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The electric field optimization minimizing the field strength on an electrode surface and providing
its uniformity is important in designing high voltage power transformer bushings and other
apparatus from the viewpoint of efficient utilization of the electric field space. The high voltage
power transformer bushing with cylinder electrode system has been designed and tested in this
investigation. It was found that the insulation method of the cylinder electrode was the most
important factor to lower streamer initiation voltage. The optimized design uses both internal and
external elements for electric stress grading at critical parts of the bushing. Applying optimization
theory based on charge simulation method, the author developed a computation program for
electric field automatic optimization in 3D dielectric axisymmetric field. The results of the
computation realized some excellent electrode profiles with uniform electric field distribution.
Moreover, the discrepancy from the electric field uniformity on 3D dimensional profile caused by
applying it to an axisymmetric electrode was discussed. Then a new electrode with uniform field
distribution was obtained by using the computation program for optimization.

© 2021, Advanced Researches and Engineering Journal (IAREJ) and the Author(s).

1. Introduction
A number of fine results have been obtained by some
numerical electric field computations methods that have
been greatly improved during recent years. Numerical
electric field computation is now indispensable to the
designing of high voltage power transformer bushings and
other insulated apparatus from the viewpoint of reliability
and reduction in size of apparatus [1]. In the case of
designing SF6 gas insulated apparatus, the field calculation
has special meaning of importance because the insulation
characteristics of SF6 gas greatly depend on the electric
field strength [2]. As well as to analyze the field a number
of efforts have recently been made to obtain optimum
electrode profiles having minimum and uniform electric
field [3, 4].
The main purpose of electric field optimization is to
obtain uniform electric field distribution as well as to
minimize the field strength on the electrode surface [5].
This enables one to make the best use of the electric field
space, reducing the size of high voltage power transformer

bushings and other insulated apparatus. Electric field
calculations by numerical techniques is to use different
numerical techniques to find electric field distributions,
which are inevitable tool in various electricity concerned
technologies [6]. Up to now, several 3D dimensional
electrode profiles with quasi-uniform electric field have
been obtained using conformal mapping and experiments.
They are noted as a finite difference method profile and
finite element method profile [7, 8].
The examined electrode systems are modeled as 2D
using axial symmetry. In this approach, it is considered
that 3D electric field distribution is obtained by rotating 2π
radians around the symmetry axis of the models. Among
them is the finite difference method profile which has a
completely uniform electric field along the electrode
surface. However, this complete electric field uniformity
will disappear if this profile is applied to a 3D dimensional
axisymmetric electrode.
Huang et al. and Hyouk et al. calculated electric field
distribution of the two dimensional finite difference
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method profile and 3D dimensional axisymmetric finite
difference method profiles to evaluate the discrepancy
from the uniformity for the latter profiles. Furthermore, by
using the computation program for high voltage electric
field automatic optimization, a new uniform field electrode
profile was obtained as a replacement of the 3D
dimensional finite difference method profile. Other
optimum 3D dimensional axisymmetric electrode profiles
are also obtained which are enclosed with metallic coaxial
cylinder [9, 10].
Most of the studies found that there was electrostatic
field calculation and optimization structure in power
transformer bushing insulation, while some studies such as
[11, 12] found that there was condition assessment of high
voltage bushing with solid insulation structure. Some
studies such as [13, 14] have found that electromagnetic
forces and losses computation and design of power
transformer bushings. By applying theory of electric field
optimization based on charge simulation method, the
author developed a computation program for electric field
automatic optimization of an electrode profile with 3D
dielectrics in axisymmetric field.
The purpose of this paper is to make the radial stiffness
characteristic of the given 3D rubber bushing model meet
the target stiffness curve by using the optimization method
presented in this paper. In order to determine the stiffness
curve of the bushing, nonlinear finite model was defined
using boundary conditions.

2. Basic Equations for the Method of Optimization
The charge simulation method is made up of the fallowing
basic equation. To simplify of discussion, the author consider
one dielectric field problem.
[𝑃]. {𝑄} = {Ø}

(1)

In equation 1, P is a potential coefficient matrix
determined by coordinates of contour point and charge point.
Q is a charge vector. Ø is a potential vector of contour points.
In general, P and Ø are given, thus providing the value of Q.
From the value of Q, the author can calculate the electric field
strength. [15, 16] proposed that electric field should be
improved by properly arranging several new charges
(optimizing charges) in the field obtained by charge
simulation method. Let Q’ be an optimizing charge vector.
[𝑃]. {𝑄} + [𝑃′ ]. {𝑄′ } = {Ø}

(2)

In equation 2, P’ is a matrix of varied part of potential
coefficients determined by arrangement of new optimizing
charges. Combining with the given value Q’, the value Q
obtained by equation 2 determines the electric field
distribution along a new electrode. The profile of a new
electrode is obtained as a locus of equipotential line of
electrode potential. If the electric field on a new electrode
surface does not distribute as uniformly as expected, the

above computation is iterated by giving new Q’ to equation
2 [17, 18, 19].
This computation is iterated until uniform field
distribution of electrode surface is obtained. For a good
convergence and satisfactorily uniform potential distribution,
it is important to determine the value of Q’ appropriately.
This is discussed in the following section. On the other hand,
the basic equation of the charge simulation method in two
electrostatic dielectric field may be generally expressed by
equation 3.
P
 
 F  .Q  =  0 
 
 

(3)

In equation 3, F is an electric field coefficient matrix
determined by dielectric boundary points. Like equation 2,
equation 3 is modified by arranging new optimizing charges
Q’, as follows equation 4.
P
 P '
 
 F  .Q  +  F ' .Q ' =  0 
 
 
 

(4)

In equation 4, F’ is a matrix of varied part of electric field
coefficients determined by arrangement of optimizing
charges. Like in one dielectric field, electrode surface electric
field can be optimized also in two dielectric field, using
equation 4.

3. Automatic Optimization Technique
The author succeeded in obtaining the optimized electric
field distribution by using iterative computation by arranging
vector (Q’) automatically. In each iteration step, Q’ is given
to correct local maximum and minimum of the electric field
distribution along the electrode profile [20]. This method is
described along with a model for consideration in Figure 1.
In Figure 1, A-G is an electrode profile to which
optimization is to be applied. Other parts of the profile do not
vary through the iterative computation since these points are
always fixed as the contour points. Optimizing charge vector
(Q’1) given at an initial time is arranged at a positions shown
by symbol ●. The electrode profile calculated (solid curve)
is identical to the equipotential surface. The electric field
distribution in A-G is expressed by solid curve shown in
Figure 2.
This curve provides local maximum points at B, D, F and
local minimum points at C and E. To correct this electric
field distribution, new charges (optimizing charges) are
arranged at the vicinity of A, C and E. (shown by symbol ◙)
Figure 3 shows a detail of arrangement of an optimizing
charge. Taking point C as an example, the author arrange the
optimizing charge Qc’ at point S away from point C by
distance ℓcs. ℓcs may be expressed by equation 5.
ℓ𝐶𝑆 = 𝑘. 𝑀𝑖𝑛 (ℓ𝐵𝐶 , ℓ𝐶𝐷 )

(5)
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Figure 1. Optimization of electrode profile
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Figure 3. Arrangement of optimizing charge

4. Examples of Optimized Electrode Profile
This section gives some calculation examples using above
mentioned computation program for optimization. Figure 4
shows an example of the end profile of high voltage
conductor in a ground potential cylindrical enclosure. Figure
4 indicates an electrode profile at the initial stage with
optimizing charge positions, while Figure 5 shows those as a
result of automatically iterative calculation of five times.

Figure 2. Electric field strength distribution

In equation 5, k gives an appropriate value of 1 ≤ k ≤ 2.
The value of Qc’ is determined by equation 6 using potential
value jVCB and jVCD, which are given by a function f in
equation 7, where Ej is an electric field strength on next
following point j.
𝑄𝑐 ′ = (∗).

𝑣
(𝑃 −1 . 𝐽𝑉𝑐𝑗 )
𝑗 𝑐𝑗

𝑗𝑉𝑐𝑗 = 𝑓. (∣ 𝐸𝑗 − 𝐸𝑐 ∣)

(𝑗 = 𝐵, 𝐷)

(6)

(𝑗 = 𝐵 𝑜𝑟 𝐷)

(7)

Figure 4. Initial electrode profile

In equation 6, Pcj is a potential coefficient, and * is the
relaxation factor which is introduced in order to get smooth
convergence of iterative computation. The value of *
depends on the electrode profile. Let (Q’2) be a newly given
vector by the above procedure, the equipotential surface
(new electrode surface) shown by dotted line in Figure 1 is
obtained. The corresponding electric field distribution is
shown by dotted line in Figure 2. The above calculation
process is automatically iterated and the electrode profile
with the optimized electric field distribution is obtained by
judging the convergence from a reduction rate of the
maximum electric field and an achievement of uniformity of
electric field distribution.

Figure 5. Optimized electrode profile
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Figure 6 shows a variation of electric field distribution.
The iterative calculation reveals an obvious reduction of the
maximum electric field strength and a uniformity of electric
field distribution.
Figure 7 shows further example of optimized profile of
another type conductor end in grounded cylindrical
enclosure, and the electric field distribution along it.
Optimized profile and electric field distribution obtained
with and without the insulating cylinder in high voltage
power transformer bushing are given in Figure 8 for
comparative study.

Figure 6. Electric field distribution

Figure 7. Optimized profile with and without insulating cylinder

Figure 8. Electric field distribution with and without insulating
cylinder in high voltage power transformer bushing

5. 3D Dimensional Electrode Profile
3D dimensional electrode profile (π/2 dimensional profile)
against infinite plane may be expressed as follows by using
parameter φ. (Point A is assumed as an origin.)
𝜑 𝜋
𝜋
𝑥 = −2 [𝑠𝑖𝑛𝜑 − ℓ𝑛𝑡𝑎𝑛 ( + )] (𝜑 = 0 − )
2 4
2

(8)

𝜋
(𝜑 = 0 + )
2

(9)

(𝜑 = 0)

(10)

𝑦 = 2[1 − 𝑐𝑜𝑠𝜑]
𝜑 𝜋
𝑧 = 2 [𝑠𝑖𝑛𝜑 + ℓ𝑛𝑡𝑎𝑛 ( − )]
2 4

Figure 9 illustrates 3D dimensional electrode profile with
100% potential. The grounded infinite plane electrode is
located at x = 2-π, y = 2+π and the gap length is π as z → ∞.
Arrows in Figure 9 drawn by computer show electric field
vectors on the 3D dimensional electrode profile.
The electric field strength is calculated by using charge
simulation method. The results reveal that the electric field
distribution on 3D dimensional electrode profile is
completely uniform. The author apply the 3D dimensional
electrode profile to an axisymmetric electric field
distribution. One may consider an end portion profile of a rod
electrode. The problem is, however, that this 3D dimensional
electrode profile loses the uniformity of the electric field
distribution along the profile by influence of axial curvature
and that electric field strength increases as going apart from
the axis. By using charge simulation method, the author
calculated the discrepancy of the electric field uniformity.
Figure 10 shows the result as a function of 3D coordinate,
where (x0, y0, z0) is the coordinate of edge point A assuming
the axis center of the infinite plane as origin.
Minimum electric field strength Emin is obtained on the
center axis of the 3D dimensional electrode profile, while the
maximum electric field strength Emax is obtained on point A.
Figure 10 reveals that the discrepancy from the uniformity of
electric field is 10% or more if ∣xo/yo/zo∣ < 5 and 5% or more
if ∣xo/yo/zo∣ < 10. In other words, 2D dimensional electrode
profile directly applied to 3D dimensional axisymmetric
field cannot be used as an insulation breakdown test. The
fatal problem is that insulation breakdown is expected to
occur at edge point A of this electrode.

Figure 9. 3D dimensional profile and electric field distribution
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Figure 10. Discrepancy from the electric field uniformity

6. Optimized Profile in Axisymmetric Field
First of all, the parameter values of the elastoplastic
transformer bushing model were obtained by using the finite
difference analysis method. With the experiments applied in
the design phase, the bandwidths of the hysteresis curve were
determined by fitting the curve model obtained as a result of
the least squares regression method. The software values of
the hysteresis curve obtained as a result of the finite
difference analysis take into account the damping force and
curve bandwidth values. Thus, both viscoelastic and
elastoplastic components are represented. In addition, the
slope value of the hysteresis curve shows the decreased
stiffness value due to the amplitude effect and its behavior is
represented by the elastoplastic component value.
The rubber structured transformer bushing sample was
modeled based on the geometric structure of the finite
difference analysis. It is ensured that the boundary condition
value of the finite difference analysis model, the constant
condition value on the outer flange of the transformer
bushing and the displacement value applied to the inner rod
element of the bushing at the central point are the same as the
experimental conditions. Rotational hardness information
was obtained by applying torque from 0 Nmm to 6000 Nmm
in the x direction and from 0 Nmm to 600 Nmm in the y and
z direction, respectively. Rotational stiffness tests were not
conducted due to the limited number of experimental devices.
For this reason, the values obtained by simulation based on
finite difference analysis values were used.
The electric field on the 2D dimensional electrode profile
applied to 3D dimensional axial symmetry does not meet
requirements of uniform electric field distribution. The
author calculated a new uniform electric field electrode
profile by using charge simulation program for electric field
automatic optimization. Figure 11 shows a part of the results
and has been obtained by iterative computation with a
starting value of 3D dimensional electrode profile when
∣xo/yo/zo∣ = 4. The distortion of surface electric field strength
is less than 0.4% if ∣x∣ < 3.5 and the strength slightly reduces
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in the vicinity of the point A.
This new electrode profile is most appropriate to one for
an insulation breakdown testing because uniform electric
field strength is realized on a wide electrode area and the
electric field decreases as going apart from the uniform field
region. The author discussed the case where a high voltage
rod electrode is in a cylindrical grounded enclosure. The
author obtained uniform electric field distribution of the end
portion from many trials with various distances from the
enclosure wall. Figure 12 shows the result, and Di is a
diameter of the rod electrode D0 an inner diameter of the
grounded enclosure.
Also, G is a gap length at the rod end portion center.
Assuming that G = 1 and Di = 20, the author obtained the
optimum electrode profile as a function of D0. If D0 = 22.104,
the uniform electric field spreads over the entire electrode
surface. If D0 is larger, the uniform electric field is obtained
only at the top end portion of the electrode. If D0 = ∞, the
profile is identical to the profile optimized from 3D
dimensional electrode profile previously discussed. Figure
12 shows that there is almost no variation in the optimum
profile if D0 ≥ 30, meaning that the grounded enclosure wall
does not so much affect the electric field on the electrode
surface.

Figure 11. Axisymmetric 3D dimensional electrode profile with
electric field uniformity

Figure 12.Optimized electrode profile with cylindrical enclosure
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Brisbane, Qld, Australia, p. 28-30.

7. Conclusions
Satisfactory results were obtained from the computation
program for electric field automatic optimization in high
voltage power transformer bushing developed by applying
charge simulation theory of electric optimization. In above
mentioned simulation program, the main feature is that new
charges are arranged consecutively in order to correct the
variation in electric field distribution of the electrode surface,
thus making it possible to achieve the electric field
uniformity by automatic iterative computation. Electric field
calculation using charge simulation method performed for a
2D dimensional electrode profile revealed that the
uniformity of electric field strength distribution along it is
completely obtained.
Extended 3D dimensional electrode profile to a 3D
dimensional axisymmetric field does not have an electric
field uniformity any longer. Deviation from the uniformity
was calculated by charge simulation method, and it has been
clarified that the smaller the electrode diameter and the larger
the distortion electrode diameter. In axisymmetric 3D
dimensional field, the computation program for electric field
automatic optimization developed by the author realized a
new electrode profile that provides a uniform electric field
distribution. Such electrode is suitable for an insulation
breakdown testing as a replacement of the 3D dimensional
electrode profile. The computation for electric field
optimization on a rod electrode in a grounded cylindrical
enclosure provided the optimized electrode profile as a
function of enclosure diameter. If the inner diameter of
grounded enclosure is 30 or more there is almost no variation
in optimized configuration for a rod electrode of a diameter
of 20 for a gap length of 1.
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