https://communications.science.ankara.edu.tr

Commun.Fac.Sci.Univ.Ank.Ser. A1 Math. Stat.
Volume 69, Number 2, Pages 1104-[[110] (2020)
DOTI: 10.31801/cfsuasmas.696617

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS

Received by the editors: March 01, 2020; Accepted: May 15, 2020 SERIES Al

SOME IDENTITIES INVOLVING (p,q)-FIBONACCI AND LUCAS
QUATERNIONS
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Valparaiso, CHILE

ABSTRACT. In this study, we firstly examined the Horadam quaternions de-
fined and studied by Halici and Karatag in [4]. Then, we used the Binet’s for-
mula to show some properties of the (p, ¢)-Fibonacci and Lucas quaternions.
We also give some important identities including these quaternions.

1. INTRODUCTION

Fibonacci and Lucas quaternions cover a wide range of interest in modern math-
ematics as they appear in the comprehensive works of [2,/4-6]. The Fibonacci
quaternion Qg is the n-th term of the sequence where each term is the sum of
the two previous terms beginning with the initial values Qro = i + j + 2k and
Qr1 =1+14+ 25+ 3k. The well-known Fibonacci quaternion numbers are defined
as

QF,n:Fn+iFn+1 +an+2+an+37 TLZO» (1)

where i? = j2 = k? = ijk = —1. Similarly, Lucas quaternions are defined as
Qrn=Ln+iLly1+jLyio+kLyqs for n > 0, where F;, and L,, are n-th Fibonacci
and Lucas number, respectively.

Ipek [8] studied the (p, q)-Fibonacci quaternions Qx ,, which is defined as

Qrn=PRFn-1+9QFn—2, n>2 (2)

with initial conditions Qro = i+ pj + (p? + @)k, Qr1 = 1+ pi + (pP* + q)j +
(p® + 2pq)k and p? + 4q > 0. Note that the (p,q)-Fibonacci numbers are defined
by Fn, = pFn-1+ qFn—2, Fo = 0 and F; = 1. Then, if p = ¢ = 1, we get the
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classical Fibonacci quaternion Qr,. If p = 2¢ = 2, we get the Pell quaternion
Qpn =P, +1P,1 + jPuio + kP,y3, where P, is the n-th Pell number.

Another important sequence is the (p, q)-Lucas sequence. This sequence is de-
fined by the recurrence relation

Ly=pLy1+qLly 2, Lo=2, L1 =p. (3)
The well-known Binet’s formulas for (p, ¢)-Fibonacci and Lucas quaternion, see
[8], are given by
gan _ éﬁn
a—p
respectively. Here, o, 3 are roots of the characteristic equation ¢> — pt — ¢ = 0, and
a=1+ai+a?j+ o’k and 8 = 1+ fBi + B%j + B%k. We note that a + 3 = p,

aff = —qand a — 3 = +/p? + 4q.
The generalized of Fibonacci quaternion @, , is defined by Halici and Karatas
in [4] as

QFn = and Q¢ n, = aa™ + 3", (4)

Qu,o = a+bi+ (pb+ qa)j + ((p* + Q)b + pga)k,

Qu,1 = b+ (pb+ qa)i + ((p* + ¢)b + pga)j + ((p° + 2pg)b + ¢(p* + ¢)a)
and Qu,n = PQuw,n—1 + ¢Qwn—2, for n > 2 which is called as the generalized Fi-
bonacci quaternions. So, each term of the generalized Fibonacci sequence {Q » }n>0
is called generalized Fibonacci quaternion.

The Binet formula for generalized Fibonacci quaternion Q. ., see [4], is given
by

Aaa™ — BBS"
w,n — ;7 5
Qu. s 5)
where A = b — aff, B = b — aa, «,f are roots of the characteristic equation

2—pt—q=0,and @ = 1+ wi+a?j+ o’k and § = 1+ Bi+ 3%+ k. If a = 0 and
b =1, we get the classical (p, ¢)-Fibonacci quaternion Q£ . If a = 2 and b = p, we
get the (p, ¢)-Lucas quaternion Qg .

In this paper, we study some properties of the (p, ¢)-Fibonacci quaternions, (p, q)-
Lucas quaternions and the generalized Fibonacci quaternions.

2. MAIN RESULTS

There are three well-known identities for generalized Fibonacci numbers, namely,
Catalan’s, Cassini’s, and d’Ocagne’s identities. The proofs of these identities are
based on Binet formulas. We can obtain these types of identities for generalized
Fibonacci quaternions using the Binet formula for ), ,. Then, we require af and
Ba. These products are given in the following lemma. B

Lemma 1. We have
aff = Qro — [q] — ¢Aw, (6)
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and
Ba=Qro—lq] +qAw, (7)
where w =qi+pj—k, [q)=1—q+¢*>— ¢ and A = a — .

Proof. From the definitions of a and 8, and using i* = j* = k* = —1 and ijk = —1,
we have

aB =2+ (a+B)i+(a®+5%)j+ (a®+ )k
— (14 af+ (af)? + (aB)®) + 223 — )i + af(a® — 2)j + aB(6 — a)k
=2+ pi+(0° +2¢)j + @° +3pg)k — (1 - g+ ¢ — ¢*) — aA(qi +pj — k)
=CQc0— g — qAw,
where [q] =1 —q+¢* — ¢ and w = ¢i + pj — k, and the final equation gives Eq.
@. The other identity can be computed similarly. (|

The Lemmal[I] gives us the following useful identity:
af + Ba=2(Qc.0 — [9)- (8)

The following theorem gives Catalan’s identities for generalized Fibonacci quater-
nions.
Theorem 2. For any integers m and n with m > n, we have
121),7n - Qw,m—i—an,m—n = 7AB(7Q)mf—n ((QL,O - [Q])]:n - qW['n) 5 (9)

where A = b—af, B = b—aa, and F,, L, are the n-th (p,q)-Fibonacci and
(p, q)-Lucas numbers, respectively.

Proof. From the Binet formula for generalized Fibonacci quaternions @, , in
and A% = p? + 4q, we have

A2 ( ?U,m - Qw,m+an,mfn)
= (Aaa™ — BF™)” ~ (Aaa™ " — BEF™H") (Aaa™ " ~ BEF" ")
= AB(=q)" " (aBo® + Baf*" — (—q)" (af + Ba) ).
We require Egs. (6) and (7). Using this equations, we obtain

2
w,m Qw,m-‘rn Qw,m—n

AB(—q)™ ™" \ \
= APCDT (e (e + 57— 2(-0)") — gdwla® — 57)))
AB(—qg)m—"
= ABCD (e — (Lo~ 2-0)") — 02%)
Using the identity A2F2 = Ly, — 2(—q)" gives

?ﬂ,m - Qw,m+an,mfn = AB(_q)Tn_n ((QE,O - [CI])}—?L - quQn) 3
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where L,,, F,, are the n-th (p, ¢)-Lucas and (p, ¢)-Fibonacci numbers, respectively.
With the help of the identities Fs,, = F,L, and F_,, = —(—q)"F,, we have Eq.
@[). The proof is completed. O

Taking n = 1 in this theorem and using F_; = %, we obtain Cassini’s identities

for generalized Fibonacci quaternions. This result gives another version of the
Corollary 3.6 in [10].

Corollary 3. For any integer m, we have
'%U,m - Qw,m-&-le,'m—l = AB(_Q)nkl (QC,O - [CI} - pqw) , (10)
where A=b—afl, B=b—aa and [q] =1—q+ ¢*> — ¢>.
The following theorem gives d’Ocagne’s identities for generalized Fibonacci quater-

nions.

Theorem 4. For any integers n and m with n > m, we have

Qw,an,erl - Qw,n+1Qw,m = (—Q)mAB ((QC,O - [q])fnfm - qwﬁnfm) ) (1]-)
Fn, Ly are the n-th (p, q)-Fibonacci and (p, q)-Lucas numbers, respectively.

Proof. Using the Binet formula for the generalized Fibonacci quaternions gives
A (QunQu.mt1 — Quint1Quwm)
= (Aaa™ — BBB") (Aaa™tt — BpA™ )
— (Aaa™™ — BBB™) (Aaa™ — BBB™)

_ A(—q)mAB (géanfm _égﬁn—m) .

We require the Egs. @ and . Substituting these into the previous equation, we
have

Qw,an,erl - Qw,nJrle,m
1 —m n—m n—m n—m
= X (CO™AB ((Qeo = [ah)(@" ™™ = 8"77) = gAw (@™ + 5"7T))
= (_q)mAB ((QE,O - [q])fn—m - qW['n—m) .
The second identity in the above equality, can be proved using L,,—,,, = o™~ ™ +
8" and AF,_,, = o™ — 3"~ ™. This proof is completed. O

In particular, writing m = n — 1 in this theorem and using the identity £ = p,
we obtain Cassini’s identities for generalized Fibonacci quaternions. Now, taking
m = n in this theorem and using the initial conditions Fy = 0 and Ly = 2, we
obtain the next identity.

Corollary 5. For any integer n, we have

Qw,anm—i—l - Qw,n+1Qw,n = 2(_Q)n+1ABw7 (12)
where A=b—af, B=b—aa andw = qi +pj — k.
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Theorem 6. For any integers n, v and s, we have

Q£,7L+TQ.7:,n+s - QC,n+sQ.7:,n+r = 2(7q)n+TfS—T(QL',O - [qD (13)

Proof. The Binet formulas for the (p, ¢)-Lucas and (p, ¢)-Fibonacci quaternions give

A(Qrn+rQF nts — QrintsQF ntr)
= (@™ + B (a0 — BT
(a0 £ 487 (0™~ 57)
= (af)"(a’B" — a"B°)(af + Ba).

Using initial condition @ o, we have

QL,n—i—rQ}',n-&-s - QL,n,+sQ.7~',n+r = 2(*Q)n+r-¢s—r(Q£,O - [QD
[l

After deriving these famous identities, we present some other identities for the
generalized Fibonacci quaternions. In particular, when using the Binet formulas to
obtain identities for the (p,q)-Fibonacci and (p, ¢)-Lucas quaternions, we require
a? and 32. These products are given in the next lemma.

Lemma 7. We have

QQ = (QE,O - rp,q) + A(Q]—‘,O - Sp,q)’ (14)
and
62 = (Qc,0 —7pq) —A(QFo0 — Spg)s (15)

where A = a—f, 1p g = 1+ 5(Fot+ Fu+ Fo)+q(Fir+F3+Fs), spq = 5(Fat+Fa+Fe)
and F,, is the n-th (p, q)-Fibonacci number.

Proof. From the definitions of a and 3, and using 2 =352 =k =-1, ijk = -1
and o = F,a + qF,_1 for n > 1, we have
a? =21+ ai+a?j+a’k) — (1 +a? + a* + ab)
=2+ pi+ (p* +29)j + (0 + 3pg)k + A(i +pj + (0 + @)k)
— (14 (Faa+ qF1) + (Faa+ qF3) + (Fea + qF5))
= (Qc,0 = Tpg) T A(Qr,0 — Spq),

where Tpg = 1+ g(]:g + Fu+ fﬁ) + q(fl + F3 + f5) and Sp.q = %(fg + F4+ -7:6)
and the final equation gives Eq. (14). The other can be computed similarly. [l

We present some interesting identities for (p, ¢)-Fibonacci, (p, ¢)-Lucas quater-
nions and generalized Fibonacci quaternions. A similar identity can be seen in
Theorem 3.11 in [10].
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Theorem 8. For any integer n, we have

%(Qc,o = Tp,g)Lon + (QF,0 — Sp.g)Fon
(A4 (=" (16)
+2°5—5—"(Qc0 — [d])-

Proof. Using the Binet formulas for the (p,¢)-Fibonacci and (p, ¢)-Lucas quater-
nions, we obtain

AX(QE, — Q%) = A% (a0” + 83")° — (aa” — B5")
= (A% = 1)(@?a® + B767") + (A% + 1)(aB)"(af + Ba).
Substituting Eqs. (6) and (7)) into the last equation, we have
A Q7 — QF ) = (A% = 1)(@®a®" + °5°") +2(A% +1)(aB)"(Qer,0 — [))- (17)
Then, using Egs. and , we obtain
a’a® 4 BB7" = (" + B2)(Qr0 — Tpg) + AQrF o — spg) (@ = B7). (18)

2 2
Qﬁ,n - Q}',n = (

Substituting Eq. into Eq. gives Eq. . (Il
Corollary 9. For any integers n and m with m > n, we have

QFnQum — QumQrn = 2(=)" oW, (19)
where w = qi+pj—k and W,, = % is the n-th generalized Fibonacci number.

Proof. The Binet formulas for the (p, ¢)-Fibonacci and generalized Fibonacci quater-
nions give

A (QFnQum — QumQF n)
(a0 - 88" (Ana™ — Bg5")
— (Aaa™ — BBE™) (aa” — B5")

= (Aa™p" — Ba" ™) (af — Ba).

Using Egs. @ and , we have
QF nQum = Qum@r.n = (aB)"(Aa™™" — BS™")(af — fa)
=2(—q)" MWW,
where w = qi 4+ pj — k and W, is the n-th generalized Fibonacci number defined by
W, = A B O
Taking m = n in this corollary and using Wy = a, we obtain the next identity.

Corollary 10. For any integer n, we have

Q}-,an,n - Qw,nQ}',n = 2(_q)n-i-1aw’ (20)
where A=b—afB, B=b—aa andw =qi+pj — k.
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3. CONCLUSION

Sequences of numbers have been studied over several years, including the well
known Horadam sequence and, consequently, on the Horadam quaternions studied
in [4]. In this paper we have also contributed for the study of (p, ¢)-Fibonacci and
Lucas quaternion sequence, deducing some of their identities using the Binet-style
formula of Horadam quaternions. It is our intention to continue the study of this
type of sequences, exploring some their applications in the science domain. For
example, a new type of sequences in the complex algebra with the use of these
numbers and their combinatorial properties.

Acknowledgements. The author thanks the suggestions sent by the reviewer,
which have improved the final version of this article.
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