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Abstract

We consider a two parameter family of Henneberg-type minimal surfaces §),, , using the Weierstrass representation in the four dimensional
Euclidean space E*. An invariant linear map of Weingarten type in the tangent space of the Henneberg-type minimal surface $4, which
generates two invariants k and s, is characterized by »? = Kk in E*.
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1. Introduction

A minimal surface in three dimensional Euclidean space IE3, also in the higher dimensions is a regular surface for which the mean curvature
vanishes identically [4, 5, 8, 21, 23].

On the other hand, the classical Henneberg surface [14, 15, 16] also obtained by Weierstrass representation [24, 25] is well-known classical
minimal surface in E3. Henneberg’s minimal surface was the unique nonorientable example known until 1981, when Meeks indicated the
first example of a nonorientable, regular, complete, minimal surface of finite total curvature —67. See [22] for details.

A general definition of rotational surfaces in E* was obtained by Moore in [20]. Giiler, Hacisalihoglu, and Kim [9] worked the Gauss map
and the third Laplace-Beltrami operator of the rotational hypersurfaces in E*. See also [1,2,3,12, 13, 18, 19] for some new works of the
topic.

Giiler and Kisi [10] studied Weierstrass representation, degree and classes of the surfaces in the Euclidean 4-space. Giiler, Kisi, and Konaxis
[11] introduced Henneberg implicit algebraic minimal surfaces in E*.

We study a two-parameter family of Henneberg type minimal surfaces using the Weierstrass representation in E*. We give the Weierstrass
equation for a minimal surface in E*, also obtain two normals of the surface in the Section 2.

In Section 3, we introduce to the Henneberg type minimal surfaces of values (m,n) for positive integers m,n called H, ,,. Finally, we study
Henneberg type minimal surfaces Hy » using Weierstrass representation in E4. Then we give an invariant linear map of Weingarten type in the
tangent space of the Henneberg-type minimal surface Hy » which generates two invariants k and s, is characterized by 3% = x in Section 4.

2. Weierstrass equation and normals for a minimal surface in E*

We identify ¥ and 7 without further comment. Let E* = ({? = (x1,%2,%3,%4)"|x; € R}, (-,-)) be the 4-dimensional Euclidean space with
metric (x,y) = X1y +X2y2 + X33 +X4Y4.
Hoffman and Osserman [17] gave the Weierstrass equation for a minimal surface in E* as follows

B(2) = 3 (14 f2.i(1 = f&).f — g =i/ +8)]. @

Here v is analytic and the order of the zeros of y must be greater than the order of the poles of f, g at each point.
Theorem 1. Normal vectors of a minimal surface with respect to Weierstrass equation X, — iX, = ®(z) in E*, are as follows:

[ a b
ny = m (W] + ;Xy) (22)
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and

[ a b
ny = 22 (Wz - ;Xx) , (2.3)

where a = (X, Xy), b = (Xc,w2), and wy, wy are perpendicular to Xy, Xy, respectively.
Proof. See [11] for the proof.
With x = rcos(0), y = rsin(0), fi = 1 —r " cos(m8), f» = —r "sin(m0), g1 = r'" cos(nh), go = r"sin(n6), we have following normals

Bsin (0) — r¥sin ((n41) 0) + " sin (m+n+1) 0)
PBcos(0)+r?r cos((n+1)0) — " cos ((m+n+1)0)

(1) (5 0) =1 i (6) 4 P sin (m +1)6) — B sin((n 1 1) 6) @9
" cos (8) — " cos (m+1)0) — Brcos ((n+1)0)
and
HBcos(0) —r2rcos ((n+1)0) + r"rcos (m+n-+1)6)
(1) (1,0) = o7 —PBsin(0) — r?"rsin((n+1)0) +r"rsin(m+n+1)86) @.5)

—r?Mcos(0) +r"cos ((m+1)0) — Bricos((n+1)0) ’
—r?sin(0) 4 " sin ((m+1)0) 4+ Br"sin (n+1) 0)

where o = [% (2" +1) (2r2™ — 21" cos (m0) + 1)] _]/2, B =rP" — 21" cos (mB) + 1. We check (ny,n1) = (na,np) = 1. See also [11]
for details.

3. Henneberg family of surfaces ), ,

Choosing y =2, f =1—1/7" and g = 7" in analogy with the surface case, we see

= (1 +Zn_zn7m7i(1 _Zn+zn7m)7l_zim_zn7_i(1 _me_i_zﬂ)) .

1V
5 (

We integrate it to get following:

n+1 —m-+n+1

z 4
el e W T |

, 1 mintl
2= w1 T St
CI)(Z)dZ = 7 2l
LT ST T o

—m+1 er»l

T I T

withm # 1,n # —1,—m~+n # —1. We let z = re'® and taking the real part of the integral, we have the Henneberg type minimal surface
Hyp (1, 0) as follows:

1 < pomn 1 o((—
rcos(0) + W++TO;SE?+1)>6)) ++++1CO:z((<( :Lnlﬂﬂ))e))
. r"sin((n+1)0 r~"sin((—m+-n+-1)0
_ 0 _
Dma(r,0) = rsin( 0)+ r*”’*‘n;:t)s((—m-&-l)e) r”"cos((-g-]o—l)e)
e nl(Cmt1)6) , 7 singla+1)6)
. i (s in((ns
rsin(6) — ——= o1 + = )

Using the binomial formula, we obtain the following parametric equation of )y, , (u,v) :

y= Re{u—i—zv—i— [ZIH-I (n+1) n+17k( } _ _m+n+] [ m+n+1 m+n+1) —m+n+1—k (iv)k} }7

{ 1 [nir(l)(nzl)ururlfk( } S [ m+n+l m+n+l) 7m+n+lfk(iv)k]}7
3.1
Re{u+w 7m+1 [Zk m+l( n]z(+1) —mt1— k(w) ] ”H [211+1 (n—H) n+1—k (iv)k“,
w:Re{1u+v+ =T [kaH( ”}jl)u*’”*l*k(iv)k] [Z"H ("H) ”H*k(iv)k}}7

where

O (u,v) = (x(u,v), y(u,v), z(u,v), w(u,v)).
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Figure 4.1: Figure 1. Projections of Hy»(r,0): (Left) into xjxx4-space, (Right) into xx3x4-space

4. Weingarten map of $4

Using an arbitrary orthonormal frame field {ny,n,} for a surface S (u,v) in E*, we get the standart derivative formulas as follows
Vs, Su=Suu =T} Su+T3,S,+clyn +cna,
Vs, Sy =Sy =T}, 8y +T,8, + clyny + ¢ty “.1)
Vs, Sy =S = F22Su + FZZSV + 622n1 + 622112,

where Fk are the Christoffel symbols and cl i i,j,k € {1,2} are functions on S. Taking standart notations of the first fundamental form
coefﬁments

E = <Su7Su>7 F = <SM7SV>, G = <SV7SV>7 (4'2)
we get W) = EG — F2. Also, using standart notations of the second fundamental form coefficients
2 el 1 el 2 e, el
L— Iy = 2 N= 12 2 4.3)
N RTINS NG VWi e
we have Wy = LN — M?. Here c . are defined by
C%l = <Suu7n1>, C%2: <SMV7n1>7 C%ZZ <SVV7n1>7
C%] = (Suu,m2), C%z = (S, n2), C%z = (Sw,n2).
From the Lemma 2.1 and Lemma 2.2 in [6], we have the functions which are invariants of the surface S, as follows
W, W3
K= — and »= — 4.4
w, ad =g 44
where W3 = EN+ GL —2FM.
Taking m = 4, n = 2, we have Henneberg type surface (See Figure 1. Left, and Figure 1. Right)
r3cog(39) +rcos(9) + cosr(e)
r5in(36) . sm(e)
B —=== —rsin(6) —
H42(r0)=| ,3002(39) +reos(6)+ < ;(36) . 4.5)
P Siljlg(39> + rsin(@) - sir;(r?;e)
We obtain following Henneberg type surface taking u := rcos 6, v := rsin 6 in (4.5)
%u —uv +u+ u2+v2
— fv3 +uPv—v— ﬁ
Ha(u,v) = L A 4.6)
) —u u? +u+ 3 (u2+3v2) (uz-;vz)3
_1 __uv
3 vt @42 @2y
Next, we want to find normals 7 (u,v) and ny (u,v) of the Henneberg type minimal surface £4 5 (u,v).
From (2.4) and (2.5) , we have following normals, respectively,
PAsin(0) —r'sin (30) +r° sm(70)
01 (1,0) = of %cos( )+r cos(39) —r%cos(76) (4.7

—r85in(0) — Br? sm(39)+r sin (50)
r8cos(0) — Br?cos (30) — r* cos (56)
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and

P cos () —r'cos (30) +r°cos (76)
_ —Zsin(0) +r'0sin (30) — r°sin (70)
}12(}’,9)7% _rgcos(e)—%VZCOS(?)Q)""ACOS(SQ)

—r85in(0) 4 Br?sin (360) + r*sin (56)

(4.8)

Here, o = [ (r* +1) (218 — 2% cos (40) +1)] /%, 2 = 18 — 2% cos (46) + 1.
In (u,v) coordinates, we find normals n; and n; as follows

[ps + (1 74u2) pr=pi-2 (1 - 12u2) P>+ 16u? (1 75u2)p+64u6 —l6u* + 1] v
[—3p° + (1 +4u®) p* +7p> — 2 (1+28u?) p> + 16u* (1 + Tu?) p — 64u’ — 16u* + 1] u
[—p* + 16u* — 12 p+ p* — (p* — 16u* + 16up —2p* +1) (44> — p) | v
[p4 — 16u* +20u?p — 5p* — (p4 —16u* 4+ 16u?p —2p* + 1) (4142 —Sp)] u

n==% (4.9)

and

[3p° + (1 —4u?) p* —7p3 —2 (1 —28u?) p> — 164 (1 +Tu?) p+ 64’ — 16u* + 1] u
(PP — (1+42) p* — p* +2 (1 +12u%) p? — 1602 (14 5u®) p+64us + 16u* — 1] v
[—p*+ 16u* —20u?p +5p* — (p* — 16u* + 16u>p —2p + 1) (4u* = 3p) | u '
[—p* +16u* — 1262 p + p? + (p* — 16u* + 160 p —2p* + 1) (4u® — p) | v

— (4.10)

where
2 4 2 2 4 4 2 2 4 —1/2
%= [p(P +1) (p —2p? + 16ulp — 16u +1) <2p —2p? 4+ 16u2p — 16u +1)]

and p = u? +2.
Remark 1. Two invariants K and > divide the points of surface S(u,v) into the four types. A point p in E* is called:

flat,ifkx = =0,
elliptic, itk > 0,
parabolic, if x = 0, %2#0,
hyperbolic, if x < 0.

Using (4.1), (4.2), (4.3), (4.9) and (4.10) for the Henneberg type surface (4.6), we have

2
_ e :41)"’:0,
— 07
I = 8pﬁ2 W,
(P2+1)" 2
M = 0
where
2
o = (P(“7V):2(p2—1> +2p7 + 16u*? — 1 40,
B = ﬁ(u71/):(p274(p2+1> (p4+(1716u2v2>p2+64u4v4>.

Corollary 1. An invariant linear map of Weingarten type in the tangent space of the Henneberg-type minimal surface $)4 > which generates
two invariants
64p10B2
6
(P2+1)" °

and

8p°B
(p2 + 1)3 (p3

is characterized by »* = x in E*. Here, B,o#£0,p= u? +v2. Hence, every point p on $42(u,v) is elliptic.
Corollary 2. If B = 0 in Corollary 1., then the points on the surface is flat.
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