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Abstract

In this paper, we consider a generalization of Horadam sequence {w,,} which is defined by
the recurrence w, = aw,_1 + cwy,_o, if n is even, w, = bw,_1 + cwy_o, if n is odd with
arbitrary initial conditions wg,w; and nonzero real numbers a,b, and c¢. We investigate
some congruence properties of the generalized Horadam sequence {w,}.
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1. Introduction

The generalized bi-periodic Horadam sequence {w, } is defined by the recurrence relation

AWp—1 + CWp— if n is even
wn—{ n—1 n—2; ’nzz

bwyp_1 4 cwp_o, if nis odd

with arbitrary initial conditions wg, w1 and nonzero real numbers a, b and c. It is emerged
as a generalization of the best known sequences in the literature, such as the Horadam se-
quence, the Fibonacci&Lucas sequence, the k-Fibonacci& k-Lucas sequence, the Pell&Pell-
Lucas sequence, the Jacobsthal& Jacobsthal-Lucas sequence, etc. Similar to the notation
of the classical Horadam sequence [4], we write {w,, } := {w,, (wo,w1;a,b, c)}. In particular,
using this notation, we define {u,} = {wy (0,1;a,b,¢)} and {v,} = {wy (2,b;a,b,¢)} as the
generalized bi-periodic Fibonacci sequence and the generalized bi-periodic Lucas sequence,
respectively. For the basic properties of the generalized bi-periodic Horadam sequence
and some special cases of this sequence, see [1,3,7,9,11-16].

On the other hand, it is important to investigate the congruence properties of different
integer sequences. Several methods can be applied to produce identities for the Fibonacci
and Lucas sequences. For example, Carlitz and Ferns [2] used polynomial identities in
conjunction with the Binet formula to generate new identities for these sequences. The
method of Carlitz and Ferns was used by several authors to obtain analogous results for the
generalized Fibonacci and Lucas sequences, see [6,19]. On the other hand, Keskin and Siar
[10] obtained some number theoretic properties of the generalized Fibonacci and Lucas
numbers by using matrix method. Moreover, Hsu and Maosen [5] and Zhang [18] applied
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an operator method to establish some of these properties. Recently, Yang and Zhang [17]
have studied some congruence relations for the bi-periodic Fibonacci and Lucas sequences
by using operator method. But the results [17, Theorem 4.3-4.13 | that are obtained by
the operator method are incorrect. In this study, by using the method of Carlitz and
Ferns [2], we give more general identities involving the generalized bi-periodic Horadam
sequences and derive some congruence properties of the generalized bi-periodic Horadam
numbers. We collect our main results in Theorem 3.1, Theorem 3.6, and Theorem 3.12. In
particular, Theorem 3.1 includes the corrected version of the results given in [17, Theorem
4.7, Theorem 4.9, Theorem 4.11, Theorem 4.13], and Theorem 3.6 includes the corrected
version of the results given in [17, Theorem 4.3, Theorem 4.5 |. Elegant multinomial
identities are given in Theorem 3.12. We also obtain a new relation for the generalized
bi-periodic Horadam numbers in Theorem 3.11.

The outline of this paper as follows: In Section 2, we give some basic properties of the
generalized bi-periodic Horadam sequence. In Section 3, we give some binomial identities
and congruence relations for the generalized bi-periodic Horadam sequence by using the
method of Carlitz and Ferns [2].

2. Some preliminary results for the sequence {w,}

In this section, we give some basic properties of the generalized bi-periodic Horadam
sequences. To this end, first we recall some properties of the sequence {uy,}.
The Binet formula of the sequence {u,,} is

Up = (2.1)

o

which can be obtained from [16, Theorem 8]. Here o and [ are the roots of the polynomial
22 — abx — abe, that is, o = btvaebi+dabe ”‘221’2+4“bc and 3 = eb=va“bitdabe W, and £(n) =n—2[5] is
the parity function, i.e., £ (n) = 0 when n is even and £ (n) = 1 when n is odd. Let assume
A := a?b? + 4abc # 0. Also we have o + 3 = ab, a — 8 = Va2b? + 4abc and o3 = —abe.

A relation between the sequences {wy,} and {u,} can be given in the following lemma.

Lemma 2.1. For any integer n > 0, we have

p\ &)
Wy, = UpWwi + € (a) Up—1WQ-
Proof. 1t can easily be proven by induction. O

If we take ¢ = 1 in Lemma 2.1, it gives the result in [3, Theorem 8§].

Now we give the Binet formula of the sequence {w,}. We note that the extended Binet
formula for the general case of this sequence was given in [7, Theorem 9]. But here we
express it in a different manner; that is, our a and [ are different from the roots which
are used in [7].

Theorem 2.2. (Binet Formula) For n > 0, we have

a&(n—l—l)

(Aan - Bﬁn) )

8 a
w1—Ewg w1 —ZLwo
where A := ngand Bi=—2a—,
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Proof. By using Lemma 2.1 and the Binet formula of {u,} in (2.1), we have
£(n)
w, = upwi-—+c (a) Up—1Wo

aéntl) som B cbé(m) a1 _ 671—1
(ab)L 2] ( a—f )w1+ (ab)Ll"z" ( a—f )wo'

If n is even, we have

B a a — ﬂn an—l _ ﬁn—l
Wy, = (ab)% <( P >w1+bc (aﬁ >w0>. (2.2)

If n is odd, we have

B 1 a — ﬁn an—l . /Bn—l
wn—(ab)%1 (( Py )w1+bc<a—5 >w0>. (2.3)

From (2.2) and (2.3), we have
B a&(nJrl) at — Bn N 5n71
o= (ab)L 2] (( a—ﬁ)lerbC( a—pf >w0>
_ aé(n+1) (((a”wl + bca”1w0)> B (ﬁnun + bcﬁ"lw()))
 (ap)l3] a—p3 a—p

_ aén+1) <<wl+l§w0> n <w1+bﬁcw0>ﬁn>
" Bl \Ta=5 )" a=p ‘

Since a8 = —abc, we get the desired result. ]

By taking initial conditions wg = 2,w; = b in Theorem 2.2, we have
a' ¢ ( ab—25 ,  ab—2« n)
(ab)L 2] ’

Up = a —
a(a—pB) a(a—pB)
and by using the relation o + = ab, we obtain the Binet formula for the sequence {v,,}
as follows:

afg(n)

(ab)L 3] (o +57). 24

Un =

£(n)

Also by using Lemma 2.1, we have v, = bu,, + 2¢ (%) Up—1. Thus we get a relation be-
tween the generalized bi-periodic Fibonacci and the generalized bi-periodic Lucas numbers

as:
b

£(n)
I (a) (Unt1 + CUp—1). (2.5)
It should be noted that the generalized Lucas sequence {t,} in [17] is a special case of the
generalized bi-periodic Horadam sequence. That is, {t,} = {w, (2a,ab;a,b,1)}.
The generating function of the sequence {w,} is
3

_wo + wiz + (awy — (ab + ¢) wo) 2% + ¢ (bwy — wy) x

G 2.6
(z) 1 — (ab+ 2¢) 22 + 2zt ’ (2:6)
which can be obtained by taking r = 2 in [7, Theorem 6].
Also we need the following identity which can be found in [15]:
1=¢(mn+r) 1 . .
Umnnar = QW Z (n) g Uiy d[my 4] (2.7)
(ab) L 2 J i=0 ?

where 8[m, n, 7,4 := (ab) L= ] 7L ] g—6tmtDim1+8(itr) pem) (n—i)
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3. Main results

In this section, we give some binomial and multinomial identities for the generalized
bi-periodic Horadam sequence. As a consequence of these identities, we derive some con-
gruence relations for the sequence {w,}. Let a,b and c are positive integers.

Theorem 3.1. For any nonnegative integers n,r and m with m > 1, we have

alfg(anrr) n" n
= b u T wi g 8[m, n, ]
- mn-H"J i m Y m—1"itr LS A
=0

ab)L 2
B 4| 5] e (m+1)im 1€ (i+r) pe(m) (n—i)

Wmn4-r

.

where §m,n,r,i| = (ab)L

Proof. Similar to the relation v* = vy F,, + F},_1 for the classical Fibonacci numbers, where
7 is one of the root of the equation 22 — 2 — 1 = 0, we have

_1 m+£(m)bm7£(7n) m—¢(m)  m+£(m)

" =a a2 2 QU tca 2 b 2 Up_q
and

m_ g1, T, megm) mog(m) mE(m)

B =a""a" 2 By, + ca™ 2 2 Up—1-

By using the binomial theorem, we have

n
n . .mH4E(m) m— §(m) .m— {(m m+§(m) o . .
o™ ZE :()a i +(n—1) b +(n—1) o zu:nun _7,10/7
: 1
1=0

i=0
Multiplying both sides of the above equalities by Aa” and BS", respectively, and using
the Binet formula of {w,}, we get

(Aamn-i-r o Bﬁmn—&-r)

= Emmr) (gp) 25 Ly,

= 3 ( ) (ab )Lij n| %] —€lmt1)i-1+€(i+r) e (m)(n—i) ;n—i,
=0\

which gives the desired result.

We note that it can also be obtained by using Lemma 2.1 and the identity (2.7) as

7

i, n—
m U —1 Widtr-

Wmn+r

alfg(anrr) " In .
B wlw ] i) "8 [m, m, ]
a 2 i=0

p\ E(mntr) (1-E(mntr—1) n
+woc< > C(WZ " Tl ™ gy 16[myny T — 1,1
a i=0

1-¢(mn+r) 7 o ) b &6+r)
a n .
= Z ( _>cnzu}nuﬁl_’15[m, n,r, i (wluzurr + cwy <a) ui+r_1>

p— n—i, 1 n—i 3 .
= Tmmm Z ( _>c Uy Upr— Wigr O [, M0, 7, ).
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Remark 3.2. Let ¢ =1 in Theorem 3.1. Then we have the following results:
(1) For m = 2s and r = 2k, we have
i—£(4)
" I/n b\ =2 . .
W2sn+2k = Z (z <a) 0350551 Wi-+2k-
i=0

(2) For m = 2s and r = 2k + 1, we have

n i+€(4)
o n\ (b2 i
W2sn+2k+1 = Z i a 4259951 Wit2k+1-
i=0
(3) For m = 2s+ 1 and r = 2k, we have
—i—§())+n+E(n)
2

" (n b ) i
W(2s4+1)n+2k = Z ( . (> Q2541055 Wit 2k-

X 1 a
=0

(4) For m =2s+ 1 and r = 2k + 1, we have

n —i+£(i)+n—&(n)
n b 2 9 n—i
W(2s4+1)n+2k+1 = Z ) - 25114925 Wit-2k+1-

X 1 a
=0

We should note that the above results are the corrected results which are given in
[17, Equations (21), (24), (27), (30)], respectively. In particular, see the following example
which shows that the results in [17, Equations (21), (24), (27), (30)] do not hold.

Example 3.3. Consider the sequence {g,} = {wy, (0,1;2,1,1)}. From the recurrence
relation of {¢,}, the terms of the sequence are

n 1234|5678 [9 |10][11] 12| 13 | 14 [ 15 |..
gn | 112 [3[8[11]30]41]112] 153|418 |571 | 1560 | 2131 | 5822|7953 | ... .

If we take n = 2,m = 2,k = 1 in [17, Equation (21)], the right hand side of the equation
gives

(n\ ;. 2 2\ ., .
> ( - BB Gion =D | |01 Gie = G302 + 20304 + aif = 674,
i=0 1=0
which contradicts g9 = 418.
If we take n = 2,m = 2,k = 1 in [17, Equation (24)], the right hand side of the equation
gives
9 ,
2 1\ . 5_: 1
> <> <2> 0493 'Givs = G5 + 4sqi + 79105 = 395,
i=0 \"
which contradicts q;; = 571.
If we take n = 2,m = 1,k = 1 in [17, Equation (27)], the right hand side of the equation
gives

2o(2\ (1N, L s o 2
Z ) <2) Q393 'Git2 = 1% + 4392 + q3q4 = 92,
i—0 \"
which contradicts gg = 112.
If we take n = 2,m = 1,k = 1 in [17, Equation (30)], the right hand side of the equation
gives
2 /9\ . . .

> <l> @53 s = G3a3 + 2a3q2q4 + G35 = 207,

i=0
which contradicts g9 = 153.
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By considering the identity {(mn+r) = {(mn)+£(r)—2£(mn)&(r), we have the following
corollary.

Corollary 3.4. For m,n,r > 0, we have

b>s<m>(W)s(mn>s<r>

Winntr — (a up_qwy =0 (mod uy,).

Now we give a generalization of the Ruggles identity [8] which also generalizes the
identities in [17, Theorem 2.2 (3-4)] and [16, Theorem 1]. Then we give a related binomial
identity for the generalized bi-periodic Horadam sequence.

For n > 0 and k > 1, the Ruggles identity [8] is given by

Fn+2k - Lan+k + <_1)k+1 Fm
where {F,} and {L,} are the Fibonacci and Lucas numbers, respectively. Horadam [4]
generalized this result to a general second order recurrence relation
Wsok = VWi + (=) "W,

where Wi, = pW}y_1+qWj_o with arbitrary initial conditions Wy, Wi and arbitrary integers
p,q. The sequence {V}} satisfies the same recurrence relation as the sequence {Wy}, but
it begins with Vy =2,V = p.

A generalization of the Ruggles identity can be given in the following lemma.

Lemma 3.5. For integersn > 0 and k > 1, we have
a\ $(n+1E(k)
Wn42k = <b>

where {wy,} is the generalized bi-periodic Horadam sequence and {v,} is the generalized
bi-periodic Lucas sequence.

k
VEWnak — (—¢)" wy

Proof. 1t can be obtained simply by the Binet formula of {w,} . O

Theorem 3.6. For nonnegative integers n,r and m with m > 1, we have the following
identity:

n . £(m) (592 —¢(im)e(r) o
Womn+4r = Z <n> (_1)(m+1)(n—z) <CL> 2 Cm(n—z)vznwim+r‘

i=0 \" b
Proof. From the Binet formula of {v;} and aff = —abe, it is clear to see that
m+&(m)  m=£&(m)
?m=q 2 V™ — (—abe)™ .

By using the binomial theorem, we have

omn N [ jmelm) meg(m) (m+1)(n—i) m(n—i) i _im
= b -1 b .
o ; (@')a 2 2 (—1) (abc) Uy, O
Similarly, we have

n
Ban _ Z (?) ai%(m)bi%(m) (_1)(m+1)(n—i) (abc)m(n—z’) U;Ln/BZm
=0
Multiplying both sides of the above equalities by Aa” and BS", respectively, and using
the Binet formula of {w,}, we get

(Aa2mn+r . BBZmn—H’)

= af£(2mn+r+1) (ab) L%J Woamn+r
_ Z (7;) i st et (_1)(m+1)(n—i) (abc)m(n—i) vi (Aaim+r _ Bﬁim-f—r) .
i=0
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Thus, again by using the identity £(mn + ) = {(mn) + £(r) — 2¢(mn)&(r), we have

Womntr = Z <n> (_1)(m+1)(n72') Cm(nfi)vviq@wim+r

i—0 \*

R i G (ab)™ (=1~ | 2t | [ | @mntr41) —€@imatr)

which gives the desired result. O

Remark 3.7. Let ¢ =1 in Theorem 3.6. Then we have the following results:
(1) For m = 3 and r = 2k, we obtain the identity

n i+€(4)
n a 2 . i
Wentok = Y ( ) (b) b* (ab + 3)" w3t ok

i—o \*

(2) For m =3 and r = 2k + 1, we obtain the identity

i—£(4)
n n a 2 . .
Wen4+-2k+1 = E <Z> (b) b (CLb + 3)1 W3i+2k+1-

=0

We should note that the above results are the corrected results which are given in
[17, Equations (14), (17)], respectively. In particular, see the following example which
shows that the results in [17, Equation (14),(17)] do not hold.

Example 3.8. Consider the same sequence which is given in Example 3.3; that is, {g,} =
{wy (0,1;2,1,1)}.
If we take n = 2,k = 1 in [17, Equation (14)], the right hand side of the equation gives

"I\ . . 2 /2\ .
Z (i)al (ab+3)" w3iyor = Z ; 10°g3i+2 = g2 + 20g5 + 100gg = 11422,
=0 =0

which contradicts the result ggn40r = q14 = 5822.
If we take n = 2,k = 1 in [17, Equation (17)], the right hand side of the equation gives

n 2
E <Z->bz (ab+ 3)" w3iqort1 = § <z>5 q3i+3 = q3 + 10ge + 25q9 = 4128,
=0 =0

which contradicts the result ggnt2r+1 = q15 = 7953.

Corollary 3.9. For m,n,r > 0, we have the following identity:

(m+1)n _mn =0

Womn+r — (—1) cMw, = (mod vyy,).

Note that for the generalized Fibonacci and Lucas sequences, Corollary 3.9 reduces the
identities in [10, 3.3. Corollary].

Lemma 3.10. For m,r > 0, we have the following identity:

r+&(r)  r=£(r)
—(—abe)™" 4 a7z b3 v (—abe)™ 2" + 22T
m+&(m)  m—g(m)
2 2

Zm+2ra Um

where z is either « or .
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Proof. From the Binet formula of {v,} and a8 = —abc, it is clear to see that 2" =
r+&(r)  r=¢&(r)
2

a 2 v2" — (—abe)” . Thus we have

rte(r)  r—£(r)
— (—abe)"" +a R vy (—abe)™ 2" 4 22

_ (_abc)m (ar-&-g(r) r—g(r) vy — (_abc)r) + 22(m+r)
_ (—abc)m 527 +22(m+r)

= 2" ((—abe)™ 27 + 2™)

— zm—i—?r (5m +am)
m+€(m)  m—g&(m)
2 2

22 V.-

Theorem 3.11. For n,m,r > 0, we have the following identity:

£(r)é(n+1)
— (=)™ wy + (—0)" (Z)

o\ EEHD)
= () UmWm4-2r4n-

UpWrn + W2 (m+r)+n

b

Proof. From Lemma 3.10, we have

— (—abe)™ " + e vy (—abe)™ o + 207 FT)

m+€&(m)  m=£&(m)
2 2

=
5
|
i
I~
3

— am+2ra

Similarly, we have

— (—ab)™" 4 a" 5 b, (—abe)™ B 4 BT

S B S (3.2)

_ Bm+27"a

By multiplying both sides of the equations (3.1) and (3.2) by Aa™ and Bj", respectively,
we get
— (Aa™ — BB™) (—abc)™ "

r+é(r)  r=¢&(r)
ta I e, (—abe)™ (Aa”” — BBH'”)

+ (Aa2(m+r)+n _ B/@Q(m+r)+n>

m+€&(m)  m=—¢£(m)
2

- a Ui (Aam+2r+n o Bﬁm+2r+n) .

Then by using the Binet formula of {w,}, we have

nt€&(n) n—&(n)
—(ab)™*" (=)™ " a S Wn

nt&(r+n)+£(r) n—&(r+n)—§(r)
+ (=)™ (ab)" " q P b )

VP Wy
+ (ab)™"" o %(n)%(mw)m
_ (b L) | n(omm)—gm) ot
By considering the identity &(mn + r) = £(mn) + £(r) — 2§(mn)&(r), we get the desired
result. O

If we take r = 1,m = 2,¢c =1 in Theorem 3.11, we get

(ab + 2) Wn+4 = Wy + ag(nJrl)bg(n)er_l + Wn+6
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which reduces to the identity
(ab+ 1) wnys = wp + afPTOREM 4 @S OFDREMy o

Theorem 3.12. The symbol (n) s defined by (n) = leﬂ). For n,m,r,d > 0,
i j 17! !

)
we have the following identities:

-n n s mj+(m—+r)s 4
Wim+2ryn+d — Um Z (Z ) (_1) (_C) JH(metr) U£w2(m+r)i+rj+d
i+j+s=n »J
o\ EV D —g(m) BE g ()¢ (d) +£ (mn)&(d)
« () (3.3)
b
and
_ n J s(m4+r)+mj i .5
W2 (m4rintd = Z (Z > (=1) (=) U Vr Wim+-2r)itrj+d
i+j+s=n »J
o\ Em) 5 e (r) 5D —g(mie (rj) —€(mitrj)E(d)
« (b) . (3.4)

Proof. By using Lemma 3.10 and the multinomial theorem, we obtain the following iden-
tities:

an7m+g(m) n7m7§<m) ,Umz(m-l-Zr)n
- ¥ (n) (=1)° (—abe)*mtr)+mi S vl 2T
i+j+s=n tJ
and
22(m+7’)n
S (n) (1) (—abe) ) bms o S EIE) S i €0) ()i
i+j+s=n ]

By multiplying both sides in the preceding equalities by z¢ and using the Binet formula
of {wy,}, we have (3.3) and (3.4), respectively. O

From (3.4), by using the decomposition
> = 2 X
i+j+s=n i+j+s=n,i=0 i+j+s=n,i#£0

and Theorem 3.6, we get the following corollary.

Corollary 3.13. For n,m,r,d > 0, we have

W (mr)ntd — (—1)”(m+1) "M wornrqg =0 (mod vy,).
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