + Dun(,t) + 2 t) Lo (1) — (18)
P 2up\x,t)ul\x, atUQ Z, 2u0 Z, 8SUU1 Z,

—uy(z,t) + uo(m,t)ul(aj,t)%uo(:n,t) =0
With the following initial conditions:
uo(z,0) = g(x) =a(l —e™®), (19)
wi(0,8) =0, i=1,2,-
u(z,t) may be written as follows by solving the Eqs (16), (17) and (18):

ug(z,t) =a(l—e™ ™) (20)

ui(z,t) = fg(a%_x —2a%e7%" 4 4?73 £ 20 — dae”® + 207 — 2427t (21)

42
us(z,t) = —%(—8(12 +12a + 32ae ™ + a*e ™ + 4e™® — 24ae " — 8ate (22)

—40a%e % £ 124%™ % + 1642737 + 12ae~ 2" + 18a%e 3% — 16a’e ™%
+5ate™ — 4 — 124%™ 4 36a3¢2* — 36a3e37)

In the same manner, the rest of components were obtained using the maple package.
According to the HPM, we can conclude that:

u(z,t) =limu(x,t) = up(z,t) +ur(z,t) +uo(x,t) + - . (23)
p—1
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Therefore, substituting the values of ug(z,t), ui(z,t) and ug(x,t) from Egs. (20), (21)
and (22) in to Eq. (23) yields:
u(z,t)=a(l —e™ ) — g(aQe_I —2d%e™ % 4 4?73 4 20 — dae”" + 20672 — 24 27 O)t

12
- %(—8612 +12a + 32a%e™" + a*e™ + 4e™" — 24ae”" — 8a’e ™ — 40a’e ™"

+12a%¢ ™ 4+ 16a% 3% 4 12ae 2% + 18a’e 3% — 16a'e ™% + 5a'e ™ — 4 (24)

—12a%¢™" 4 36a%e > — 36a%¢737)

Fig. 1 shows the results of gas dynamics equation by HPM and difference with ADM
result after substituting a = .01 and plotting for 0 < z < 1 and 0 < ¢t < 1. And the
variational iteration formula is obtained in the form:

k
1

=
= i
T

T L i, B i i i Bt A B o o e m T T
a 5 1 15 x a o3 ot & 0a& |

Figure 1: Result of gas dynamics equation using (HPM) method [0 < z < 1 and
0<t<20]. (A---3D, B---x=05 C---t=20)

6. APPLICATION OF VARIATIONAL ITERATION METHOD:

In this section, variational iteration method is developed for solving gas dynamic equa-
tion. Consider gas dynamics equation in Eq.12.
To solve Eq. (12) via VIM, one has to find the Langrangian multiplier, which can be
identified by substituting Eq. (12) into Eq. (11), upon making it stationary leads to the

following:
1—XN|= =0
M=t =0 (25)
)\I/‘T:t — 0

Solving the system of Eq. (25), Yields:
A7) = -1, (26)

¢ dup(x,7) 1,
m 7t = Un 7t - Y - a Yn\Ls
Unt1(2,t) = up(x )+/0 { - tau (x,7)

dup(z,T)
T

— up (2, 7)(1 — up(z, T))} dt
(27)
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Now, we assume that the initial approximation has the form:
ug(z,t) =a(l—e™ ™) (28)
Using the above variational formula (27), we have:

ui(x,t) = ug(x,t) +/0 — {duoc(lf_’q—) + ;u%(x,r)cmoéf_’ﬂ —ug(x,7)(1 — uo(x,r))} dt
(29)

Substituting Equation (28) in to Equation (29) and after simplification, we have:

ui(x,t) = g(Z —2e7% —a’te™® 4 2a’te 2 — a’te 3 4+ 2t — 2at + date ™ — 2te™® — 2ate %)

(30)
In the same way, we obtain ug(x,t) that because it is too big we neglect to write that,
Fig. 2 shows results of gas dynamics equation by HPM and difference with ADM result,
after substituting ¢ = .01 and plotting for 0 < x < 1 and t > 0.

o P T T T
Lo & 11} 15 i) 4 [l 04 06 OB
v

A B C

Figure 2: Result of gas dynamic equation using (VIM) method [0 < z < 1 and ¢ > 0].
(A---3D, B---x=05 C---t=20)

7. CONCLUSIONS

In this paper, variational Iteration and homotopy perturbation methods have been suc-
cessfully applied to find the solution of gas dynamics equation. Solution of gas dynamic
equation shows that the results of proposed methods are in agreement with each other.
The homotopy perturbation method which was used to solve gas dynamic equation seems
to be very easy. There is less computation needed in comparison with the other meth-
ods (numerical and analytical methods). The results obtained here clearly show, that the
variational iteration method, is capable of solving gas dynamic equation, with a rapid con-
vergent successive approximation, without any restrictive assumptions or transformations,
that may change the physical behavior of the problem.both of VIM and HPM solution are
in agreement with decomposition method.



M. KAZEMI-SANGSEREKI, D. D. GANJI, M. GORGI: APPLICATION OF THE HOMOTOPY ... 33

1]
2]

3]

[13]

[14]

[15]

[16]
17)
18]
19)
20]
[21]
[22)

[23]

REFERENCES

Evans, D.J. and Bulut, H., (2002), A New approach to the gas dynamics equation: An Application
of the Decomposition method. Intern. J. Computer Math., vol.79(7).

He, J. H., (2004), The homotopy perturbation method for nonlinear oscillators with discontinuities,
Applied Mathematics and Computation, 151, 287-292.

Siddiqui, A.M., Mahmood, R. and Ghori, Q.K., (2006), Thin film flow of a third grade fluid on a
moving belt by Hes homotopy perturbation method, Internat J. Nonlinear Sci. Numer. Simul, 7(1),
714.

Abbasbandy, S., (2006), Iterated Hes homotopy perturbation method for quadratic Riccati differential
equation, Appl. Math. Comput., 175, 581-589.

Ganji, J. D. D. and Sadighi, A., (2006), Application of Hes Homotopyprturbation Method to Nonlin-
ear Coupled Systems of Reactiondiffusion Equations, International Journal of Nonlinear Science and
Numerical Simulation, 7(4), 411-418.

Rafei, M. and Ganji, D. D., (2006), Explicit Solutions of Helmholtz Equation and Fifthorder Kdv
Equation using Homotopyperturbation Method, Int. J. Nonl. Sci. and Num. Simu., 7(3), 321-328.
Ganji, D. D. and Rajabi, A., (2006), Assessment of homotopy-perturbation and perturbation merhods
in heat radiation equations, Internat. Comm. Heat Mass Transfer, 33, 391-400.

He, J.H., (1999), Homotopy perturbation technique, J. Comput. Math. Appl. Mech. Eng., 17(8),
257-262.

He, J.H., (2000), A coupling method of homotopy technique and perturbation technique for nonlinear
problems, Int. J. Non-Linear Mech., 351, 37-43.

He, J.H., (2005), Application of homotopy perturbation method to nonlinear wave equations, Chaos,
Solitons and Fractals, 26(3), 695-700.

He, J.H., (2006), Homotopy perturbation method for solving boundary value problems, Physics Letter
A, 350(12), 87-88.

Khaleghi, H., Ganji, D. D. and Sadighi, A., (2007), Application of variational iteration and Homotopy-
perturbation methods to nonlinear heat transfer equations with variable coefficients, Numerical Heat
Transfer, Part A, 52(1), 25-42.

He, J.H., (2006), New interpretation of Homotopy perturbation method. Int. J. Mod. Phys. B, 20(18),
2561-2568.

Sadighi, A. and Ganji, D. D, (2007), Solution of the generalized nonlinear Boussinesq equation using
homotopy perturbation and variational iteration methods, International Journal of Nonlinear Science
and Numerical Simulation, 8(3), 435-444.

Ganji, D. D. and A. Sadighi, (2007), Application of homotopy perturbation and variational iteration
methods to nonlinear heat transfer and porous media equations, Journal of Computational and Applied
mathematics, 207, 24-34.

He, J.H., (1999), Variational iteration method kind of non-linear analytical technique: some examples,
Internat. J. Nonlinear Mech., 34(4), 699-708.

He, J.H., (2000), Variational iteration method for autonomous ordinary differential systems, Applied
Mathematics and Computation, 114, 115-123.

Abdou, M. A. and Soliman, A.A., (2005), Variational iteration method for solving Burgers and coupled
Burgers equations, J. Comput. Appl. Math., 181(2), 245-252.

Wazwaz, A. M., (2006), The variational iteration method for rational solutions for KdV, K(2,2)
Burgers, and cubic Boussinesq equations, J. Comput. Appl. Math., in press.

Sweilam, N. H. and Khader, M. M., (2007), Variational iteration method for one dimensional nonlinear
thermoelasticity. Chaos Soliton Fract., 32, 145-149.

Abbasbandy, S., (2006), Homotopy perturbation method for quadratic Riccati differential equation
and comparison with Adomians decomposition method, Appl. Math. Comput.,172, 485-490.
Wazwaz, A.M., (2006), A comparison between the variational iteration method and Adomian decom-
position method, J. Comput. Appl. Math., in press.

Biazar, J., Babolian, E. and Islam, R., (2004), Solution of the system of ordinary differential equations
by Adomian decomposition method, Applied Mathematics and Computation, 147, 713-719.



34

TWMS J. APP. ENG. MATH. V.1, N.1, 2011

M. Kazemi-Sangsereki was born in Qaemshahr, Mazandaran, Iran, in
1984. He obtained his B.Sc. and M.Sc. degrees in Mechanical Engineering
in Babol Noshiravani University of Technology, Babol, Iran. His research
interests mostly include computational fluid dynamic, internal combustion
engines and gas dynamics.

D. D. Ganji was born in Babol, Iran in 1975. He obtained his B.Sc. degree
in Mechanical Engineering from University of Tehran in 1989. In advance,
Dr. Ganji got his M.Sc. and Ph.D. degree in Mechanical Engineering from
Tarbiat Modares University, Tehran in 1992 and 2004 respectively. Currently,
Dr. Ganji is associate professor in department of Mechanical Engineering,
Noshiravani University of Technology, Babol, Iran. He has several refereed
publications in different fields of Mechanical Engineering and applied math-
ematics such as FDM, FVM, inverse problems, HPM, spray modeling and
aerodynamics. In addition, he is editor in several international journals such
as ”International Journal of Nonlinear Dynamics and Engineering Science”,
”International Journal of Nonlinear Science and Numerical Simulation”, and
”International Journal of Differential Equations”.

M. Gorji-Bandpy was born in Ghaemshahr, Iran in 1954. He obtained his
B.Sc. and M.Sc. degree in Mechanical Engineering from University of Tehran
in 1976 and 1978 respectively. In advance, Prof. Gorji-Bandpy got his Ph.D.
degree in Mechanical engineering from University of Wales (UWCC) in 1991.
Currently, Prof. Gorji-Bandpy is professor in department of mechanical engi-
neering in Noshiravani University of Technology, Babol, Iran. He has several
refereed publications in different fields of Mechanical Engineering such as
fluid mechanics, turbomachinery, hydro engineering and renewable energies.
In addition, he has editorial responsibility in several international journals.




