Hacettepe Journal of Hacet. J. Math. Stat.
Volume 50 (1) (2021), 92-109
Mathematics & Statistics DOI : 10.15672/hujms.638033

RESEARCH ARTICLE

Depth and Stanley depth of the edge ideals of the
strong product of some graphs

Zahid Igbal'*@®, Muhammad Ishaq! @, Muhammad Ahsan Binyamin?

LSchool of Natural Sciences, National University of Sciences and Technology, Sector H-12, Islamabad
44000, Pakistan

2 Department of Mathematics, Government College University Faisalabad, Pakistan

Abstract

In this paper, we study depth and Stanley depth of the edge ideals and quotient rings of
the edge ideals, associated with classes of graphs obtained by the strong product of two
graphs. We consider the cases when either both graphs are arbitrary paths or one is an
arbitrary path and the other is an arbitrary cycle. We give exact formula for values of
depth and Stanley depth for some subclasses. We also give some sharp upper bounds for
depth and Stanley depth in the general cases.
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1. Introduction

Let S := K|z1,...,x,] be the polynomial ring over a field K. Let M be a finitely generated
Z™-graded S-module. A Stanley decomposition of M is a presentation of K-vector space
M as a finite direct sum D : M = @;_; w;K[A;], where w; € M is a homogeneous
element in M, A; C {x1,...,x,} such that w; K[A;] denote the K-subspace of M, which is
generated by all elements w;u, where u is a monomial in K[A4;]. The Z"-graded K-subspace
w; K[A;] C M is called a Stanley space of dimension | 4,|, if w; K[A;] is a free K[A4;]-module,
where |A4;| denotes the number of indeterminates of A;. Define sdepth(D) = min{|4,| :
i=1,...,r}, and sdepth(M) = max{sdepth(D) : D is a Stanley decomposition of M}.
The number sdepth(D) is called the Stanley depth of decomposition D and sdepth(M) is
called the Stanley depth of M. For an introduction to Stanley depth, we refer the reader
to [7,10,23]. Stanley conjectured in [26] that sdepth(M) > depth(M) for any Z"-graded
S-module M. This conjecture was disproved by Duval et al. [6]. However, there still looks
to be a deep and interesting relationship between depth and Stanley depth, which is yet to
be exactly understood. Also it is interesting to find new classes of modules which satisfy
Stanley’s inequality because in this case we have a lower bound for the Stanley depth.
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Let I C J C S be monomial ideals, Herzog et al. [11] showed that the invariant Stanley
depth of J/I is combinatorial in nature. The strange thing about Stanley depth is that it
shares some properties and bounds with homological invariant depth see ([11,15,22,24]).
Until now mathematicians are not too much familiar with Stanley depth as it is hard to
compute, for computation and some known results we refer the readers to ([1,12,16,17,19]).
Let P, and C), represent path and cycle respectively on n vertices and X represents the
strong product of two graphs. The aim of this paper is to study depth and Stanley depth
of the edge ideals and quotient ring of the edge ideals associated with classes of graphs
H:={P,XP, :n,m>1}and X :={C, K P, : n >3, m > 1}. In Section 3 we compute
depth and Stanley depth of quotient ring of edge ideals associated with some subclasses
of H and K. For the monomial ideal I C S it is clear that depth(I) = depth(S/I)+1,
this means that once you know about depth(S/I) then you also know about depth(/) and
vice versa, whereas for Stanley depth this is not the case. So far all examples show that
sdepth(I) > sdepth(S/I), as Herzog conjectured:

Conjecture 1 ([10, Conjecture 64]). Let I C S be a monomial ideal then sdepth(l) >
sdepth(S/I).

In Section 4 of this paper, we confirm the above conjecture for the edge ideals associated
with some subclasses of H and XK. For recent works on the above conjecture, we refer the
reader to [13,14,18]. In Section 5, we give sharp upper bounds for depth and Stanley
depth of quotient ring of the edge ideals associated to H and X. In the same section, we
also propose some open questions. We gratefully acknowledge the use of the computer
algebra system CoCoA ([5]) for our experiments.

2. Definitions and notations

In this section, we review some standard terminologies and notations from graph theory
and algebra. For more details, one may consult [9,28]. Let G := (V(G),E(G)) be a
graph with vertex set V(G) := {z1,x2,...,2,} and edge set E(G). The edge ideal I(G)
associated with G is a squarefree monomial ideal of S, that is I(G) = (z;x; : {x;,2;} €
E(G)). A graph G on n > 2 vertices is called a path on n vertices if E(G) = {{z;,xiy1} :
i=1,2...,n—1}. We denote a path on n vertices by P,. A graph G on n > 3 vertices is
called a cycle if E(G) = {{zj,zit1}:1=1,2,...,n—1}U{{z1,z,}}. A cycle on n vertices
is denoted by C),. For vertices x; and x; of a graph G, the length of a shortest path from
x; to x; is called the distance between z; and z; denoted by de(a;, xj). If no such path
exists between z; and x;, then dg(z;, ;) = oo. The diameter of a connected graph G is
diam(G) := max{dg(z;,z;) : x;,z; € V(G)}. For a monomial u, supp(u) := {x; : z; | u}.

Definition 2.1 ([9]). The strong product G; X G of graphs G; and G is a graph, with
V(G K Gy) =V (G1) x V(G2) (the Cartesian product of sets), and for (v, u1), (ve,us) €
V(G1 K Ga), {(v1,u1), (v2,u2)} € E(G1 ® Ga), whenever

e {v1,v9} € E(G1) and uy = ugy or

e v; = v9 and {uj,us} € E(G3) or

e {v1,v9} € E(Gy) and {uj,us} € E(G2).

Let P; denote the null graph on one vertex that is V(P;) := {x1} and E(Py) := (). Let
Pom =P, X P, =P, X P, if n =m =1, then Py = Py, this trivial case is excluded.
Forn >3 and m > 1, let G, , := C,, K P, = P, K C,,.

Remark 2.2. |V(P,, ;)| = nm, |[E(Pym)| = 4(n—1)(m—1)+(n—1)+(m—1), |V(Cpm)| =
nm and |E(Cpm)| = |E(Ppm)| +3(m —1) + 1.

Since both graphs P, ,, and G, ,, are on nm vertices, for the sake of convenience, we
label the vertices of P, ,,, and €, by using m sets of variables {1, x2j,...,%n;} where
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1 <3 <m. Weset Sy = K[Uﬁl{xlj,xgj, ..., Zn;}|. For examples of P, and Cy
see Fig 1.

X4 Xo4 X34 X4q Xsq  Xe4

Figure 1. From left to right; Ps 4 and Cg 4.

Remark 2.3. Let §(I) denote the unique minimal set of monomial generators of the
monomial ideal 1.

(1) For positive integers m,n such that m and n are not equal to 1 simultaneously,
the minimal set of monomial generators of the edge ideal of P, ,, is given as:

SUI(Pnm)) = U?;f{ UT:EI {24525 41), BT i1 (41)s T T(i41)5> T(i4+1)j Ti(i+1)> TrTn(j+1) }»
xzmx(erl)m}

(2) For n > 3, m > 1, the minimal set of monomial generators for I(Cy, ) is:
9(I(€n}m)) = S(I(Tn,m)) U { U;n:? {wljxn(jﬂ)yxljﬂfnjyfﬂl(j+1)9€nj}7331m$nm}~

(3) :Pn,l = Pn and Gml = Cn

(4) Forn,m > 1, Py, p, = Py p, so without loss of generality the strong product of two
paths can be represented as P, ,,, with m < n. Thus in some proofs by induction
on n, whenever we are reduced to the case where we have P, ,,, with n' < m, after
a suitable relabeling of vertices we have P/, = Py, ,». Therefore, we can simply
replace I(Pps ) by I(Pp ) and Sps /1Py m) by Spnt /I (Prns)-

The method of Herzog et al. [11] for determining the Stanley depth of modules of the
type M = J/I (where I C J C S are monomial ideals) using posets can be summarized in
the following way. We define a natural partial order on N” as follows: a < b if and only if
a(l) <b(l) forl =1,...,n. Note that 2% | z° if and only if a < b. Here for ¢ € N", 2¢ denote
the monomial :L'i(l)l‘;@) . -:c%(n). Let J = (z™,2%,...,2%) and I = (a1 2b2, ... ab)
where a;,b; € N*. Let h € N" such that h(l) = max{a;(1),b;(1)) : 1 <i <r,1 < j <t}
(the component-wise maximum of the a; and bj). Then the characteristic poset of J/I
with respect to h, denoted Pf;/ ;> is the induced subposet of N with ground set

{¢ € N"|¢ < h, there is i such that ¢ > a;, and for all j, ¢ # b;}.
Let z,y € P}l/l, a:=[z,y={z¢€ Pf}/I :x < z <y} be a subset of P}L/I called interval and
P be a partition of Pf,’/l into intervals. Let Z, := {l : y(I) = h(l)}, define the Stanley depth
of a partition P to be sdepth(P) := min,cp |Z,| and the Stanley depth of the poset Pf;/[
to be sdepth(Pf}/ ;) := maxp sdepth(P), where the maximum is taken over all partitions
P of Pf;/]. Herzog et al. showed in [11] that sdepth(J/I) = sdepth(P}’/I). By considering
all partitions of the characteristic poset, this correspondence provides an algorithm (albeit

inefficient) to find the Stanley depth of J/I. Now we recall some known results that are
heavily used in this paper.
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Lemma 2.4. (Depth Lemma) If 0 — U — M — N — 0 is a short exact sequence of
modules over a local ring S, or a Noetherian graded ring with local Sy, then

(1) depth(M) > min{depth(N),depth(U)}.

(2) depth(U) > min{depth(M),depth(N) + 1}.

(3) depth(N) > min{depth(U) — 1, depth(M)}.
Lemma 2.5 ([24, Lemma 2.2]). Let 0 - U — V — W — 0 be a short exact sequence of
Z"-graded S-modules. Then sdepth(V') > min{sdepth(U),sdepth(W)}.

Remark 2.6. Let I C S be a monomial ideal. Then for 1 < i < n with z; ¢ I, the short
exact sequence
0 — S/(I:x;) 25 S/T— S/(I,x;) — 0,
implies that
depth(S/I) > min{depth(S/(I : x;)),depth(S/(I,z;))},
sdepth(S/I) > min{sdepth(S/(I : x;)),sdepth(S/(I, z;))}.
This will be used frequently throughout the paper.
Lemma 2.7 ([11, Lemma 3.6]). Let I C J be monomial ideals of S and S = S[x,11] be
a polynomial ring in n + 1 variables. Then
depth(JS/IS) = depth(JS/IS) +1 and sdepth(JS/IS) = sdepth(JS/IS) + 1.
Corollary 2.8 ([24, Corollary 1.3]). Let J C S be a monomial ideal. Then depth(S/J) <
depth(S/(J : v)) for all monomials v ¢ J.

Proposition 2.9 ([2, Proposition 2.7]). Let J C S be a monomial ideal. Then for all
monomials v ¢ J sdepth(S/J) < sdepth(S/(J : v)).

Let ¢ € Q, then [¢] denote the smallest integer greater than or equal to ¢, and |g]
denote the greatest integer less than or equal to q.
Theorem 2.10 ([21, Theorem 2.3]). Let I C S be a monomial ideal of S and m be the

number of minimal monomial generators of I, then sdepth(I) > max {1,n — [%]}.

Corollary 2.11 ([8, Corollary 3.2]). Let G be a connected graph of diameter d > 1 and
let I =1(G). Then depth(S/I) > [4£1].
Theorem 2.12 ([8, Theorem 4.18]). Let G be a graph with p connected components,
I =1(G), and let d = d(G) be the diameter of G. Then, for 1 <t < 3 we have
—4
sdepth(S/I") > [%1 +p—1.

Corollary 2.13. Let G be a connected graph of diameter d > 1 and let I = I(G). Then
sdepth(S/I) > [%HL].

3. Depth and Stanley depth of cyclic modules associated to P, ,, and C, ,,
when 1 <m <3

Let n > 2 and 1 < i < n, for convenience we take x; := x;1, y; := x;0 and z; := x;3, see
Figures 2 and 3. We set Sy, 1 := Klz1,22,...,2p], Sn2 = K[z1,22,...Zn,Y1,Y2, -, Yn]
and Sy 3 := K[z1,%2, ... Tn, Y1, Y25 - - - Yns 21, 22, - - -, 2n). Clearly Pp, 1 = P, and C,, 1 = C,,
the minimal sets of monomial generators of the edge ideals of P;, 2, Py 3, €, 2 and C,, 3 are
given as:

S(I(Pn2)) = U Maiyi, Tiis1, Tiit1, Tit1 Vi, Yilir1 } U {Zn¥n },

S(I(Tn,B)) = U?:_f{xiyu LilYit1, LTiLit1, Li+1Yis Yili+1, YiZis Yii+1, Yi+1%4, Zizi+1} U {xnynv ynzn},

S(I(Cn2)) = S(I(Pn2)) U{z1Yn, 2120, Y1ZTn, Y1Yn } and



96 Z. Igbal, M. Ishaq, M.A. Binyamin

9(1(671,3)) = 9(1(:])71,3)) U {xlyna T1Tn, Y1Tn, Y1Yn, Y12n, 21Yn, len}-
In this section, we compute depth and Stanley depth of the cyclic modules Sy, 1 /I(Prm)
and Spm/I(Cpm), when m =1,2,3.

4 22 23 24 z5

Vi X | Ys

Xy Xy X3 X4 X5 X 2 X3 Xq4 X5 1 X3 X3 X3 X5

Figure 2. From left to right; P51, P52 and Ps 3.

) {/‘ﬁi\
P

&) 4 Vs N N2 s €
10 @)
x) x| %6 ys / Y6 z

Figure 3. From left to right; Cs 1, Cs,2 and Cg 3.

Remark 3.1. Note that for n > 2, S, 1/I(P,1) = S/I(P,), thus by [20, Lemma 2.8]
and [27, Lemma 4] depth(S,,1/1(Pn,1)) = sdepth(Sn1/1(Pn1)) = [5]. Let n > 3, then
Sna/I(Cn1) = S/I(Cy), and by [4, Propositions 1.3,1.8] depth(Sy1/1(Cn1)) = [252] <
sdepth(Sy,1/1(Cn1)) < [5].

Lemma 3.2. Forn > 1 and m = 2,3, depth(Sy m/I(Pnm)) = sdepth(Spm/I(Prm)) =
[51-

Proof. If n = 1, then proof follows from Remark 3.1. Let n > 2. First we prove the
result for depth. If (n,m) € {(2,2),(3,2),(3,3)} then the result is trivial. Let n > 4.
Since diam(®P;, ;) = n — 1, thus by Corollary 2.11 depth(Sy, m/I(Pnm)) > [5]. Now we

prove that depth(Sy ;n/1(Pn,m)) < [5], we prove this inequality by induction on n. Since

Yn—1 & I(Ppm), then by Corollary 2.8

depth(Sy m/I(Pnm)) < depth(Spm/(I(Pnm) : Yn—1))-
As we can see that Sy, /(I(Prm) : Yn—1) = Sn—3,m/I(Pn—3m)[yn—1], therefore by induc-
tion and Lemma 2.7 depth(Spm/(I(Pnm) : Yn-1)) = [%52] + 1 = [%]. This completes
the proof for depth.

Now we prove the result for Stanley depth. If n = m = 2, then I(P22) is a squarefree
Veronese ideal of degree 2. Thus by [3, Theorem 1.1] we have sdepth(S, 2/I1(Py2)) = 1,
as required. If n = 3 and m = 2 or 3, then diam(®P3,,) = 2, thus by Corollary 2.13,
we have sdepth(S3.,,/1(P3,m)) > 1. By Proposition 2.9 we have sdepth(S3 ,,,/I1(P3.m)) <
sdepth(Ss,m/(I(P3m) : y2)) it is easy to see that S3,,/(I(Psm) 1 y2) = Ky, therefore
sdepth(S3,m/I(P3,m)) < 1, thus sdepth(Ss,,,/I(P3.,)) = 1. Let n > 4, using Corollary
2.13 instead of Corollary 2.11 and Proposition 2.9 instead of Corollary 2.8, the proof for
depth also works for Stanley depth. O
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Theorem 3.3. For n > 3, sdepth(S,,2/I(Cp2)) > depth(Sy,2/I(Cn2)) = [257].

)

2
Proof. We first prove that depth(Sy,2/I(Cpn2)) = [251]. For n = 3,4 the result is trivial.
For n > 5 using Remark 2.6 one has

depth(Sy,2/1(Cp2)) > min{depth(Sy,2/(I(Cp2) : z5)), depth(Spn2/(I(Cpn2),zn))}.

(I(Cn2) : xn) = (UM @i, Tilin 15 Tiin 1, Tis 1 Yis Yilhie 1} Tr—2Yn—2, T15 Y1y Tn1s Yn—1 Yn ) -
After renumbering the variables, we have Sy, 2/(1(Cp2) : ©pn) = Sp—32/1(Pr—32)[zn]. Thus
by Lemmas 3.2 and 2.7 depth(Sp,2/(I(€n2) : 2)) = [%52]+1 = [2]. Let J be a monomial
ideal such that;

J = (I(Cp2),xn) = (UL {ZiYi, TilYir 1, Tiit1, Tit1Yis Yilit1 b Tno1Yn—1, Tny Tr—1Yn,
Yn—1Yn Y1Yns T1Yn) = (H(Pr—12)s Ty Tn—1Yns Yn—1Yns> Y1Yn, T1Yn)-
By Remark 2.6 we have depth(Sy, 2/J) > min{depth(S,2/(J : yn)),depth(Sp2/(J,yn))}.
As (J,yn) = (I(Pn-12),Tn,Yn) and Sy 2/(J,yn) = Sn—1,2/1(Pp—12). Therefore by Lemma
3.2 depth(Sn,2/(J,yn)) = [252]. Also

(J i yn) = (U?;zs {ZiYi, TiYir1, Ti%ir1, Tig1¥i, YilYit1 s Tn—2Yn—2, T1, Y1, Tn—1, Yn—1, Tn) -
After renumbering the variables, we get Sy 2/(J : yn) = Sp—32/1(Prn—_32)[yn]. Therefore
by Lemmas 3.2 and 2.7 depth(S,2/(J : yn)) = [%52] +1 = [2]. If n = 0(mod 3) or n =
2(mod 3), then depth(S,.2/(I(Cny2) : xn)) = [2] = [252] < depth(Sn2/(I(Cn2), zn)),
thus Depth Lemma implies depth(Sn2/I(Cp2)) = [%5], as required. Now for n =
1(mod 3), assume that n > 7, then we have the following S, 2-module isomorphism:

Klzs, ... ,Tn_1,Y3y-+sYn—
([(Gn’g) . xn)/I(enQ) ~ — [ 3 n—1,Y3 Yn 1] [371]
(Uizg {ﬂfiym TiYi+1, TiTit+1, Li+1Yis yiyi+1}; $n71yn71)
Klzs,...,zn_1,Y3,... _
69?/1 s [ 3 y Ln—1,Y3, y Yn 1] [y1]
(Uizs {zays, Tayis1, Tiitr, Tigayi, iV by xn—1yn—1)
Klxo,...,xn_9,Y2, oy Yn_
& Yn——s [z2 n—2,Y2 Yn—2] (]
(Uizs {Zi%i, Tilir1, TiTi1, Tis1Yir Yili1 } xn—Qyn—Q)
Klao,...,Zn_3,Y2, ..., Yn_=
® T 1 . [ 2 n—3,Y2 Yn 3] [$n71]
(Ui {ZiYi, Tiyyir1, Ti%ig1, Tig1Yi, Yiliv1 } $n73yn73)
K[x% ey In—=3,Y2,.. ., yn—S]

@ Yn—1 [yn—l]-

(U?;;{miyi, TilYig 1, Tiit 1, Tig1Yir Yilit1 ) xn—syn—:a)
Indeed, if u € (I(Cp2) : z5) is a monomial such that u ¢ I(Cy,2). Then w is divisible by
at most one variable from the set {z1,y1, Yn, Tn—1,Yn—1}, if u is divisible by two or more
variables from {x1, y1,Yn, Tn—1,yn—1} then u € I(C, 2), a contradiction. If z; | u then u =
zfw with a > 1, since u ¢ I1(C,2) it follows that w € S := K[z3,...,Zn-1,Y3,-- -, Yn—1]
and w & J = (UL @i, Tilit1, Tiitt, Tit1 Vi, Yilit1 b Tn1Yn—1), thus u € z1(S'/J)[21]
which is the first summand in the direct sum. Let S” := S'[z1] then x1(S'/J)[x1] =
x1(S”/JS"), it is easy to see that x; is regular on S”/JS”, therefore we have the S”-
module isomorphism x;(S”/JS") = (5”/JS"). After a suitable renumbering of variables
we have (S”/JS") =2 S,_32/1(Pp_32)[zn]. If y1 | u, then we get the second summand
and if y, | v then we get the third summand. Proceeding in the same way one can easily
show that these two summands are also isomorphic to Sy,_32/1(Pr—32)[zn]. If 2n—1 | u
then we get the forth summand and if y,—;|u then we get the last summand. Similarly
one can show that the last two summands are isomorphic to Sy—4.2/1(Pr—4,2)[zs]. Thus
by Lemmas 3.2 and 2.7, we have

n—3 n—4 n—1

depth(l(en,Z) : l‘n)/I(en,Z)) = mln{[T—| + 17 [ 3 —| + 1} = [ 3

1.
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Now by using Depth Lemma on the following short exact sequence we get the required
result.

0— (I(emz) : xn)/I((?n,g) —xn—> Sn72/f(en72) — Smg/(l(en,g) : xn) — 0.

Now we prove the result for Stanley depth. If n = 3, then I(C32) is a squarefree Veronese
ideal of degree 2. Thus by [3, Theorem 1.1] sdepth(S32/1(C32)) = 1, as required. If n = 4,
then by using [11] we have the following Stanley decomposition

S12/1(Cs2) = K[x1, 23] © y1 K[23, 1] © 22K 2, 24] © Y2 K[y2, ya]®

ysK (21, y3] © 24K (4, y2] ® yaK |22, ya] © y1ysKy1, ys].
Thus sdepth(Sy2/1(C42)) > 2. For upper bound by Proposition 2.9 we have
Sdepth(5472/1(e4,2)) S Sdepth(S472/(I(e4’2) : xll‘g)),
since S42/(1(C42) : z123) = K[z1, 23], therefore sdepth(Ss2/1(Cs2)) < 2, thus we get
sdepth(Sy2/1(Cs2)) = 2. Let n > 5, using Remark 2.6 we have

sdepth(Sy,2/1(Cpn2)) >

min{sdepth(Sy 2/(1(Cpn2) : x,)),sdepth(Sn2/(J : ypn)),sdepth(Sy, 2/(J,yn))} > [n —1

3

1.
O
Corollary 3.4. For n >3, [2%1] < sdepth(Sy,,2/I(Cn2)) < [2].

Proof. Since 1(C332) is a squarefree Veronese ideal, by using [3, Theorem 1.1], it follows
that sdepth(S32/1(C32)) = 1. For n > 4, by Proposition 2.9 sdepth(Sy2/I1(Cp2)) <
sdepth(Sy 2/(L(Cn2) : xp)). Since Sy 2/(I(Cr2) : xn) = Sp—32/1(Pn—_32)[xy], using Lem-
mas 3.2 and 2.7, we have sdepth(S,2/(I(Cpy2) : n)) = [252] + 1 = [2]. O

For n > 2 we define a supergraph of P, 3 denoted by P}, 5 with the set of vertices
V(Pr3) == V(Pn3)U{zns1} and edge set E(P}, ) := E(Pn3) U{zn2n+1,Ynznr1}. Also we
define a supergraph of P}, 5 denoted by P} with the set of vertices V(Py%3) := V(P}, 5) U
{zn+2} and edge set E(PyS5) := E(P}, 5) U{212n+2, Yy12n+2}. For examples of P}, 5 and Py
see Fig. 4. Let S}, 3 := Sn.3[#n+1] and Spry = Sn.3[Zn+1, Zn+2] then we have the following
lemma:

Z1 %) 23 24 4 21 22 23 24 Z5
b4
26 27 6
M Ys 8 Ys
1 2 X3 X4 A5 1 2 X3 X4 X5

Figure 4. From left to right; P3 5 and P5%5.

Lemma 3.5. Forn > 2,

(a) depth(Sy3/I(P}3)) = sdepth(S}; 5/1(P; 5)) = [44].
(b) depth(S3y/I(Py)) = sdepth(S5w/I(Ph)) = [752].

Proof. (a). First we prove the result for depth. Since diam(%P}, 3) = n, then by Corol-
lary 2.11 we have depth(Sy; 3/1(®}3)) > 2417, Now we prove the reverse inequal-
ity, if n = 2 then the result is trivial. For n > 3, as y, ¢ I(P}3) so by Corollary
2.8 depth(S55/1(Ph) < depth(Sta/(I(Phs) ¢ yn)). We have Sia/(I(Phs) © y) =
(Sn—2.3/1(Pp—2,3))[yn]. By Lemmas 3.2 and 2.7 depth(S}; 3/(I(P3) : yn)) = [252] + 1 =
[241]. Thus depth(S;, 3/1(P,3)) < [241]. Proof for Stanley depth is similar by using
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Proposition 2.9 and Corollary 2.13.

(b). Clearly diam(Py5) = n + 1, by Corollary 2.11 we have depth(Sy%/I(Pr5)) > [%52 2].
Now we prove the reverse 1nequahty, it is true when n = 2 3. For n > 4, as
yn & I(P}13) so by Corollary 2.8 depth( ms/L(PR3)) < depth(Si,*g/( (Pr3) + yn))-
Since S35 /(1(Pr3) = yn) = (Sp_as/1(P)_ 23))[ n). By (a) and Lemma 2.7 we obtaln
depth(S7 3/1(P3) - yn) = [*=5 2+11+1 = [32]. Thus depth(S3%/I(Py%)) < [™42]. Sim-
ilarly one can prove the result for Stanley depth by using Proposition 2.9 and Corollary
2.13.

Theorem 3.6. For n > 3, and n = 0,2(mod3), sdepth(Sn3/I(Cn3)) = [252] =
depth(S, 3/1(Cpn3)), and otherwise, ["T_ll < depth(Sy3/1(Cr3)),sdepth(Sy 3/1(Cp3)) <
(31

Proof. We first prove the result for depth. For n = 3,4 the result is clear. Let n > 5,

O

-3
A= (I(Cp3) : wn) = (U5 {ilis Tili1, Tii1, Tig1Yis Yilit1, YiZi, YiZit 1, Yit1Zi ZiZit1 )
Tn—2Yn—2,Yn—22n—2, L1, Y1, Tn—1,Yn—1;Yn, Zn2n—1, En—12n—2, Yn—22n—1, Zn2l, 2122, y221)7
and
A= (I(Cns), n) = (VL2 {@ilis Bilfit1, Tiit1, Tik1Yis Yillis 1 YiZis Yi Zit 1 Yit1 Zis %41 1 Ty
Tn—1Yn—1Yn—12n—1,Tn—-1Yn> Yn—1Yn, Ynin—1,Yn—12n, Zn—12n, Yn2n, Y1Yn, L1Yn, Y12n, Ynz1, len)
= (I(Tn—1,3)7 Tns Tn—1Yn,s Yn—1Yns YnZn—1,Yn—12n; En—12n, Yn2n, Y1Yn, T1Yn, Y12n, Yn<1, len)a
then by Remark 2.6 we have
depth(S,, 3/1(€Cp3)) > min{depth (S, 3/A),depth(S, 3/A)}. (3.1)

Since (4, z2,) = (U?;gg {ZYis Tilir 15 TiTig 1, Tig 1Yis Yilir 1, YiZi, YiZit 1, Yit1%in ZiZit1 )
xn—2yn—27yn—QZn—2;1'17ylvwn—lyyn—hyn7znazn—lzn—2uyn—22n—1721227y221)7
after renumbering the variables we have S, 3/(A4, z,,) = (Sy~ 3 3/1(Py 3 3))[zn]. Thus by
Lemmas 3.5 and 2.7 depth(S,,3/(4, z,)) = [2="= 3+2] +1=[%= 11+ 1. Also

n—3
(A zn) = (U5 {@ili, Tilhig1s Tiig1s Tis1Yi, Yilit1s YiZi YiZid1s Yit1Zis ZiZit1 b Tn—2Yn—2,

Yn—22n—2, 21, Y1, Tn—1,Yn—1,Yn, Zn—1, Zl)a

after renumbering the variables we get S, 3/(A : z,) = (Sn—33/1(Pn—33))[%n, zn]. Thus
by Lemmas 3.2 and 2.7 depth(Sy3/(A : 2,)) = [252] + 2 = [2] + 1. Using Remark 2.6

min{depth(S,3/(A : zy)), depth(Sy 3/(A4, z,))} = min{ [%] 1} +1}. (3.2

. _ n—3
As (A yn) = (U5 {2, Tiin 1 Tii 1, Tig 1, Yillitr1s YiZis YiZir1s Yit1%is Zi%is1 )
$n72yn727yn72zn72’xnal‘laylaZlyxnflaynflaznflazn)a

after renumbering the variables we get S, 3/(A4 : yn) = Sn—3.3/1(Pn—33)[yn]. Therefore by
Lemmas 3.2 and 2.7 depth(Sn3/(A : y,)) = [%52] +1 = [2]. Now let

A\ = (Zv yn) = (I(?n—1,3>7 Tny Yns Yn—12n, En—1%2n, Y12n, len>7
depth (S, 3/A) > min{depth(S, 3/(A : yn)), depth(S,.3/A)}
= mm{[g} ,depth(S,.3/A)}. (3.3)
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Since (A : 2,) = (U3 {@ii, i1, TiTis 1, Tis 1Ui Yilin 1 YiZi YiZit1s Vi1 %is ZiZit1 }
Tn—2Yn—2,Yn—22n—-2, 21, Y1, anlaynflayna$n7xnflxnfmivnflynf%$1x27$1y2)a
after renumbering the variables, we have S, 3/(A : z,) = (Spr33/I(Pr33))l2n]- Thus by
Lemmas 3.5 and 2.7 depth(S,, 3/(A : 2,)) = [2=3427 41 = (221 4+ 1. Also S/ (A, zn) =
Sp—13/I(Pn_13). Therefore by Lemma 3.2 depth(S,3/(A, 2z,)) = [251]. By Remark 2.6

depth(S,,3/A) >
~ - -1 -1
min{depth(Sy.s/(A : z,)) depth(Sn.3/(A, 20))} = mm{(”Tq +1,12 1) (34

Hence combining Eq. 3.1, Eq. 3.2, Eq. 3.3 and Eq. 3.4 we get depth(S,, 3/1(Cp3)) >
2217, By Corollary 2.8 we have depth(Sn3/I(Cpn3)) < depth(Sns3/(I(Cn3) : yn)).
Since (Sn3/(1(Crn3) : yn)) = (Sn—33/(I(Pr-33))[Yn], by Lemmas 3.2 and 2.7, we have
depth(S,,3/1(Cp3)) < [2], if n = 0(mod3) or n = 2(mod3) then [231] = [2]. If
n = 1(mod 3) then [%z1] < depth(S,,3/I(Cn3)) < [2].

Now we prove the result for Stanley depth. If n = 3, then by using [11] we have the
following Stanley decomposition

S33/1(C33) = Klz1] © y1 K[y1] ® 21K [21] © 22K 2] © y2 K[ya] © 22K [20]@
D l’gK[a:g] D ZgK[ZgL
Thus sdepth(S33/1(C33)) > 1. For upper bound by Proposition 2.9 we have

Sdepth(3373/l(6373)) S Sdepth(S:g,g/(I(eg’g) : yg)),
since S33/(1(C3,3) : y2) = Klyo], therefore sdepth(Ss33/1(€33)) < 1, as desired. For n = 4,

let T := K[x1,21] ® y1K[xs,y1] ® v2K |22, 21] ® Yo K|y2, 4] ® y3K[x1,y3] ® x4k |24, 21]
© yaK|w2,ys] ® 24K |21, 24] © 22K |21, 2] ® 23K [21, 73] © 23K |21, 23],

if uw € S43/1(Cys3) such that u ¢ T', then deg(u;) > 2. It is easy to see that Sy 3/1(Cs3) =
T @, uK[supp(u)], Thus sdepth(S43/1(Cys3)) > 2. For upper bound by Proposition 2.9
we have sdepth(S43/1(Cys3)) < sdepth(Sa3/(I(C43) : y2ya)), since Sy3/(1(Ca3) : Yoya) =
Ky2, ya], therefore sdepth(S43/I1(C43)) < 2. Hence sdepth(Ss3/1(Cs3)) = 2. Let n > 5,
using Proposition 2.9 instead of Corollary 2.8 the proof for depth also works for Stanley
depth. O]

Example 3.7. One can expect that depth(S,3/I(Cns)) = [%51] as we have in [/,
Proposition 1.3] and Theorem 3.3. But examples show that in the essential case when
n = 1(mod 3) the upper bound in Theorem 3.6 is reached. For instance, when n =4, then

depth(S473/I(e4,3)) = Sdepth(S473/I(e4’3)) =2= ’—%-I .

Remark 3.8. If 3 < mn < 10, then wusing SdepthLib:coc [25] we have
sdepth(S,3/1(Cr3)) = [§]. Also for 3 < n < 6, we have depth(S,3/1(Cn3)) = [5]
that is the upper bound in Theorem 3.6 is reached for both depth and Stanley depth in all
known cases. In order to show that sdepth(S,, 3/1(Cy 3)) > depth(Sy, 3/1(Cy 3)) (Stanley’s
inequality) one needs to show that sdepth(S,3/1(Cpn3)) = [5], for all n. For this one
needs to find a suitable Stanley decomposition which we don’t know at the moment and

could be hard to find.

4. Lower bounds for Stanley depth of I(?, ,,) and I(C,,,) when 1 <m <3

In this section, we give some lower bounds for Stanley depth of I(P,, ,,) and I(Cy, ),
when m < 3. These bounds together with the results of the previous section allow us to
give a positive answer to Conjecture 1 in some special cases. We begin this section with
the following useful lemma:
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Lemma 4.1. Let A and B be two disjoint sets of variables, Iy C K[A] and Iz C K[B] be
square free monomial ideals such that SdepthK[A}(Il) > sdepth(K[A]/I1). Then
sdepthgaup) (11 + I2) > sdepth(K[A]/ 1) + sdepth g (12).
Proof. By [2, Theorem 1.3(1)] we have
sdepth g aup) (11 + I2) > min{sdepth g4 p (1), sdepth(K[A]/I1) + sdepth g (12)}.
Now by Lemma 2.7 we have
sdepthgaup (11 + I2) > min{sdepthy (/1) + | BJ,sdepth(K[A]/I1) + sdepth g (12)}.
Since | B| > sdepthp)(12), therefore
sdepth g 4(11) + | B| > sdepth(K[A]/I1) + sdepth s (12),
this proves the desired inequality. ]
Now we introduce some notations for the case m = 3. For 3 <[l <n — 2, let
Jp = (Tn—1, Zn—1s Tn—i41, Yn—I—1> Zn—l41, Tn—i—1, Zn—I1—1)
I(P_y) = (Tn—142Tn—1435 - - - » Tn—1Tn),

I(]Dlﬂ—l) = (Zn—l+2zn—l+3a ce ,anlzn),

be the monomial ideals of \S,, 3. Consider the subsets of variables
Dl = {:L‘n—l-‘rQa :l:n—l+3a ey Tn—1, xn}a
/
Dl = {2n7l+27 Zn—143s -+ +3”n—1, Zn}7

"
Dl = {mnfla Zn—1y Tn—14+1Yn—1—1; fn—1+1, Tn—1—1, anlfl}-

Let L; be a monomial ideal of S, 3 such that L; = I(P/_;) + I(P/',) + J;. With these
notations we have the following lemma:

Lemma 4.2. For3<Ii<n-2, SdepthK[DluD;uD;'](Ll) > (HTQ} + 1.
Proof. Since Ly = I(P]_;)+ I(P/" ) + J;, by [2, Theorem 1.3], we have
sdepth(p,uprupy|(Li) = min { sdepthgp,,pupr (i), min{sdepthy(p,up; (1(F_1)),
sdepth g p, (K[Di]/1(F{_y)) + sdepthgpy (I(P1))}}. (4.1)
By using [21, Theorem 2.3] and [22, Proposition 2.1], Eq. 4.1 implies that

. . -2, 1-1 1—2
sdepthye(p,uprupr)(L1) = min{4 + 2(I — 2), min{2/ — 2 — LTJ, (T] +1-1- L?J}}

[+ 2

> 240
3
O
Theorem 4.3. Forn>1 and 1 <m < 3,
sdepth(I(Pnm)) > sdepth(Sm /I (Pom)) = [%1.

Proof. By Lemma 3.2 and Remark 3.1 we have sdepth(Sy m/I(Pnm)) = [§], we use this
fact frequently in the proof without referring it again and again.
(a) If m =1, clearly I(P, 1) = I(P,), thus by [21, Theorem 2.3] and [22, Proposition

2.1] we have sdepth(1(Py,1)) > sdepth(Sy,1/1(Pn1)) = [5].
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(b) If m = 2, we prove the result by induction on n. If n = 1 then by (a) the required
result follows. If n = 2,3, then by [19, Lemma 2.1], sdepth(/(Py2)) > [5]. Now
assume that n > 4. Since x,—1 & I(Py,2), thus we have

I(Pp2) =I(Pr2) NS ®xp1(I(Pn2) : Tno1)Sn2,
where S = K[x1,22,...,Tn—2,Tn,Y1,Y2,- - -, Yn). Now
I(Pn2) NS = (SUI(Pr=22)), Tn—2Un—1: Yn—2Yn—1: TnYn, Yn—1Tn, Yn—1Yn) and
(I(Pn2) : 2n-1)Sn2 = (S(L(Pn-32)), Tn—2, Yn—2, Yn—1, Tn, Yn) Sn,2-
As yp—1 € I(Pr2) NS, so we get
I(Pp2) NS = I(Pr2) NS )NS" @ yn_1(I(Pr2) NS :yn-1)S’,

where S” = K[x1,...,Zn-2,Tn, Y1, - - Yn—2,Yn). Thus
I('Pnyg) = (I('.ng) N S/) ns” D yn_l(I(’Pn,Q) ns': yn_l)S’ D xn_l(I(Tn’g) : xn_l)Sn,g,
where

(I(Pn2)NSYNS" = (S(I(Pr-22)), Tnyn)S"
and
(I(:Pn,Q) ns: yn—l)S/ = (S(I(Tn—&?)), Tn—25Yn—2, Tn, yn)S/
By induction on n and Lemma 4.1 we have
sdepth((1(Pp2) NS") NS") > sdepth(Sp—22/I(Pn-22)) + sdepth g, v 1(Tnyn)-

Again by induction on n, Lemma 4.1 and Lemma 2.7 we have

sdepth((1(Pp,2)NS" : yp—1)S") > sdepth(Sy_32/1(Pn_32))+sdepthy(@n_2, Yn—2, Tn, yn)+1

and

sdepth ((I(Pp2) : p—1)Sn2) >
sdepth(Sy,—32/1(Pn_32)) + sdepthp(Tn—2, Yn—2, Yn—1, Tn, Yn) + 1,

where T' = [xn—% Yn—25Tn, yn] and R = K[xn—% Yn—25Yn—1,Tn, yn] Thus

sdepth((I(Pa2) N S) N S") > [ %1
as sdepthyp,, o, 1(Znyn) = 2. By [1, Theorem 2.2] we have sdepth(((Pp2) N S’
Yn—1)S") > [%] and sdepth((I(Pp2) : ©n—1)Sn2) > [§]. This completes the proof
for m = 2.

(¢) If m = 3, we proceed again by induction on n. If n = 1, then by (a) the required
result follows. If n = 2, the result follows by (b). If n = 3 then by [19, Lemma 2.1]
sdepth(I(P33)) > [3]. If n > 4, then we consider the following decomposition of
I(P,3) as a vector space:

I(Pn3) =1(Pn3) N Ry @ yn(L(Pn3) : Yn)Sn,3-
Similarly, we can decompose (P, 3) N Ry by the following:
I(Prs) N Ry = I(Pps) N Ra @ yu1(I(Pps) N Ry : yn_1)R1.
Continuing in the same way for 1 <1 <n — 1 we have
I(Pr3) N Ry = 1(Pn3) N Riy1 © Yn—1(I(Pr3) N Ry 2 yn—1) Ry,

where Ry := K[x1,To,...Tn,Y1,Y2, -+ Yn—l, 21522, - - -, 2n|. Finally, we get the
following decomposition of I(P;, 3):

I(fpn,S) = I(ipn,?)) N Rn @ @?z_llynfl(‘[(?nﬁ) N Rl : ynfl)Rl 7 yn(I(iPn,?)) : yn)Sn,S'
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Therefore
sdepth(I(Py3)) > min { sdepth(I(Py3) N Ry,), sdepth((L(Pn.3) : Yn)Sn.3),
n—1
min{sdepth((1(Pn3) N R : yn-1) Ri)}}. (4.2)
Since

I(Pn3)NR, = ((x122, 2223, . . ., Tno1Xn)+ (2122, 2223, - -+ s 2n—12n) ) K[@1, . o Ty 21, - - -, 2],

thus by [2, Theorem 1.3] and [22, Proposition 2.1] we have sdepth(I (P, 3) N R,) >
[5]. As we can see that

((Pn3) : yn)Sns = (SU(Pn-23)) + (%n; 2n; Tn-1, Zn—1, Yn—1))[Yn]-
Let B := K|y, 2n, Tn—-1, 2n—1, Yn—1) thus by induction on n, Lemmas 4.1 and 2.7
sdepth((I(Pn.3) : Yn)Sn3) > sdepth(Sy—2,3/1(Prn—23))+sdepthp(zn, 2n, Tn—1, 2Zn—1, Yn—1)+1.
By [1, Theorem 2.2] we have sdepth((/(Pn3) : yn)Sn3) > [5].
(1): 1 =1, then (I(Pn3) N Ry 1)R1 = (S(I(Pu_s5)) + J1) [yn-1], where

J1 = (Tn—1, Zn—1, Tn, Yn—2, 2n, Tn—2, Zn—2), then by induction on n, Lemmas
4.1 and 2.7, we have

sdepth((1(Pn,3) N Ry : yn—1)R1) > sdepth(Sn—33/1(Pn—3,3)) + sdepth g upp(s, (1) + 1,
by [1, Theorem 2.2] we have sdepth((I(Pn3) N R1: yn—1)R1) > [5].
(2): If I =2 and n # 4, then
(I(Pn3) N Ry : yp—2)Ro = (9(1(?7174,3)) + J2) [Yn—2, Tn, Zn),

where Jo := (Tp—2, 2n—2, Tn—1, Zn—1, Tn—3, Yn—3, 2n—3), using the same argu-
ments as in case(1) we have sdepth((/(Pn3) N Rz : yn—2)R2) > [5].

(3): 163 < 1 < n—3, then (I(Pag) N R 2 yo )R = (SU(Pr_qzo)s)) +
9(L1)> [Yn—1], by induction on n, Lemmas 4.1 and 2.7, we have
sdepth((1(Pn3) N Ry 2 yn—1)R1) >sdepth(S,,_12)3/(1(Pr_(142)3)))

+ SdepthK[DlUDEUDE’]<Ll) + 1, (43)
By Eq. 4.3 and Lemma 4.2 we have
n— (142 [+ 2 n
Septh(I(Pas) 0 Ry ) B) > [ D (2o

(4): If I =n — 2, then (I(Pr3) N Ry—2 : y2)Rn—2 = (G(Ln-2))[y2], by Lemmas
4.2 and 2.7 we have sdepth(({(Py3) N Ry—2 : y2)Ry2) > [5].
(5): If L =n — 1, then

(I(Pn3) N Ryt :y1) Ry = (I(P,_o) + I(P)_5) + Ju-1)K[Dp 1 UD,,_;UD; ; U{y1}],

where G(J,—1) = {x1,21,22,22}, Dp-1 = {x3,24,...,2n}, D), =
{z3,24,...,2n} and D! _| = {x1,21,22,22}. Using the proof of Lemma 4.2

and by Lemma 2.7
n
sdepthyp, ,upr oy oy (Pueg) + 1(Py_3) + Jn-1) > e

that is sdepth((I(Pn3) N Ru1: y1)Rn1) > [5].
Thus by Eq. 4.2 we get sdepth(I/(P,3)) > [5].
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Proposition 4.4. For n > 3, sdepth(I(Cpn2)/I(Ppn2)) > [2£2].

Proof. For 3 < n < 5, we use [11] to show that there exist Stanley decompositions of

desired Stanley depth. When n = 3 or 4, then

1(Cp2)/I(Pn2) = m12n K21, 2] © 21Yn K[21, yn] © 120K [y1, 0] © y19n K [Y1, Yn)-

If n =5, then

I(Cs52)/1(Ps2) = v125K 21, 23, 5] ® 21y5 K [21, 23, Y5] D 125K [y1, T3, 5] D y1y5 K [y1, €3, ys]
Sr1ysrs K[r1, ys, w5] © w1ysys K1, ys, ys] © 11ysys K[y1, y3, ys] © yryses Kly1, ys, ws).

Lfft n > 6and T := (U?:_33{$iyiaxiyi+laxixi+17$i+1yiayiyi+1}axn—2yn—2) - 5', where

S = Klrs,x4y...,Tn—2,Y3,Y4--.,Yn—2]. Then we have the following K-vector space iso-
morphism:

S S S S
I(en,2)/1(?n,2) = 9613311?[1‘1,%] S ylynf[ylayn] @ $1ynf[$1,yn] S3) ylfvnf[ylaxn]-

Thus by Lemmas 3.2 and 2.7, we have sdepth(I(Cy2)/1(Pn2)) > [242]. O

For n > 6, let Q = {x1,y1,72, Y2, Tn, Yn, Tn—1,Yn—1}. Consider a subgraph C; 5 of €, 3
with vertex set V/(C}, 3) = V(€ 3) \ @ and edge set

E(C} 3) = E(Cp3) \ {e € E(Cp3) : where e has at least one end vertex in Q}.

For example of €} 5 see Fig. 5.

Figure 5. Cg ;.

Lemma 4.5. Let n > 6, if n = 0 (mod 3), then sdepth(S;, 5/I1(Cy, 3)) = [222]. Otherwise,
[5%] < sdepth(Sy, 5/1(Cy ) < [§].
Proof. By Remark 2.6
sdepth (S}, 3/1(Cy, 3)) = min{sdepth(S} 3/(I1(Cy, 3) : 21)), sdepth(Sy 5/(1(Cy, 3), 21)) }-
(4.4)
Since (I(Cy3) : 21) = (VPS5 {@ilis Talfit1, Tiitt, Tit1Yi, Yillid 1, YiZis YiZid 1, Yid 1 Zis Zi%it1 by
Tp—2Un—2, Yn—22n—2), Yn—2%n—1, Zn—2%n—1, 22, Zn),

so after renumbering the variables we have S; 3/(I(Cy 3) @ 21) = S5 _43/1(P_y3)[21]-
Therefore, by Lemmas 2.7 and 3.5,

n—441
sdepth(Sy 5/(I1(Cy3) = 21)) = [————

1+1=[50.
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Now let

B:=(1(Cy3),21) = (VPS5 @i, Tilig 1, Tiig 1, Tig1 i, Vil 1, YiZis YiZitds Yidd Zin ZiZitd by
Tn—2Yn—2,Yn—22n—2)s Yn—22n—1, Zn—22n—1 ?n—1%n, Y322, 2273, 1),
so by Remark 2.6
sdepth(Sy, 3/B) > min{sdepth(S} 3/(B : 2,)),sdepth (S, 5/(B, zn))} (4.5)

Since

n—3
(B:zn) = ((Uizg {@iyi, Tiyi 1, TiTis 1, Tiv1Yis Yildir 1 YiZir YiZi 1y Yir 12, Zi%it1)s
Ln—2Yn—2, yn722n72)a Y3z2, 2223, 21, anl),

after renumbering the variables we have Sy, /(B : 25,) & 554 3/1(P;,_43)[2n]. Therefore
by Lemmas 2.7 and 3.5, sdepth(Sy;, 3/(B : 2,)) = [2=4+17 + 1 = [2]. Now

n—3
(B, zn) = (US55 iV, TilYYit1, TiTig1, Tig1Yi, YilYir1, YiZio YiZit1, Yir1Zis ZiZit1 }s
Tn—2Yn—2s Yn—22n—2)s Yn—22n—1, Zn—22n—1, Y322, 2223, Z1; Zn )+

after renumbering the variables we have Sy, 3/(B,2n) = S3* 4 3/1(P 4 3). Therefore by
Lemma 3.5, we have

n—4+4+2 n—2
=12

Combining Eq. 4.4 and Eq. 4.5 we get (”T_QW < sdepth(S;, 3/1(C;, 5)). For upper bound,
as z1 ¢ I(Cy 3) so by Proposition 2.9

Sdepth(S.5/I(C5.)) < sdepth(S2.5/(I(Clg) - 1)),
Since (S, 3/(1(Cy, 3) = 21)) = (Sy_43/1(Pr_43))[21]. Thus by Lemmas 2.7 and 3.5,

sdepth(S5,3/(B, z0)) = [

n

depth(S7,5/1(C.)) < [51,

if n = 0(mod 3) then [%32] = [2]. If n = 1(mod 3) or n = 2(mod 3) then

[

n—2

1 < sdepth(S7,5/1(C3,3)) < 5.

Proposition 4.6. For n > 3, sdepth(I(Cp 3)/I(Ppn3)) > [2£2].

Proof. For 3 <n <4, as the minimal generators of I(Cy,3)/I(Py,3) have degree 2, so by
[19, Lemma 2.1] sdepth(I(€p3)/1(Ppn3)) > 2 = [242]. If n = 5 then we use [11] to show
that there exist Stanley decompositions of desired Stanley depth. Let

H = zw5 K[z, 23,25 ® v1y5 K [21, 23, y5) © y1ws K23, x5, y1]) © y1ys K[23, y1, ys]
S2nysK[z3,ys,21] © 125K 21, 23, 25] D Y125 K [y1, Y3, 25]

Clearly, H C I(C53)/I1(P53). Let v € I(C53)/I1(P53) be a sqaurefree monomial such that
v ¢ H then deg(v) > 3. Since

1(C53)/1(P53) = H &, vK[supp(v)],
thus we have sdepth(I(Cs3)/I(Ps3)) > 3 = [2£2]. Now for n > 6, let

3
U := (U5 { @il Tilir 15 Tiie 1, Tik1 Vi, Yilit 1, YiZin YiZit1s Yir1Zis ZiZit1}s Tne2Yn—25 Yn—22n—2)
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be a squarefree monomial ideal of R := K{z3,...,Zn—2,Y3,...,Yn—2,23,.-.,2n—2]. Then
we have the following K-vector space isomorphism:

I(€n3)/1(Pn3) =
R[]
S(U),y3z2, 2223)
Rlzp—1]

(9(U)a Yn—22n—1, Zn—22n—1
R[z1, 22, Zn—1, 2n)

(S(U), Yn—22n—1, Zn—22n—1, Zn—12n, 2n21, 2122, Y322, 2223)
Rlz1,x9,Tp_1, Tn)

Rz
S(U), ysz2, xox3)
R[{Bn_l]

S(U)a Yn—2Tn—-1,Tn—-2Tn—-1

[Zlv yn]

R ] @ 2
ylynU Y1, Yn 1yn(

(21, Yn] © 21Yn (

D y1xn ) [yb xn] D Y12n ( ) [91, Zn]

® T17n (21, 2]

@D z12n 21, Znl-
YIS, Yn—9Tn 1, Tn—9Tn 1, Tn1Tn, TnT1, T1T9, Y3Ta, ToT3) (21, 7]
Clearly we can see that R/U = Sy,_43/1(Pp_43),
R[ZQ] ~ R[afg] ~ R[Zn_ﬂ
(S(U),y322,2223)  (S(U),y322,x223)  (S(U), Yn—22n—1, Zn—22n—1)
~ R[$n*1] ~ Q* *
= = Snf4,3/‘[(ipnf4,3)v

(S(U), yn—22n—1, Tn—2Tn—1)
and
R[z1, 22, 2n—1, 2n]
(9(U), Yn—22n—1,2n—22n—1,2n—1%n, Zn<l, 2122, Y322, 2223)
~ Rlz1,x2,Tp_1,Zn) ~ 50 TT(ES ).
(S(U), yn—2%n—1, Tn—2Tn—1, Tn—1Tn, TnT1, T1T2, Y3T2, L2T3) n3 3
Thus by Lemmas 3.2, 3.5, 4.5 and 2.7 we have

sdepth(I(Cpn3)/1(Pn,3)) = min{(”T_ﬁ +2, [%““1 o, ; 21+ 2} —q" ;r 2.

0

Theorem 4.7. For 1 <m <3, n > 3, sdepth(I(Cy,,)) > sdepth(Sy m/I(Crm))-

Proof. For m = 1, I(C,1) = C,. Then the result follows by [4, Theorem 1.9] and
[21, Theorem 2.3]. If m = 2 or 3, consider the short exact sequence

00— I(Pnm) — 1(Cpm) — I(Crm)/I(Pnm) — 0,
then by Lemma 2.5, sdepth(Z(Cy, ;,)) > min{sdepth(Z (P, m)),sdepth(I(Crnm)/I(Pnm))}-

By Theorem 4.3 and we have sdepth(I(P,,,)) > [§]+1, and by Propositions 4.4 an 4.6,
we have sdepth(Z(Cnm)/I(Pnm)) > [22] = [252] + 1, this completes the proof. O

5. Upper bounds for depth and Stanley depth of cyclic modules associ-
ated to P, ,, and G, ,,

Let m < n, in general, we don’t know the values of depth and Stanley depth of
Snm/I(Pnm). However, in the light of our observations, we propose the following question.

Question 1. Is depth(Spm/I(Pnm)) = sdepth(Spm/I(Pnm)) = [51[517

Let n > 2, we have confirmed this question for the cases when 1 < m < 3 see Remark
3.1, and Lemma 3.2. If m = 4, we make some calculations for depth and Stanley depth
by using CoCoA, (for sdepth we use SdepthLib:coc [25]). Calculations give an affirmative
answer to Question 1 in the case (n,m) € {(4,4), (5,4), (6,4)}.
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Theorem 5.1. For n > 2, depth(Sy, n/1(Pnm)),sdepth(Snm/I(Pnm)) < [5115 ]

Proof. Without loss of generality, we assume that m < n. We first prove the result for
depth. When m = 1, then I(P, 1) = I(P,), we have the required result by Remark 3.1.
For m = 2,3 the result follows from Lemma 3.2. Let m > 4, we will prove this result by
induction on m. Let v be a monomial such that

L9 (m—1)T5(m—1) - - - T(n—d)(m—1)L(n—1)(m—1), if 7 = 0(mod 3);

V= L1(m—-1)T4(m—1) - - - L(n—3)(m—1)Tn(m-1), ifn= 1(H10d 3);

L2(m—1)T5(m—1) * -+ - L(n—3)(m—1)Tn(m-1)> ifn= 2(m0d 3)

clearly v ¢ I(Py, ) so by Corollary 2.8
depth(Sn,m/I(Pnm)) < depth(Spm/(I(Prnm) : v))-

In all three cases |supp(v)| = [5 ]| and Sy m/(I(Prm) : v) = (Snm—3/1(Pnm-3))[supp(v)],
so by induction and Lemma 2.7

n,.-m-—3 n mo N
depth(Sn,m/I(?n,m)) < depth(sn,m/(l(j)n,m) s v )) [ -I (7] (§‘| = [?] [§—|
Similarly, we can prove the result for Stanley depth by using Proposition 2.9. O

Remark 5.2. For a positive answer to Question 1, one needs to prove that [§][%] is a

lower bound for depth and Stanley depth of S, ,/I(Pp m). The lower bound [w]
from Corollaries 2.11 and 2.13 which was helpful for the cases when 1 < m < 3 is
no more useful if m > 4. For instance, depth(S44/1(Ps4)) = sdepth(Ssa/I1(Pss)) =
4, but this lower bound shows that depth(Si4/I(Ps4)) > 2 = (%] and
sdepth(Sya/I(Pyq)) > 2 = [Lemllraltly
Theorem 5.3. Forn >3 and m > 1,

n—1 m n . —

B_l) 4 (2]~ 1)2], if m=1,2(mod3);

depth (S, . /1(C <{[n3]n 3 3h L ;
PR(Shm /1 (Cnm)) S U pnpmy, if m = 0(mod 3).

Proof. We prove this result by induction on m. If m = 1, then I(C,1) = I(Cy), by
[4, Proposition 1.3], we have the required result. For m = 2,3 the result follows by
Theorems 3.3 and 3.6, respectively. Let m > 4,

T3(m—1)T6(m—1) - - - L(n—3)(m-1)Tn(m—1)» if n = 0(mod 3);
U= TUn—1)Ta(m—1) - - - T(n—6)(m—1)T (n—3)(m—1)T(n—1)(m—-1)> if 7 = 1(mod 3);
xg(m_l)xg)(m_l) ‘e m(n_g)(m_l)xn(m_l), if n= 2(mod 3).

)

Clearly u ¢ I(Cp ) and Sy m/(I(Chnm) @ w) = (Spm—3/1(Cpm—3))[supp(u)], since in all
the cases |supp(u)| = [5], if m = 1,2(mod 3) so by induction and Lemma 2.7

Aepth(Snm/(I(€nm)  w)) < [P+ (T2 D51+ 15] = [ 1+ (51 - D3]
Otherwise, by induction and Lemma 2.7 we have
Aepth(Sm/(1(Co) : ) < TH1T ™21 4 T2 = 2112
(|

Theorem 5.4. For n >3 and m > 1, sdepth(Snm/I(Cnm)) < [51[5 ]

Proof. The proof is similar to the proof of Theorem 5.3 by using Corollary 3.4 instead of
Theorems 3.3. U

Remark 5.5. The upper bounds for Stanley depth of Sy, ., /I(Pp m) and Sy ;m/I(Cpom)
as proved in Theorems 5.1 and 5.4 are too sharp. On the bases of our observations, we
formulate the following question. A positive answer to this question will prove Conjecture
1.
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Question 2. Is sdepth(I(Py,m)), sdepth(I(Cpm)) > [5]1517
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