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NEW APPROACH TO THE SOLUTIONS OF THE PIB EQUATION

J. RASHIDINIA', A.BARATI" §

ABSTRACT. In this paper, based on the Exp-function method and mathematical deriva-
tion, we obtain several explicit and exact traveling wave solutions for the PIB equation.
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1. INTRODUCTION

It is well known that many important phenomena and dynamic processes in physics,
mechanics, chemistry, biology and etc can be represented by nonlinear partial differential
equations. For decades, mathematicians and physicists have devoted considerable effort
to the study of solutions of nonlinear partial differential equations. The study of exact
solutions of nonlinear evolution equations plays an important role in soliton theory and
explicit formulas of such exact solutions play an essential role in the nonlinear science.
Also, the explicit formulas may provide physical information and help us to understand
the mechanism of related physical models.

In recent years, many kinds of powerful methods have been proposed to find solu-
tions of nonlinear partial differential equations, e.g., the inverse scattering method [1], the
variational iteration method [2], the homotopy perturbation method [3, 4, 5], Backlund
transformation method [6, 7], the tanh-method [8], the sinh-method [9], the homogeneous
balance method [10], the F-expansion method [11], algebraic geometric method [12]. One
may find a complete review in [13].

J.H.He in [14] suggested a novel method, so-called Exp-function method, to search
for solitary solutions, compact-like solutions and periodic solutions of various nonlin-
ear wave equations. The basic idea of the Exp-function method was provided in [15]
and one may find several applications of the Exp-function method over various areas in
[14, 16, 17, 18, 19, 20].

we consider non-traveling wave solutions of the two dimensional Painleve integrable
Burgers equation (PIB) [21, 22, 23]
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Up = Uly + ANVUL + [y + AUz
Up = Vy,

(1)

where A and p are nonzero constants. Eq. (1) was derived from the generalized Painleve
integrability classification by Hong et al. [22]. Some explicitly exact solutions of Eq. (1)
have been obtained via variable separation approach [22, 23] and multiple Riccati equa-
tions rational expansion method [21].

The outline of this paper is as follows. In the following section we review the Exp-
function method and then we apply the method to find explicit formulas of solution of the
PIB equation in Section 3, We present a brief conclusion in Section 4.

2. THE EXP-FUNCTION METHOD

We consider the following nonlinear partial differential equation

N(X, Xzy Xys Xzs Xty Xzzs Xyys Xzzs Xzys Xats Xyt * ) =0. (2)
By using transformation
n=ax+by+cz+dt+-,

where a, b, ¢, d and y are constants, we can convert (2) to the following nonlinear ordinary
differential equation

M(X: le Xllv Xm7 e ) =0, (3)

where the prime denotes the differentiation with respect to 7.
Adopting the Exp-function method given in [14], and assuming that the traveling wave
solution can be expressed in the following form

Ny
Z an exp(nn)
n=—Ng,

x(n) = — :
> b exp(mn)
m=—M,

where M,, My, N, and N, are positive integers which could be freely chosen, and a,, and
by, are unknown coefficients to be determine. The equation (4) can be rewritten in the
expanded form such as

an, exp(Nyn) + - +a—n, exp(—Ny7n
() = 20 (No 1) (=Nam)

— . 5
bag, exp(Myn) + - -+ + b_p, exp(—My 1) (5)

In order to determine the values of N, and M,, we balance the linear terms of the highest
order in equation (3) with the highest order nonlinearity. Similarly, to determine the
values of N, and M}, we balance the linear terms of the lowest order in equation (3) with
the lowest order nonlinear terms. For more details see [14, 19].
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3. EXPLICIT FORMULA OF SOLUTIONS OF THE PIB EQUATION

In order to obtain the traveling wave solutions of the equation (1), by using the trans-
formation u(n) = u(z,t,y), n = kx + wt + By , the equation (1) can be converted to
following system:

wu' = Pun’ + Nevu’ + pB2u’” + Auku”

o (©)

from second relation in(6)we have:

k
v=(su+c), (7)
p
where ¢1 is a constant. Substituting (7) into the first relation (6), we get the following
ordinary differential equation:

(8 + AT’f)uu' + (Mker — w)u + (B2 + Auk2)u” = 0. (8)

Using equation (5) in (8) and according to the homogeneous balance principle yields that
M, =N, and M,=N,.

In the following subsections, we consider some arbitrary values of the numbers N, and
Ny to derive explicit analytic solutions of (8). One may choose the numbers N, and
Ny arbitrary , but the resultant solutions do not strongly depend upon such choice (see
(14, 19]).

3.1. Case 1: N, =1 and N, = 1. For simple case of these choice, the trial function (5)

becomes
_ arexp(n) + ap + a—1 exp(—1n)
u(n) = : (9)
by exp(n) + bo + b1 exp(—n)
For convenience, set by = 1. Substituting equation (9) into equation (8) and using some

mathematical calculations we can derive the following relations:

case I:
—2wfBbg + 2BAkcibg + B2ag + A\k2ag
ag = ao, ap = — bo(ﬁQ 4 /\kQ) ’ -1=0,
bO:b0> b*lzoa ﬁ:ﬁv )‘:)‘7 k:ka
)\k2a0 + BAkcibg + Ban — Bwbgy
w=w Cc1 = Cq.

= Bbo(5% + Ak2) ’ ’
Then we have the following solitonary solution u(n)

— 2 2
( ) o 2wﬁb0+2bﬁo)\(lz‘3021ﬁg\~£2ﬁ) ag+Ak“ag eXp(T]) + ao
u\n) = )
exp(n) + bo

where ag,by, A\,0,k,w and ¢; are arbitrary parameters.
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case II:

ag = 0, a1 = aq, a_1 =aja_1 —4a_1u0,
by =0, b_1="b_1, 6 =0, A=A, k=k,

a13% + a  \k% + pAkcr — 2uB3 — 2upBNk?
lu’ = ILL’ w = 5 b Cl = Cl‘

Then we have the following solitonary solution u(n)

_ 4pa_iBexp(—n)
exp(n) + a_1 exp(—n)’

u(n) = a

where a1, a_1, u and § are arbitrary parameters.

3.2. Case 2: N, =2 and N, = 2. In this case, we set N, = M, = 2 and N, = M} = 2,
then the trial function (5) becomes

() = @ exp(2n) + ar exp(n) + ao + a—1 exp(—n) + a—2 exp(—21n)

 baexp(27) + biexp(n) + bo + b_1 exp(—1) + bz exp(—27n) |

There are some arbitrary parameters in the above equation. We also set a; = b; = 0 for
convenience, then the trial function (10) is simplified as:

(10)

(n) = azexp(2n) + ap + a_1exp(—n) + a_2 exp(—27)
by exp(2m) + by + b_1exp(—2n) + b_gexp(—27n)"

Substituting equation (11) into equation (8), we can derive the following relations:

(11)

case I:

az = ag, a1 =0, ap =0, a—z = azb_g — 81Bb_2, b_1 =0,
bo=0 bo—=bo  B=8  A=X  u=p k=k
—BkAer + AuBAK® — AkZag + 4B — B2as
W = — s Ccl1 = C1.

g

Then, we have the following solitonary solution u(n)

L 8uBb_s exp(—2n)
exp(2n) + bz exp(—21n)’

where ag, b_a, ¢ and § are arbitrary parameters.

u(n) = a

case II:

6uBb_1 + a—1

9= "],
b1

bo=0  b_o=0, B =0, A=A, p= k=

Y — 3/Lﬁ3b_1 + 5261_1 + 3Mﬂ)\k2b_1 + /\k2a_1 + BAkc1b_q

B Bb_1 ’

a1 =a-y, ap = 0, a—o =0, b1 =01

Cc1 = Cq.
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Then, we have the following solitonary solution u(n)

643 exp(21)
exp(2n) +b_1 exp(—7)
where a_1 , b_1 , u and (§ are arbitrary parameters.

?

u(n) = a1+

4. CONCLUSIONS

In the two previous cases we obtained the exact solution for equation (1)which are
satisfied and having the meaningful physical interpretation. This approach give us some
more implicit solutions, but all these solutions may not satisfy in the given equation .
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