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Abstract

We study the reversibility of skew Hurwitz series at zero as a generalization of an a-
rigid ring, introducing the concept of skew Hurwitz reversibility. A ring R is called skew
Hurwitz reversible (SH-reversible, for short), if the skew Hurwitz series ring (HR, «) is
reversible i.e. whenever skew Hurwitz series f,g € (HR, «) satisfy fg = 0, then gf = 0.
We examine some characterizations and extensions of .S H-reversible rings in relation with
several ring theoretic properties which have roles in ring theory.
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1. Introduction

Throughout this paper, R denotes an associative and commutative ring with identity
and « denotes a nonzero and non-identity endomorphism, unless otherwise stated.

Rings of formal power series have been of interest and have had important applications
in many areas, one of which has been differential algebra. In a series of papers ([13-15])
Keigher demonstrated that the ring H R of Hurwitz series over a commutative ring R with
identity has many interesting applications in differential algebra.

The concept of Hurwitz series was extended by Hassanein in [7] to the ring of skew
Hurwitz series. The ring (HR,«) of skew Hurwitz series over a ring R is defined as
follows: the elements of (HR, «) are functions f : N — R, where N is the set of all natural
numbers. The operation of addition in (HR,«) is componentwise and the operation of
multiplication is defined, for everyf,g € (HR, «), by

(fg)(n) = En: (Z) f(k)aF(g(n —k)) foralln e N

k=0

where (}) is the binomial coefficient defined for all n, k € N with n > k by ﬁlk),

If one identifies a skew formal power series 5%, a;z' € R[[z;a]] with the function f
such that f(n) = ap, then multiplication in (HR,«) is similar to the usual product of
skew formal power series, except that binomial coeflicients appear in each term in the
product introduced above. In [21, Proposition 2.1], it has been shown that for any ring R
that containing the field of rational numbers Q and « is an Q-algebra homomorphism of
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R, then the rings (HR, ) and R|[x; ] are isomorphic. To avoid repetitions some of the
results known for skew power series ring R[[z;a]], we assume that R is a ring which does
not contain the field of rational numbers throughout this paper.

To each r € R and n € N, we associate elements h,., h!, € (HR, «) defined by

Ty

r, x=0; 1, x=mn;
m={ 5 220 mw={y oo

where for all x € N. It is clear that r — h, is a ring embedding of R into (HR, «) and
also (HR,«) is a ring with identity h;. Let supp(f) denote the support of f € T, i.e.
supp(f) = {i € N | 0 # f(i) € R} and n(f) denote the minimal element in supp(f)
and A(f) denote the maximal element in supp(f). The ring (AR, «) of skew Hurwitz
polynomials over a ring R is a subring of (HR,«) that consist elements of the form
f € (HR, ) such that A(f) < oc.

Recall that a ring R is called reduced if it has no nonzero nilpotent elements. In [5],
Cohn introduced the notion of a reversible ring as a generalization of commutativity. A
ring R is called reversible, if whenever a,b € R satisfy ab = 0, then ba = 0. Anderson and
Camillo [2] used the notation ZCy for reversible rings, while Krempa and Niewieczerzal
[18] used the term Cj for it. Cohn showed that the Kothe Conjecture is true for the class
of reversible rings.

For a ring R equipped with an endomorphism o« : R — R, a skew polynomial ring
R[z; o] over the coefficient ring R (also called an Ore extension of endomorphism type)
is the ring obtained by giving the polynomial ring over R with the new multiplication
xr = a(r)z for all r € R. For any skew polynomial ring R[x;a] of R, we have o(1) = 1
since l.x = z.1 = a(1)x.

According to Krempa [17], an endomorphism « of a ring R is called rigid if ac(a) = 0
implies a = 0 for a € R. A ring R is called a-rigid if there exists a rigid endomorphism «
of R . Note that any rigid endomorphism of a ring is a monomorphism and a-rigid rings
are reduced by [9, Propositon 5]. Rege and Chhawchharia [22] introduced the notion of an
Armendariz ring which is a generalization of a reduced ring. A ring R is called Armendariz
if whenever any polynomials f(x) = ap+ai1z+- - -+apma™, g(x) = bp+biz+- - -+byz™ € R|x]
satisfy f(x)g(z) = 0, then a;b; = 0 for each ¢ and j. Armendariz property of a ring is
extended to skew polynomial rings by considering the polynomials in R[z; o] instead of
R[z] (see [11] and [10] for more details). For an endomorphism o of a ring R, R is called
a-Armendariz (resp., a-skew Armendariz) if for p(z) = S, a;x* and q(z) = 0 bjx!
in R[z;a], p(z)q(x) = 0 implies a;b; = 0 (resp., a;a’(b;) = 0) for all 0 < i < m and
0<j<n.

Kim and Lee showed in [16, Example 2.1] that polynomial rings over reversible rings
need not be reversible. By [16, Proposition 2.4], if R is an Armendariz ring, then R
is reversible if and only if R[z] is reversible. Based on this result Yang and Liu [24]
considered reversible rings over which polynomial rings are reversible and called them
strongly reversible. By [12, Example 2.1], if R is reversible, then R|[x;«] is not reversible.
Therefore Jin et. al. [12] called a ring R strongly a-skew reversible if the skew polynomial
ring R[x; ] is reversible. Another generalization of reversible rings are a-reversible rings
introduced by Bager et. al. in [3]. An endomorphism « of a ring R is called right (resp.,
left) reversible if whenever ab = 0 for a,b € R, then ba(a) = 0 (resp., a(b)a = 0). A
ring R is called right (resp., left) a-reversible if there exists a right (resp., left) reversible
endomorphism « of R. R is a-reversible if it is both right and left a-reversible.

Motivated by the above, in this paper, we introduce the notion of a skew Hurwitz
reversible ring (SH-reversible, shortly) (see Definition 2.2), which is a generalization of
a-rigid rings for an endomorphism « of a ring R and an extension of reversible rings,
and study S H-reversible rings and their related properties. We examine the relationships
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between several classes of rings and S H-reversible rings and investigate some extensions
of SH-reversible rings.

2. SH-reversible rings

In this section we introduce a class of rings, called SH-reversible rings. We give
relations between S H-reversible rings and some related rings, such as, a-rigid, reversible,
a-reversible, mat-reversible, abelian, SH A-ring, etc. Firstly, we begin with the following
example which illustrates the need to introduce the reversibility property of skew Hurwitz
series rings.

Example 2.1. Consider the ring R = Zs & Zo with the usual addition and multiplication.
Then we know that R is reversible since R is reduced. Let o : R — R be an endomorphism
of R defined by a((a, b)) = (b,a). For f = h(; gy and g = h(1)+hohs in (HR,a), fg =0
but gf = h(o1)hy # 0. Thus (HR, ) is not reversible (and hence not reduced).

Inspired by this example, we can give the following definition.

Definition 2.2. Let R be a commutative ring and « be an endomorphism of R. Then R
is called SH -reversible if (HR, «) is reversible.

Any a-rigid ring (i.e. R[z;q] is reduced) is SH-reversible by Theorem 2.6. However,
there exists a SH-reversible ring which is not a-rigid (see Example 2.7). It is clear that
any domain R with a monomorphism « is SH-reversible since R is a-rigid. Note that
every subring S with a(S) C S of an SH-reversible ring is also SH-reversible. We will
freely use this fact without references.

Lemma 2.3. Let R be an SH-reversible ring which is torsion free as a Z-module. Then
we have the following results.

(1) R is reversible and a-reversible.

(2) a is a monomorphism of R.

(3) For any a,b € R and nonnegative integer m and n, aa’™(b) =0 < ab=0 < ba =
0< ba™(a) =0

(4) afe) =e for any > = e € R.

Proof. (1) This is clear by the definition of an S H-reversible ring.

(2) Assume that a(a) = 0. Then hbh, = 0 in (HR, «). Since R is SH-reversible, we have
hohl, =0 and so a = 0.

(3) Let aa™(b) = 0. We have fg = 0 for skew Hurwitz series f and ¢ in (HR,«) such
that f’s mth component is a and ¢’s first component is b. Since R is S H-reversible, then
gf = ba = 0 and hence ab = 0. We get fg = 0 for skew Hurwitz series f and ¢ in
(HR, «) such that f’s first component is a and ¢’s nth component is b, so ba™(a) = 0 by
assumption.

(4) Suppose f,g € (HR,«) are defined as f = h1_¢ + hq(e—1)hy and g = he + hehy. Then
fg=0and so gf =0 since R is SH-reversible, hence we have ea(e) = e since R is torsion
free as a Z-module. Now suppose f',¢' € (HR,«) are defined as f" = he + hq()hy and
g = he—1+ he—1hh. Then f'¢g’ = 0 and since R is SH-reversible, we have ¢’ f' = 0, and R
is torsion free as a Z-module imply that ea(e) = a(e). Therefore a(e) = e. O

Skew Hurwitz series rings over reversible rings need not be reversible by Example 2.1.
However this property of such rings with the Armendariz condition of skew Hurwitz series
ring can be extended to their skew Hurwitz series rings. In [1] Ahmadi et. al., commutative
ring R is called skew Hurwitz serieswise Armendariz (or an SH A-ring), if for every skew
Hurwitz series f = (a;),9 = (bj) € (HR, ) for all i € N, fg = 0 if and only if a;b; = 0 for
all 7, j. The converse of Lemma 2.3(1) is shown in the following proposition.
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Proposition 2.4. Let R be an SHA-ring. Then R is reversible and a-reversible if and
only if R is SH-reversible.

Proof. 1t is enough to show the neccessity by Lemma 2.3(1). Let fg =0 for f = (a;),9 =
(bj) € (HR, ). Since R is an SHA-ring, then a;b; = 0 for each i and j. We obtain
that bja; = 0 and bja(a;) = 0 by the assumption. Therefore gf = 0 and so R is SH-
reversible. O

We recall the following properties of a-rigid rings.

Lemma 2.5. [6, Lemma 3.2] Let R be an a-rigid ring and a,b € R, then

(1) If aa™(a) = 0 then a = 0, for each n € N.

(2) If ab= 0 then aa(b) = 0.
Theorem 2.6. Let R be a ring which is torsion free as a Z-module and o be an endo-
morphism of R. Then R is a-rigid if and only if R is SH -reversible and R is reduced.

Proof. Suppose that R is a-rigid. It is clear that R is reduced. Let fg = 0 for f =
(a;),g9 = (bj) € (HR, ) for all i € N. Then we have the following equivalences

apbp = 0 (2.1)

apby + aja(by) = 0 (2.2)

aobs + 2a1(b1) 4+ aza?(by) = 0 (2.3)

agbs + 3a1a(bz) + 3asa?(by) + aza(by) = 0 (2.4)

aopbn + (?) aro(bp—1) + -+ (Z) ana(bg) = 0 (n)

Use the condition that R is a-rigid and the fact that a-rigid rings are reduced and so
reversible, we obtain that bpag = 0 by Eq. (2.1). Multiply Eq. (2.2) on the left hand
side by by and on the right hand side by «(ay), then byaja(bpa;) = 0 and so bpa; = 0;
hence a1by = 0 implies aja(bg) = 0 by Lemma 2.5. From Eq. (2.2) we obtain agb; = 0.
Next multiply Eq. (2.3) on the left hand side by by and on the right hand side by a?(as),
then bgaza?(bpaz) = 0 and so bgaz = 0; hence asa?(by) = 0 by Lemma 2.5. We have an
equation

agbs —i—2a1a(b1) = 0. (25)

Multiply Eq. (2.5) on the left side by b; and on the right side a(ay ), then 2bja1a(brai) = 0.
Since R is torsion free as a Z-module and R is a-rigid, we have bja; = 0 and so aja(by) =0
by Lemma 2.5; hence agby = 0. Continuing in this way, we get a;b; = 0 for each 7, j. By
assumption and using the Lemma 2.5, we obtain that gf = 0, as reguired.

Conversely, assume that aa(a) = 0 for a € R. Then we have fg = 0 for the skew Hurwitz
series f = hgh, and g = h, in (HR, «). By the assumption we obtain that gf = h,2 =0
and so a® = 0; hence a = 0 since R is reduced. O

By Theorem 2.6, every a-rigid ring is SH-reversible. The following is an example of a
non a-rigid ring which is SH-reversible.

Example 2.7. Let Z be the ring of integers. Consider the ring

R:{(S Z)m,bez}

Let a: R — R be an automorphism defined by

(5 a)=(0 )
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Suppose that fg = 0 for f = (( %i 27’ )) and g = (( %l dl: )) in (HR, «), where

i C;

o

< %i gl > , < %Z l ) € R for all 4,j. From fg = 0, we have the following systems of

equations:

apco =0...(x) (2.6)
apdo + bocy =0...(x%)

apcy + ajco =0...(x) (2.7)
apdy + bocy + ardo + breg =0... (k%)

agc + 2a1c1 + agep =0...(x) (2.8)
apds + boca — 2a1dy + 2b1c1 + asdy + bacy :0...(**)

Suppose that ag # 0. From Eq. 2.6(x), we have ¢y = 0 since Z is a integral domain.
Then we obtain that dy = 0 from Eq. 2.6(x%). In Eq. 2.7(x), we have apc; = 0 and so
c1 = 0 since ag # 0. We obtain that d; = 0 by using these facts from Eq. 2.7(xx). From
Eq. 2.8(x), we get co = 0 and so dy = 0 from Eq. 2.8(xx). Continuing this process, we
obtain ¢; = d; = 0 for all ¢. This yields gf = 0. Therefore R is SH-reversible. However,
forO#A:(g (1)> GR,WehaveAa(A):<8 (1)><8 _01>:0andthusRis
not a-rigid.

Let R be a ring and let RV be an R-R-bimodule which is an arbitrary ring in which
(vw)r = v(wr), (vr)w = v(rw) and (rv)w = r(vw) holds for all v,w € V and r € R. Then
the ideal extension I(R; V') of R by V is defined to be the additive abelian group I(R; V) =
R &V with multiplication (r,v)(s,w) = (rs,rw + vs +vw). Note that (HR,a) = I(R; A)
where A = {f € (HR,«a) | f(0) = 0} by [8, Proposition 2.1]. We can give the following
corollary as a result of Theorem 2.6.

Corollary 2.8. Let R be a ring which is torsion free as a Z-module and o be an endo-
morphism of R. If R is a-rigid, then the ideal extension I(R, A) of R is reversible, where
A={fe(HR,a)| f(0) =0}

If we take a = idg, we can give the following corollary, by using the fact that reduced
rings are reversible, as a consequence of Theorem 2.6.

Corollary 2.9. [4, Corollary 2.7] The following assertions are equivalent:
(1) The ring R is reduced and is torsion free as a Z-module.
(2) The Hurwitz series ring HR is reduced.
(3) The Hurwitz polynomial ring hR is reduced.

A ring R is called abelian if every idempotent is central, that is, ae = ea for any
e?=ec Rand a €R.

Proposition 2.10. Let R be an SH-reversible ring and « is an endomorphism of R.
Then R is abelian and if f = (a;) € (HR,«) is an idempotent for all i € N, then ag € R
is an idempotent and f = hq,.

Proof. Let ¢ =e € R. Then hehy_ = 0and hy_che = 0in (HR, a) and s0 hehy_ch, = 0
and hyh1_che = 0in (HR, «) for any r € R. Since R is S H-reversible, we have hy_ch, he =
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0 and hchrhi—. = 0 hence re = ere and er = ere. These imply that R is abelian. Now
let f2 = f, where f = (a;) € (HR,a) and a; € R for all i. Then we have the following
equations:

a

ao
ay
a2

apag + 2a1a(ay) + a2a2(a

(g) apan + (?) ara(an—1)+ -+ (Z) ana™(ag) = an (n)

Note that from Eq.(0), ao is an idempotent of R and so it is central and a(ag) = a¢ from
Lemma 2.3(iv). Then we get the following:

2
0
apai + aja(ag)
0)

2a1a9 = a; (1)

agap + 2a1a(ay) + agag = ag (27)

(g) anag + <71L> arafan—1)+ -+ (Z) anao = Gnp (n’)

Multiplying Eq.(1’) on the right hand side by 1—ag, we obtain a1(1—ag) = 0, so ajag = a1
and hence a; = 0. Thus, Eq.(2’) becomes 2asa9 = az. Similarly, 2a2a9(1—ag) = a2(1—ap)
implies as = 0. Continuing this procedure yields that a; = 0 for ¢ > 1. Furthermore
(HR,«) is abelian since R is abelian. O

3. Extensions of SH-reversible rings

Recall that for a ring R and an endomorphism o of R, an ideal I of R is called a o-ideal
if o(I) C 1. If I is a o-ideal of R, then ¢ : R/I — R/I defined by d(a +I) = o(a) + I
for a € R is an endomorphism of R/I. Following [7, Remark 3.1], every right (resp. left)
ideal I of R corresponds a right (resp. left) ideal (HI,«) in (HR,«) where (HI, ) =
{f €(HR,) | a, €I for all n € N}.

Proposition 3.1. Let R be a ring which is torsion free as a Z-module, o be an automor-
phism of R and I be an a-ideal of R. If R/I is an SH-reversible ring and I is an a-rigid
ring without identity, then R is SH -reversible.

Proof. Let fg =0 for f = (a;),g = (b;) € (HR,a). Then we have fg =0 in (H(R/I),a)
where f = (a; + 1),g = (b; + I). By assumption since R/I is SH-reversible, we obtain
that gf = 0, i.e., gf € I. Since I is a-rigid, then (HI,a) is reduced by [7, Proposition
2.11]. Hence (9f)?> =0in (HI,a) and so gf = 0. O

Let a; be an endomorphism of a ring R; for each ¢ € I. Then the map a : [[;c; R —

[I;cr Ri defined by a((ai)) = (i(a;)) for (a;) € [1;c; Ri is endomorphism of [[;c; R;. The
proof of the following lemma is obtained by routine computations.

Lemma 3.2. Let R; be a ring with an endomorphism «; for eachi € I. Then the following
statements are equivalent:

(1) R; is SH-reversible for each i € 1.



2080 F. Kaynarca, M.A. Yildirim

(2) The direct product [[;c; R;i is SH-reversible.
(3) The direct sum @,;c; R; is SH-reversible.

Proof. 1t is enough to show that (1) = (2). Suppose that R; is SH-reversible for each
iel. Let fg=0for f = (fn),9 = (gm) where f,, = (a(n)) and g, = (b(m)) for all n,m

and for each i € I. Since H([];cr Ri) = [Lie; H(R;), we have fg =0 for f = ((aq(f))) and
g = (b)) in [T;e; H(R;). Then (a)(®) = 0 in (HR;, ;). Since R; is SH-reversible
for each i € I, we have (b,fm))(agf)) = 0 and so gf = 0. Therefore the direct product of R;
is SH-reversible. 0

A ring R is called local if R/J(R) is a division ring, where J(R) denotes the Jacobson
radical of R. R is called semilocal if R/J(R) is semisimple Artinian and R is called
semiperfect if R is semilocal and idempotents can be lifted modulo J(R). Note that local
rings are abelian and semilocal (see [19] for details). In [20], Paykan showed that R is a
local ring iff (HR, o) is local, and R is semiperfect iff (H R, «) is semiperfect. We can give
the following proposition.

Proposition 3.3. Let R be a ring and o be an endomorphism of R. Then we have the
following.
(i) R is SH-reversible and semiperfect if and only if R = @, R; such that each
R; is local and an S H -reversible ring, where a; is an endomorphism of R; for all
1=0,1,...n.
(ii) Let e be a central idempotent of R. Then eR and (1 — e)R are SH-reversible if
and only if R is SH-reversible.

Proof. (i) Suppose that R is SH-reversible and semiperfect. Since R is semiperfect, R has

a finite orthogonal set {ej, ea, ..., e,} of local idempotents whose sum is 1 by [?, Corollary
n

3.7.2]. Then R = ) ¢;R such that e;Re; is a local ring for all # = 1,...,n. Since R
i=1

is SH-reversible, then R is abelian from Proposition 2.10 and e;Re; = e; R. Also, by
Lemma 2.3(iv), a(e;R) C e;R for all i = 1,...,n. Then e;R is SH-reversible and local
subring of R, where «; is an endomorphism of e; R induced by «. Conversely, let R be a
finite direct sum of S H-reversible local rings R; for all i = 0, 1,...n. Then R is semiperfect
since local rings are semiperfect and R is S H-reversible by Lemma 3.2.

(ii) The proof is clear by Lemma 3.2 since R = eR @ (1 — ¢)R. O

Let R be a ring. Define V,, = E?;ll E; j11, for n > 2, where F; ; is the matrix units for
all 7, j. Consider the ring

T(Rv n) =RI, + RV, + RVn2 4+t Rvg—l;

ap air az -+ Gp-2 0An-—-1
0 a a1 -+ apn-3 ap-2
0 0 ap -+ Gp-4a ap-3
T(R7 n) = . . . . . . | a; € R
0 0 0 cee aq al
o 0 o .- 0 ao

in [1]. If R is a commutative ring, then T'(R,n) is also a commutative ring. Let o be an
endomorphism of R, then for each n, & : T(R,n) — T'(R,n), given by &([ai;]) = [a(aij;)] is
an endomorphism. On the other hand, Veldsman introduced mat-reversible rings in [23]
as follows: let R be an identity ring and My(R, z*) be the Barnett matrix ring over R

determinated by the polynomial h(z) = z* € R[z], k > 1. This means My (R, 2*) = ;ﬁ,i

<}i[f]>. In particular, My (R, z*) is the ring of

is just the regular representation of the ring
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all k x k matrices of the form

ay ai az -+ Ag-2 Qag_1
0 ap a1 -+ ap—3 ap—2
0 0 ao -+ ag-a ap3
0 0 0 cee a aj
o o0 o0 --- 0 agp

with entries a; in R. The ring M (R, z¥) of k x k matrices over R can be defined without
requiring that R has an identity which we will henceforth do. For k > 1, we then say a
ring R is mat-k-reversible provided the ring My (R, z¥) is reversible, i.e.,

apg ai az -+ Qg1 bo b1 by - bp_q |
0 ay ar -+ ap_2 0 bo b1 -+ brpo
0 0 ag -+ QAk—3 0 0 ag - bk_g =0
(0 0 0 - 0 0 0 -+ by |
implies i i
bop by b2 -+ bp apg ai az -+ Qg1
0 by by -+ brpo 0 ay a1 -+ ag_2
0 0 ag - bk,;), 0 0 apg -+ QAkp—3 =0
(000 0 - b 0 0 0 - a |

for any two matrices from My(R,z*). A ring R is called mat-reversible if it is mat-k-
reversible for all £ > 1. In the other words; a ring R is called mat-reversible if T(R,n) is
reversible for all n. Now we can give the following proposition.

Proposition 3.4. Let R be a commutative ring such that it is torsion free as a Z-module
and o an endomorphism of R. If R is a-rigid, then (HR, ) is mat-reversible.

Proof. Suppose that R is a-rigid. Let AB = 0 for

(@™ @) @) - (@™ B oMy o) B ) T

0 @ @Yy - @"?) 0o ") o) (B

A= 0 0 (@ - @ |.B=| o 0o @) (b
Lo 0o 0 - (@) | Lo 0o 0 - (") |

in T((HR, «),n). Then we have the following equalities:

@08 + @) o+ (@0 =0

7 (2 (2 (2
in (HR, a). Since R is a-rigid, then (HR, «) is reduced by [1, Proposition 4.1], and so it
is reversible. By using the technique in Theorem 2.6, we obtain that BA = 0. Therefore
(HR, «) is mat-reversible. O
Theorem 3.5. Let R be a commutative ring such that it is torsion free as a Z-module and
a an endomorphism of R. If R is a-rigid, then T(R,n) is SH-reversible for each positive
integer n.
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Proof. Suppose that R is a-rigid. We take the map ¥ : (HT(R,n),a) - T((HR,a),n),

given by ¥(f) = [fij], where f(m) = A, € T(R,n) and f;;(m) = (a,g-n)) and az(;-n) is
the (i,7)th entry of A,, for each m is defined in [1]. It is easy to see that ¥ is an
isomorphism. We assume that fg =0 for f,g € (HT(R,n),a) where f(m) = A, = [a]]]
and g(m) = By, = [b}}] for each m. Hence, by the above isomorphism, we have [f;;][g;;] = 0
for some [fi;], [9i;] € T((HR, ), n). Thus [gi;][fi;] = 0 by Proposition 3.4 and so gf = 0.
Therefore T'(R,n) is SH-reversible as required. O

Rz]

Corollary 3.6. If R is a-rigid, then the ring — 55

1s S H -reversible.

Proof. Since T(R,n) = <]z[ﬁf}> for each positive integer n, it is clear by Theorem 3.5. [

Given a ring R and a bimodule rpMp, the trivial extension of R by M is the ring
T(R,M) = R® M with the usual addition and the following multiplication:

(r1,m1)(re, mg) = (rire, rimg + romy).

This is isomorphic to the ring of all matrices , where r € R and m € M and the

r

0

usual matrix operations are used. Let a be an endomorphism of R. We can extend « to
N _ s A ar) afs)

an endomorphism & : T(R, R) — T(R, R) defined by & (( 0 r )) = ( 0 a(r) )

Since T(R,2) = T(R, R) for n = 2, we can give the following corollary.

Corollary 3.7. If R is a-rigid, then the trivial extension T(R, R) of R is SH -reversible.
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