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Abstract

In this paper, we introduce conformable derivatives and integrals for the functions of two variables. This class of new fractional operators
includes many definitions in the literature, such as Riemann-Liouville Fractional Derivatives and Integrals [6, 7], Conformable Calculus
[8, 9], etc. In addition, some basic definitions and theorems have been obtained for these operators.
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1. Introduction

In recent years, Fractional Derivatives and Integrals have been studied extensively by many authors. These definitions are the most
well-known definitions of Riemann-Liouville, Caputo and Griinwald-Letnikov in the literature. Very recently, scientists have also studied
some new ideas known as conformable derivatives and integral definitions. Some of these authors; Such as Abdeljawad, Khalil, Katugampola,
Almeida and Akkurt. For all this, please see [1], [2], [5], [7], [10], [13].

Now, let’s give the classical Riemann-Liouville fractional integral and fractional derivative definitions which are widely known in the
literature.

The left-sided and right-sided Riemann-Liouville fractional integrals of order & > 0, respectively, by [7]

(I% f) (x) = ﬁ/(xft)a_lf(t)dt, x>a, (1.1)
and
1 b
(IE f) (x) = m/(r—;c)"“'f(z)dz, x<b. 1.2)

The left-sided and right-sided Riemann-Liouville fractional derivatives of order o > 0, respectively, by [7]

I d [ fo)d
D, f(x) = r(l—a)ﬂ/(i(i)r)t“’ x>a (1.3)
and
-1 d ‘ f(o)dt
Dg‘,f(x):r(l_a)a/(t_x)ax<b. (1.4)

X
In [9], Khalil et al. introduced limit definition of the derivative of a function as follows,

Ly (F) () = tim LUHED =S @)

e—0 €

(1.5)
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In [3], Almeida et al. introduced limit definition of the derivative of a function as follows,

f(r+ek®') = £ o)

@ (1) = 1i 1.6
fE) = lim : (1.6)
Recently, in [5] Katugampola introduced the idea of fractional derivative,
£ (re™) = £ o)
Do (f) () = lim ———~F (1.7)
£—0 4
Very recently, in [1] Akkurt et al. gave the following conformable derivative definition:
£ )@
F 1=k +k@) e 7T )~ 1 (1)
D* t):=1li . 1.8
() (1) = lim - (18)
Anderson [4] gave the definition of a—fractional integral as follows:
/ [ 1)
X
/f(x)dax = / xl—(xd
a a
In [1], Akkurt et al. gave the following generalized conformable integral definition:
b /
LY
- 1—a
J (k)
The left and right fractional conformable integrals of order Re(f8) > 0 are defined by [14],
y -1
Bresi) - = | (x—a)® —(t—a)*]P"" )t
‘ L'(B) o (t—a)l-
a
and
b B—1
Bas(x / b—x)*—(b—1)* f(o)de
b (b—1)1-o’
X
respectively.
Definition 1.1. Fora <b, ¢ <d and 1 < p < oo, a function f(x,y) is said to be in the Ly, [(a,b) x (¢,d)] space if ([11])
1
b rd v
Lpl(ab)  e.)] = {f A, = ([ [ rirasay ) < oo} 7 19)
a c
and for the case p = oo
1flle = ess sup |f(x,y)]- (1.10)
a<x<b
c<y<c

2. Conformable Integrals for the functions of two variables

Theorem 2.1. Let f € Ly [(a,b) x (c,d)] and y; # 0, y, # 0. The conformable integral I, C, of order m, n, witha, ¢ >0,x>aandy > c
is defined by,

(mz;;ﬁf;f) (v.9)
Xy 1
// I: e a )7 :| 1

[(%C)”2

y —(t—c)" } nl f(s,t)dtds

12 (s—a) M (t—c)l-r’

here, m and n are positive integers.
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Proof. Let us denote the following n—fold integral

K sp—1

!@‘b”!@rble e

a

i1

Y gl
1 1 1
/(11—6)177'2 /(lz—c)lfyz .../4(1,,_c)]7y2f(sn7ln)dln... dry | dt

Cc c c

xXdsy...dsyds; . 2.1)

First, let’s calculate the following integral.

y 1 l]. 1 -1 f( t)
SnyIn

—————dt, | ...dtr | dt;.

/(tl—c)lﬂ’2 /(tz—c)I*“Y2 /(z‘n—c)“y2 " o

c c c

Here, let’s change the order of integration to calculate the integral. Thus, we can write the limits of integration region as follows;

C<tg<th_ 1 <..<B<thh <t <y 2.2)
Thus, the integral can be written as follows;
Y | In—1
1 1 S sn,ty)
dty | ...dn | dt
/ (ty—c)l-n / (ty—c)l- / (ty—c)l-r " o
c c c
(2.3)

y

y y
" fsnytn) / 1 / dhy

—— | ... | dt,1 | dty.
/(tn—c)lfi’z / (tpy —c)' 7% (11 —c)ln n—1 |

c 1%

If the integral (2.3) is calculated step by step, then the first two steps are as follows.

y

/ dn —_ (-)" (-0
J (1 —c)l7n »

)

5]

j@—o”—@—o” L 1{@—4”—m—aﬁr7
2 2]

and

;Z[()’—C)VZ;Z(B—C)YZ}Z(%Z)IYZdtS_;!{(y_C)Yz ;Z(tS_C)yzr

If we continue to calculate in this way consecutively, then we get,

y 9 a1
1 1 1
dt,...dtydt
/ —c 1—72/ —_Al-r / . 1_72f(smln) n...dbrdty
J (t1—c) J (tr—c) / (th—c)
v 1,
- : / 0= =t =1 flomtn)
(nfl)! b2 (tn—C)I*VZ n-
c
This equality is written in the eqnarray (2.1), we have
x 51 sp—1
e =g e
(s1 7“)17% (52*a)177‘ (snfa)lf}’l
a a a
v -1
L/ (yfc)”*(fn*c)”r S (Snstn)
x dty | dsp...dsyds.
(nl)!c/ { P (1g —c)l-p | @ 2ds|
Thus, we write
o e y
(n—=1)! P (ta—c)I- " .
c

X

K sp—1
1 1 S (sn,tn)
X /(sl—a)lﬂ’l/(sz—a)lﬂ’l / (Sn_a)liyldsn...dszdsl dty.
a a a
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Similarly, let’s calculate the following integral:

X 1 S1 | sp—1 f( )
SnyIn
dsy...dsyds.
/(slfa)l_%/(szfa)l—yl / (sp—a)l-m Sn--A52451
a a

a

Here again, let’s change the order of integration to calculate the integral. Thus, we can write the boundaries of the integration region as
follows;

a<sp<sp—1<..<s3<8<85<x

Thus, the integral can be written as follows;

X X X

X

F(Sntn) 1 1 1
/(s,,ja)"yl /(s,l,l—a)l’yl .../(”_a)l,n /m_a)l,yl dsy | dsy... | ds,—1 | dsy.
a

Sn 53 52

)

/ : 1 dsy = (x—a) —(sp —a)"

sp—a)l-n B !
5

X

/ (x—a)" — (s —a)" dszl_yl _ % {(x—a)yl — (53 —a)%}z’

J i (s2—a) i
and, so
X S S,z—l X m—1
1 1 f(snvln) 1 (x_a)yl - (52_5’)},l f(smtn)
/ <s_a)wl/ (a1 / Ga—a) 7 ~--"s2"s1:(m_1>z/ { n n_ayin P Y

Finally, from (2.4) and (2.5), we get

L 1 . (x—a)' —(sp—a)' 1™ (=)= (ta—0)? -l F(sn,tn)dtndsy,
M21“*"‘*f(x’y):(m—l)!(n—l)!a/ﬂ " } X[ 1 } (m—a) T (tp—c)ir 6)

Thus, the desired result is obtained and proof is completed.

T ' — (sp—a) ™ —o)—(t,— )" Snytn)dtydsy
R flry) = lH(m)lr(n)a/c/[(x—a)?’ 7/1( )7} lx {(y & yz(t )Vz} l(snfgf)lt%)gidc)lﬁ'

O

Here y; # 0 and 7, # 0 are real number. In this (2.6) eqnarray, m and n are positive integers. From the definition of the gamma function, if n
and m are not an integer, the following definitions can be given.

Definition 2.2. Ler f € Ly [(a,b) X (c,d)] and let vy #0, 1» #0, a, B € C, Re(a) > 0 and Re(B) > 0. The generalized conformable
integral of order o, B of f (x,y) is defined by;

(7’1’7’21;‘+”i+f> (ty) = 1“(Ot)lr(ﬁ) a/xL/y ((xa)y](sa)n)al y ((y*c)VZ (tc)}’z)ﬁl — f(s,t)dtds @7

" » a)l (=)'
. D (5= — (x—b)h\ ] —oh—(r—c)r\ P! s,1)dtds
(= (x’y):r(a)lr(/s) x/ c/(( b) 71( b) ) X<(y ) h(t ) ) (Fb{l(i yf)(cthi)l*%-’ 2.8)
o T —a)h = (s—a)h ! —d)r —(y—d)r\P! 5, s
(" 1) ) = F(a)]F(ﬁ)a/ / () (R e e

and

b d
s (=D — (=BT (i —d)? — (y—a)r\ P! (s,1)drds
(rilen)e = ar /[ () (5TRET) e

the Generalized Conformable integrals.



Konuralp Journal of Mathematics

53

Remark 2.3. Ifyy =1 =1in(2.7), (2.8), (2.9) and (2.10), we have

<a C+f>( /X/) )'B U f(s,0)drds,

— )P~ f(s,1)drds,

\\<

(b L+f)(xy /b

x d
(18, 1) ) = mmy ] = =3P sy,
ay
and

(55 1) (ey) = /b /d x=5)* (=) f(s.0)drds,
Xy

the Fractional integrals of the functions of two variables [12].

Remark 2.4. Ifwe consider o =3 = 1in (2.7), (2.8), (2.9) and (2.10), we have
1,1 f(s,t)deds
(Ia+,c+f X y // s— 1 " t—C) =y

by

(1,}1{C+f) (x,y) = x/ / (= b;tl(i;)ztfsc)“”

(idf (x,5) // (s—a ldtiiz)l—yz

b d
( f / / f(s,t)dtds
b d- S— 1 71 _d)l—}'Z
Xy
the Conformable fractional integrals for Double Integrals.

Remark 2.5. If we consider o = 3 = 1in (2.7), we have
T (s,1)dtds
(OJr 0Jr // 1— Y]tl b
00

the Conformable fractional integrals for Double Integrals.

Now, we consider some properties of the conformable integrals.

Theorem 2.6. Let f € Ly (a,b). Let y; # 0, > # 0. Then the following semi group propert holds for generalized conformable integrals,

(el BB gy ) = (R PR pxy),
2. (%%11?1:5] [7’17721;2:53‘2f(x,y)]> = (yl,wlglrfxz,ﬁﬁrﬁz) Fxy),

. (gl [l pey)]) = (PR PR p),
and

4 (71.’}’212?:51 [%,Yzlgg;ggf(x7y)}) - (Yl-r?’ZI:J;?z'ﬁﬁﬂz)f(xvy)-
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Proof. Note that,

(Y] 721‘11 BI {% B fﬁf(x,y)})
y

Xy (x—a)h = (t—a)’ \ %!
e /(5 )

(y—c)? —(s—c) Bi—1 [7‘ %Iaffif(t,s)] dsdt
X( 2 ) (s—o)' " P(r—a)ln

So,

¥y

[ a/j( = a)y)aZI(W)le

o f(u,v)dvdu dsdrt
(u—a)l=n(v— c)lfy2 (s— 6)177/2 (t—a)l-m ’

Here, let’s change the order of integration to calculate the integral.

(mﬂﬂ [wﬂz-ﬁzf(x,y)])

dv
(al) (B1) T(e)T Bz //f PR v—a)

x L/V/<(x_“)y'y_l(’—a)y'>all ((Y—C)YZ;Z(S—C)YZ)Bll

I G = S

Here, we have used the change of variable,

((—a)" = (=) +[(x—a)" — (u—a)"] 6,
and

(5= = (=" + =) — (v=)] 4,

we obtain

<% 7210‘1 Bl [% 7210‘2 B2 p(x, y)])

P (r—a)h — (u—a)n ) Hte-!
- F(an)lF(ﬁl)F(az)IF(ﬁz)/ / <( : %( )Y)

(y—c)P—(v Brpt | b pva—l g1 1 4 Bi—1 4Bo—1 ]
x(—yz ) L/O/u )41 9% (1 —g)P—14B14p40

du dv

Fromf(l— y)PBlyr-lgy = ((ﬁﬁ)i%) we have;

(o [ g8 )] )

I T (x—a)h — (v—a)h | atee-]
- F(al+a2;r(ﬁl+ﬁ2)a//<( . ?’l( )Y)

=) —(u—cyr\Prp! du dv

_ (Vl;h[fﬁzﬁbﬁl-&-ﬁz)f(x,y)

Thus, the first identity is proved. The other formulas can be proved in a similar way. Thus, the proof of this theorem is complete. O
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3. Conformable Derivatives for the functions of two variables

In this section we will give generalized conformable derivatives.

Definition 3.1. Ler f € L) ([a,b] X [c,d]) and 11 # 0, 1» # 0. The Conformable Derivatives Dz;li,+, Dziﬁd,, Dgiﬁd, and DZ‘,"IA:’;+ of order
Re(at) > 0 and Re(PB) > 0, with a,c > 0 are defined by,

o = EIIG | et e

-

y—c)—(u—c)21 P f(t,u)dudt
X{ » } (t—a)!=N(u—c)l-n’
where
( — (r— o\ li
T S) = (=) 5
and

d
— (v— )
TPA0) = (=) T S

Proof. For0 < a <1and0 < f <1, consider the following eqnarray,

7 x—a)h —(t—a)n %!
Je) = r@nﬂﬂ//F ]

(=) —(u—c)r P! o(t,u)dudt
X{ » } (—a) h(u—c)n

By editing this eqnarray, we write

T — ) — (s— ) %!
f = Iﬁﬂfé)/![v S

X{W—d”—&—dﬁrl 9(s,2)dzds
) (s—a)lM(z—c)l=r
This eqnarray multiplied by [(xfa)ﬂ;l(t*a)n ] - [(yfc)yz;z(“%)yz ] - (z—al)Hl (u—cl)]’h to get the integral from a to x and ¢ to y, we get,
7 ) N1 [ (y—c) — (u—c)r P
(x—a) —a) y—c)—(u—c) f(t,u)dudt 31
// % (—a) =) G-b
~ ] —a) — (=) ][y — ()] P 1
; N » (t=a)l M (u—c)l-r

i [ e

o(s,z)dzds
Gl h(—o ) dudt.

Here, if the Leibniz rule is applied, the following expression is obtained.

An\%.

a < <x—a<s<t=—a<s<tr<x
¢ < u<y—c<z<u=—=c<z<u<y

Thus, the eqnarray (3.1) can be written as follows.

u/x/y {(xfa)% ;1 (t—a)t } —a [(yfc)%. ;2 (u—c) } B - J)‘l(t,u)dudt 32

a)l=Mu—c)l-n
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Now let’s calculate the inner integral. Thus,

/x/y{u—aﬂly—l(z—aq“ {(y—c)ﬁ;zw—c)qﬁ

sz

X{(z—a)%—&—awrl{w—c)%—(z—c)%r1 —

N jo) a)l =" (u—c)l-»
=) —(—a)" ] % [(t—a) —(s—a)n 1%
- /{( )" . ( )Y} {(l )" 7/1( )7} (t_jgliyl

s

X (/y {(y—C)YZ;Z(u—c)VZ}ﬁ {(u—c)hy—z(z—c)yz]ﬁl (uib;lﬁ) |

First, consider the following integral.

If we apply the formula from right to left and make the substitution,

=—c)? =(z=)"+[y—0)* —(z—c)"]6
we obtain

Plu—c)P ldu=[(y—c)” —(z—c)"]d6.

Thus, the integral becomes,

(ZC)VZ}B_1 du
(u—c)l-nr

x <z—c>72+[(y—c>ﬁ—(z—c>w19—<z—c>%r RO ROl
) 12
1
- /G’ﬁ(l LT
0
= T(1-P)r(B).

Similarly, we have the following integral for this ( —a)" = (s —a)" +[(x —a)" — (s —a)"] ¢ change of variables,

] [l o] [0 ;(s—awr‘ e~ T (@)

s

If these results are written in their place in eqnarray (3.2), we get the following eqnarray.

/ /’ {(xfa)%;l(tfa)% } - {@cwﬁ(uc)%]‘ﬁ (t_a{fi’;zj%lfw

I(a)T(B)I(1 — a)I(1— B) 7 ] 2)dzds

z—C)1 n’

and so,

P -1 =p // (s—a fz—d;v)l ”

Using the fundamental theorem of calculus to find the derivative (with respect to x and y) of the last integral, we get

(x—a)l(fpg'f(’;)_c)lfw = = ) axay//{x )" —(t—a)h

[(y—C)”l —(u—c)? } - £t u)dudt
23 (t—a)l="M(u—c)l-n"

—a

X
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So,
()_(xa)lyl( l”aa//xaylftf)y —“
Py = TTA—ar(1—-p) axdy
" y—c)r—(u—c)” -k S, u)dudt
% (—a) (=)
The desired result is obtained. With the help of this result, the following definition can be given: O

Definition 3.2. Ler f € Ly ([a,b] X [¢,d]) and vy # 0, y» # 0. The Conformable Derivatives D +ﬁ+, Dg;ﬁd,, ngﬁd, and DZL€+ of order
0<a<land0< B <1, witha,c >0 are defined by

)l h(y—c)ln _an1
DY flxy) = (xa) "h=c) " 9 a//{x ah —(—a

C(1-a)[(1-B) 0Jxay
(3.3)
o=t —@=—o B f(t,u)dudt
n (=) T (=)=
() = (xa)l%(ydlyz88//xa7‘ftf)7 ¢
DSy = T(I—a)[(I—B) oxdy
(3.4)
(w—dy?—(y—d)2 1P fle,u)duds
42! (t—a) = N(u—d)l=r’
o (=) y—d)r 9 9 [Tl xb) o
“afEY) = AT ara— 8x3y//{
Xy
(3.5)
(u—d)?—(y=d)2 1P fle,u)dudt
" (= B) (= d)T %
and
@ (=b)Ny=0)1 3 9 [ ] (x—b)n] @
Dy erfly) = = T(1—o)I(1—B) axay//[
Xy
(3.6)
. (y—c) —(u—c)2] P f(t,u)dudt
% (t=b) M (u—c)l=n’
respectively. Here, I is the Gamma function,
If we choose y1 =1, = 11n (3.3), (3.4), (3.5) and (3.6), then we obtain the Riemann-Liouville Fractional derivatives for the functions of two
variables.
o ft u) dudt
Da+~c+f(x:Y) F(] axay// ’
1 99 17 flt,u)dud
_ ,u)du
D Fe) = r(l—a)F(l—m&xaya/y/(x—r>°‘<u—y>ﬁ’
1 99 [ fu)dud
su)du
T = R = >r<1ﬁ>axayx/V/<t—x>“<u—y>ﬁ’
and
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Theorem 3.3. (Inverse property): Let 0 < f < 1 andf ex? (a ). Let p > 0 and a > 0, we have;

2 |pg, (’+ )] 7
)

3 [0 (1) e

and
4 [P ()] ) = fw).

Proof. It is enough to prove the first equality. Other eqnarrays can be proved similarly. For this, considering the following eqnarray,

P JITNf(x) T F—a) —(—a)n ] —)r—(u—c)r1 P o u
I e T e B e M AR

JTT ()T A (y >/] {(m)% f(rfaw}‘“ y {(yfcw (uc)%]‘ﬁ dudt
S 72

I(1—a)l(1-p) % (t—a)="(u—c)l=»

) [r<1a>r<lﬁi)a/t!<(t_a)7|;(Z_a)%>a1 - ((M_C)ﬁy_z(s_cw)ﬁlf(“)(sijl % (= ig w}'

Here, if the Leibniz rule is applied, the following expression is obtained.

X

' f 7 x—a) —(r—a)\ ¢ —o)—(u—c)r\ P
PO R S ] (BN S

s

<W)a 1((uc)7’2y2(sc) )B l(t_a)lcf:(d;_c)lh}dsdz

If the following change of variables in the last integral,

(t—a)' =z—a)" +[x—a)" —(z—a)"] 0O

and
(=) =(s—c)?+[y—c)? —(s—)"]9,
s0, the integral becomes,

7 % x y 11
D;ﬁ C+f(x,y): F(l T)l T f // deZ 1 - « // aeoc 1 ]_¢)fﬁ¢ﬁ*1d¢’de
’ (s—c¢) 2 i
a 00

c

Where,

11
o) %9%1(1 _ ¢\ Bgb- _ T -o)T(a)C(1-B)I(B)

I(1 - o)l (e)I(1 - B)T(B).

Thus,

ap _ T - a)L(@)TB(1=p) o T7 fls)dsdz ] Pl
Dot e 183) = T F = a) T (BIT(1 = B) TN () T2 f(y) //(X_C)Hz(z_a)1 v TN f(x) T2 f(y) a// I ﬁ - al dsdz.

Considering the following eqnarrays,

c

d
TN f(x) = (x—a)' 7" >
and
TF) = (=) 2
dy
Thus,

-t r-0 22 . :
Da+7c+f(x7y) (X a) y C a ay s Cl Yz Z al y]dsdz f(x7y)

The proof of the theorem is completed. O
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