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ABSTRACT. Let Fix(X,Y") be a semigroup of full transformations on a set X
in which elements in a nonempty subset Y of X are fixed. In this paper, we
construct the Cayley digraphs of Fix(X,Y’) and study some structural proper-
ties of such digraphs such as the connectedness and the completeness. Further,
some prominent results of Cayley digraphs of Fix(X,Y’) relative to minimal
idempotents are verified. In addition, the characterization of an equivalence

digraph of the Cayley digraph of Fix(X,Y") is also investigated.
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1. Introduction

In algebraic graph theory, the structures of algebraic methods are studied and
then applied to problems about graphs. An interesting topic is to study properties of
graphs in connection to algebraic systems. A well-known connection between graphs
and algebraic systems is the construction of Cayley graphs of groups. The Cayley
graph was first introduced for finite groups by Arthur Cayley in 1878. This concept
was considered to explain the structures of abstract groups which are described
by the set of group generators. Furthermore, the construction of Cayley graphs
is also applied to semigroups. As the fact that Cayley graphs of semigroups can
reflect the structural properties of semigroups, such semigroups can be visualized
by constructing their Cayley graphs. For introducing the definition of the Cayley
graph, let S be a semigroup and A a subset of S. The Cayley graph Cay(S, A) of
a semigroup S with respect to A is defined to be a digraph with vertex set S and
arc set consisting of ordered pairs (x,za) for some a € A and z is an arbitrary
element in S. The set A is called a connection set of Cay(S, A). It is easily visible
that if A is an empty set, then Cay(S, A) is considered to be an empty graph.
Thus throughout this paper, the connection set A will be nonempty. The Cayley
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graphs of semigroups have received serious attention in the literature. A lot of work
has been done on the study of Cayley graphs of semigroups with respect to their
graph theoretical properties. Many results of Cayley graphs of particular types
of semigroups have been investigated. In 2006, Kelarev [9] described all inverse
semigroups with Cayley graphs which are disjoint unions of complete graphs. In
2007, Fan and Zeng [5] obtained a complete description of all vertex-transitive
Cayley graphs of bands. Later in 2010, Hao and Luo [6] investigated the basic
structures and properties of Cayley graphs of left groups and right groups. In
the same year, Khosravi and Mahmoudi [10] characterized the Cayley graphs of
rectangular groups and studied their vertex-transitivity. Further in 2011, Luo,
Hao and Clarke [11] considered Cayley graphs of completely simple semigroups.
In addition, they studied some structural properties such as the completeness and
strongly connected bipartite Cayley graphs. Indeed, it turns out that Cayley graphs
of semigroups are significant not only in semigroup theory, but also in constructions
of various interesting types of graphs with nice combinatorial properties. Several
prominent properties of those graph constructions have been presented in numerous
journals. In 2015, Suksumran and Panma [16] proposed some concepts on connected
Cayley graphs of semigroups. Later in 2016, Afkhami et al. [1] constructed a new
class of Cayley graphs and studied their structural properties similar to the research
presented by Sinha and Sharma [15] in the same year. Furthermore, in 2018, Panda
and Krishna [12] investigated the connectedness of power graphs of finite groups.
For the part of semigroup theory, one of well-known semigroups that plays a
crucial role in the study of semigroups is a transformation semigroup. In group
theory, the well-known theorem called Cayley’s theorem asserts that any group G
is isomorphic to a subgroup of the symmetric group of the set G. Also in semigroup
theory, an analogue of Cayley’s theorem shows that any semigroup can be realized
as a transformation semigroup of certain appropriate set. This would be a general
result why the transformation semigroup is interesting to study. Some prominent
results of Cayley graphs of transformation semigroups have been obtained. For
instance, in 2017, Tisklang and Panma [17] investigated the connectedness of Cay-
ley graphs of finite transformation semigroups with restricted range. Moreover,
Riyas and Geetha [14], in 2018, studied the Cayley graphs of full transformation
semigroups relative to the sets of idempotents. They also provided the existence
of Hamiltonian cycles in such Cayley graphs. Our purpose is to study some struc-
tural properties of Cayley graphs of certain transformation semigroups. Let X be

a set and Y a nonempty subset of X. Further, let 7'(X) denote the semigroup of
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transformations from X into itself under the composition of maps which is gener-
ally called the full transformation semigroup. Define the transformation semigroup
Fix(X,Y) with a fixed set Y as follows:
Fix(X,Y)={aeT(X):aa =a for all a € Y}.

Then Fix(X,Y") is a subsemigroup of T'(X). Virtually, whenever Y has only one
element, say a, the semigroup we consider is the set of all self-maps on X having a
as their only common fixed point which is the one of interesting topics studied in
fixed point theory.

The semigroup Fix(X,Y") was first introduced by Honyam and Sanwong [7] in
2013. They characterized the regularity, Green’s relations and ideals of Fix(X,Y).
Later in 2016, Chaiya, Honyam and Sanwong [2] presented the characterization of
the natural partial order on Fix(X,Y).

Here, we shall investigate certain classes of Cayley graphs of Fix(X,Y’) such
as connected digraphs, complete digraphs and equivalence digraphs. Some useful
notations and relevant terminologies related to this paper will be provided in the

next section.

2. Preliminaries and notations

In this section, some basic preliminaries and relevant notations used in what
follows on digraphs, semigroups and Cayley graphs of semigroups are described.
For more information, we refer to [13] on digraphs and to [3,4,8] on semigroups.
All sets mentioned in this paper are assumed to be finite.

A digraph D (directed graph) is a pair (V (D), E(D)) where V(D) is a nonempty
set, called a vertex set, whose elements are called the vertices and E(D) is the
subset of the set of ordered pairs of elements of V(D). In other words, the set
E(D) can be considered as a relation on the set V(D). The elements of E(D) are
called the arcs of D and F(D) is called an arc set. Furthermore, an arc of the form
(u,u) is called a loop of D. If every arc of D is expressed as (u,v) where u # v,
then D is said to be a loopless digraph.

A digraph D is called a complete digraph if for each u,v € V(D), (u,v) € E(D).
Moreover, the digraph D is said to be semi-complete if for every u,v € V(D),
(u,v) € E(D) or (v,u) € E(D). Furthermore, D is said to be directed complete
if it is loopless and for every w,v € V(D) with u # v, either (u,v) € E(D) or
(v,u) € E(D).

Let D be a digraph. Consider a sequence P of distinct vertices in V(D) as

follows:
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P :=wvy,vg,...,v; for some k € N.

If P satisfies the condition that either (v;,v;4+1) € E(D) or (viy1,v;) € E(D) for
all i = 1,2,...,k — 1, then P is said to be a semidipath from v, to vy in D.
Moreover, if P satisfies that (v;,v;4+1) € E(D) for all i = 1,2,...,k — 1, then P is
said to be a dipath from v to vg in D. For convenience, throughout this paper, the
notation [u, v]-semidipath ([u,v]-dipath) stands for the semidipath (dipath) from wu
to v. For any two distinct vertices v and v in V(D), a digraph D ia said to be
strongly connected if a [u,v]-dipath exists in D. Moreover, D is said to be weakly
connected if a [u,v]-semidipath exists in D. The digraph D is said to be locally
connected whenever a [u,v]-dipath exists in D, a [v, u]-dipath must exist in D as
well. In addition, D is said to be unilaterally connected if either a [u,v]-dipath or
a [v, u]-dipath exists in D. Furthermore, a maximal weakly connected subdigraph
of D will be called a component of D. A digraph D is called an equivalence digraph
if E(D) is an equivalence relation on the set V(D).

Recall that the Cayley digraph (simply called Cayley graph) Cay(S,A) of a
semigroup S with respect to a connection set A is a digraph with vertex set
V(Cay(S, A)) = S and arc set E(Cay (S, A)) = {(z,y) € SxS : y = xza for some a €
A}. The semigroup we study in this paper is Fix(X,Y), the semigroup of trans-
formations with a fixed set. Further basic information and standard properties of
Fix(X,Y) are described as follows.

Let X be a set and Y a nonempty subset of X. For convenience, we let ¥ =
{a; : i € I} throughout this paper, unless otherwise stated. Hence for each o €
Fix(X,Y), we observe that a;a = a; for all ¢ € I. According to the convention

presented in [7], we now give a presentation for the elements of Fix(X,Y). For each
a € Fix(X,Y), we write
A, B,
a= !
a; bj

and take as understood that the subscripts ¢ and j belong to the index sets I and
J, respectively. Moreover, X «, the image of «, is the disjoint union of {a; : ¢ € I}
and {b; : j € J} in which a;a™' = A; and bja™ = B;. Thus A4; NY = {a;},
B; € X\Y. Actually, the index set J can be empty in general. Furthermore, the
notation 7, stands for the set {za™! :z € Xa}.

Let o and £ be families of sets. If for each A € o7, there exists B € £ in which
A C B, we say that & refines 9. It is not hard to prove the property stated in

the following lemma.
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Lemma 2.1. Let o, 8 € Fix(X,Y). Then o = B~ for some v € Fix(X,Y) if and

only if mg refines mq.

In this paper, we investigate the properties of the connectedness and the com-
pleteness of Cayley graphs Cay(Fix(X,Y"), A). Further, some structural properties
of Cayley graphs of Fix(X,Y") related to minimal idempotents are considered in the

next section.

3. Some properties of Cayley graphs of Fix(X,Y) related to minimal

idempotents

Let S be a semigroup. An element e € S is called an idempotent if e = e. The
natural partial order on E(S), the set of all idempotents on S, is defined by
e < fifand only if e =ef = fe.
An idempotent e is said to be minimal if e has the property f € E(S) and f <e
implies f = e.
Generally, it is well known that « € T(X) is an idempotent if and only if za = x

for all x € X«. Consequently, we obtain that

A; B,
o= ( J) € Fix(X,Y)

a; bJ
is an idempotent if and only if b; € B; for all j € J.
Further, let E,, be a set of all minimal idempotents of Fix(X,Y). We can
conclude from [7] that E,, is not empty and it precisely contains all idempotents

whose images coincide with Y, that is,

E,, = {(AZ> : {A; : i € I} is a partition of X with a; € AZ} .

a;
Moreover, we consider the property that how any minimal idempotent plays a role
in the construction of the Cayley graph of Fix(X,Y") with respect to a connection
set A.
First of all, we note that every minimal idempotent is a left zero element of

Fix(X,Y) which is shown as follows. Let u be a minimal idempotent in Fix(X,Y").

()

where {C; : i € I} is a partition of X and a; € C;. Let o € Fix(X,Y). Thus we

Ai Bj
o = .
a; bj

Then p is written as follows:

can write
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We observe that pa = u, as required.

As the above consequence, we directly obtain that Cay(Fix(X,Y), A) always
contains loops since (u, ) € E(Cay(Fix(X,Y), A)) for all p € E,,.

Let a be any element in Fix(X,Y). We define

Nt(a)={B e Fix(X,Y) : 8 # a and («, B) € F(Cay(Fix(X,Y), A))}.
As p € E,, is a left zero, all the arcs from p will form loops and hence we have

the following lemma.

Lemma 3.1. Let A be a nonempty subset of Fix(X,Y) and p a vertex of
Cay(Fix(X,Y),A). If u € E,,, then N*(u) = 0.

We now describe the Cayley graph of Fix(X,Y) whose connection set is a sin-

gleton subset of F,,.

Theorem 3.2. Let |E,,| = n for some n € N and A be a one-element-subset of
E,.. Then Cay(Fix(X,Y), A) is a disjoint union of n subdigraphs which each of

them contains exactly one minimal idempotent as its vertex.

Proof. Let A = {u} for some p € E,,,. Let C be a component of Cay(Fix(X,Y), A)

and « a vertex of C'. Then we can write

Ai Bj
a = .
a; bj

Since u € Eyy,, p is also expressed as

()

For each b; € Xa, we have b; € Cy, for some k;j € I. Let K = {k; € I : b; €
Cy, for some j € J} and I' = I\K. Then

A; Bj C; Ay Akj @] Bj cE
ap = = m-
H a; bj a; (02% akj

Since (o, ap) € E(Cay(Fix(X,Y), A)), we obtain that oy lies in C'. Hence C
contains a minimal idempotent au as its vertex.

Next, we will show that C' contains exactly one minimal idempotent as its vertex.
Suppose that g1 and ug are different minimal idempotents contained in V' (C). Thus
there exists a [u1, po]-semidipath in C. Since N* (1) = 0 = N (u2) by Lemma
3.1, there exists a vertex « in which (a, ;) and (a, ag) are arcs of the [u1, uol]-

semidipath. Hence the semidipath can be expressed as
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o
MlaﬁlaﬂQ; s 7Bsyﬁs+1uﬁs+2>/38+3’/88+47 v 7ﬁtvu2

where (81, p1), (B, tt2)s (Bs+2, Bs+1), (Bs+2, Bs+3) are arcs of the [y, pio]-semidipath
and either (8;, Bi+1) or (Bi+1,05:) is an arc of the [y, puo]-semidipath for 1 <i <'s
and s +3 < i <t—1 for some ¢t € N. By the definition of a semidipath, all vertices
occurred in the above expression of the [u1, pus]-semidipath must be distinct. Since
(o, 1), (v, ) € E(Cay(Fix(X,Y), A)), we have a1 = ap and as = ap. It follows
that a; = aq, this gives a contradiction. Therefore, there is precisely one minimal
idempotent in V(C).

Since each component of Cay(Fix(X,Y), A) has exactly one minimal idempotent

and a graph is a disjoint union of its components, we have the result. ([l

According to the result stated in Theorem 3.2, we are interested to consider the
structure of each component. The following results present some structural and

algebraic properties of the component of Cay(Fix(X,Y), A).

Corollary 3.3. Let A = {u} for some p € E,, and n € E,, be arbitrary. If C
is the component of Cay(Fix(X,Y),A) containing n, then (a,n) € E(C) for all
a € V(C). Consequently, (o, B) ¢ E(C) for all o, 8 € V(C)\{n}.

Proof. Assume that C is the component of Cay(Fix(X,Y), A) containing n. For
each o € V(C), we have that au is a minimal idempotent so that ap = 7. Hence

any arc in C is of the form (o, 7). O

The following example illustrates more clearly the above results, especially The-

orem 3.2 and Corollary 3.3.

Example 3.4. Let X = {1,2,3,4} and Y = {1,2}. Then Fix(X,Y’) consists of 16

elements which each of them can be written as

1 2 3 4
o= where p,q € X.
1 2 p ¢

For convenience, we will write a = (pg) in stead of writing « as above. We now let
A = {(21)} where (21) is a minimal idempotent of Fix(X,Y’). Hence the Cayley
graph Cay(Fix(X,Y), A) is shown in Figure 1.
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Ficure 1. Cay(Fix(X,Y), A)

Proposition 3.5. Let A = {u} for some p € E,, and o € Fix(X,Y). Let C
be the component of Cay(Fix(X,Y), A) containing a minimal idempotent . Then
a € V(C) if and only if « satisfies the following conditions:

(i) 7o refines my;

(i) for each y € Xa, (ya= 1)y = {yu}.

Proof. Assume that o € V(C). By Corollary 3.3, we conclude that («,n) € E(C).
Then n = ap and so 7, refines m, by Lemma 2.1. Next, let y € Xa. We observe
that (ya~")n = (ya~Hap = {yu}.

Conversely, assume that the conditions hold. It is clear when o = 1. We consider
when a # 7. From m, refines m,, we have by Lemma 2.1 that = a8 for some
B € Fix(X,Y). Let x € X. Suppose that ra = y for some y € X. Then x € ya~!
which implies that on € (ya~')n = {yu} by the second condition. We get that
xn = yp. Hence zaff = xn = yu = xap, that is, af = au. Therefore, n = ap
which leads to (a,n) € E(Cay(Fix(X,Y), A)). Since n € V(C), we conclude that
aeV(C). O

4. Connectedness of Cay(Fix(X,Y), A)

In this section, we provide results on connectedness of Cay(Fix(X,Y),A) con-
sisting of the strongly connectedness, weakly connectedness, locally connectedness,

and unilaterally connectedness.

Theorem 4.1. Let A be a nonempty subset of Fix(X,Y). Then Cay(Fix(X,Y), A)
is strongly connected if and only if X =Y.
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Proof. Assume that X =Y. Clearly, Fix(X,Y") contains exactly one element, say
a, which directly implies that A = {a}. Then Cay(Fix(X,Y"), A) will be as shown

in Figure 2.

(07

FIGURE 2. Cay({a},{a})

Hence Cay(Fix(X,Y"), A) is strongly connected.
Conversely, suppose that Y is a proper subset of X. It is not hard to verify that
|Fix(X,Y)| > 2. For fixed a;, € Y, let I’ = I\{ip}. Define

X\Y @] {aio} (02%
p= :
aio (7
Then p € E,,. By Lemma 3.1, we have N (u) = (. That means there is no arc
joining from x4 to any element in Fix(X,Y)\{u}. Consequently, there is no dipath
from p to another vertex. Therefore, Cay(Fix(X,Y"), A) is not strongly connected.
This completes the proof. O

Before we present the weakly connectedness of Cay(Fix(X,Y), A), we need to
prescribe the special notation as follows. Let A be a nonempty subset of Fix(X,Y),
the notation A! stands for the set A adjoined the identity idx of Fix(X,Y), that
is,

A { AU{idx} ifidx ¢ A
A if idx € A.
Theorem 4.2. Let A be a nonempty subset of Fix(X,Y). Then Cay(Fix(X,Y), A)
is weakly connected if and only if one of the following conditions holds:
(i) X=Y;
(ii) for each a,f € Fix(X,Y) where a # [, there exist distinct elements
o, 01,2, ..., apr1 € Fix(X,Y) such that a; A' N a; 1 AV # 0 for all

1=0,1,2,...,k where ag = a and ai+1 = B.

Proof. Assume that Cay(Fix(X,Y), A) is weakly connected. We now suppose that
Y is a proper subset of X. Then |Fix(X,Y)| > 2. Next, let o, 8 € Fix(X,Y") be
such that « # . By the weakly connectedness of Cay(Fix(X,Y), A), there exists

a sequence of vertices ay, aa, ..., a of Cay(Fix(X,Y), A) in which
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o= o, 01,02, ...,Qk, Qg1 =
is a semidipath in Cay(Fix(X,Y), A) and then those vertices together with « and
B are all distinct. Let i € {0,1,2,...,k}. By the property of the [a, §]-semidipath
expressed above, we obtain that (a;, a;41) € E(Cay(Fix(X,Y), A)) or (ait1,04) €
E(Cay(Fix(X,Y), A)). Thus a;11 = a;\ or o; = ;16 for some A\, § € A. Hence
air1 € ai At Na AL or o € a A Ny AL, as required.

Conversely, if X =Y, then Cay(Fix(X,Y), A) is weakly connected since it is
strongly connected as shown in Theorem 4.1. Next, we assume that the second
condition holds. Let «,5 € Fix(X,Y) be such that o # . Then there exist
distinct elements g, oy, as,...,apr1 € Fix(X,Y) such that a; A* N a1 AL # 0
for all i = 0,1,2,...,k where g = a and ag41 = . Thus for each ¢, there exists
A € a;A' N ;1A' which implies that o;6 = A = ;410 for some 5,0 € A'. We
now have two possibilities to investigate.

Case 1: either J or o is an identity. It is easily seen that there exists a directed
edge joining between «; and a;1.

Case 2: neither 0 nor o is an identity. Then (a4, A), (i1, A) € E(Cay(Fix(X,Y), 4)).
Therefore, an [o;, a;+1]-semidipath exists in Cay(Fix(X,Y), A).

From the above two cases, we can find an [a, §]-semidipath in Cay(Fix(X,Y), A),
certainly. This completes the proof of the weakly connectedness of Cay (Fix(X,Y), A).

O

The above theorem provides some necessary and sufficient conditions for
Cay(Fix(X,Y), A) being weakly connected which are quite general. To illustrate
more clearly, we present another characterization of the weakly connectedness of

Cay(Fix(X,Y), A) where X\Y contains exactly one element as follows.

Theorem 4.3. Let A be a nonempty subset of Fix(X,Y) where | X\Y| = 1. The
following conditions are equivalent:
(i) Cay(Fix(X,Y), A) is weakly connected;
i) YC U (X\Y)a;
acA

(iii) Eyn C A.
Proof. Let A be a nonempty subset of Fix(X,Y) where | X\Y| = 1. Assume that
X\Y = {b}.

(i) = (ii) Let Cay(Fix(X,Y), A) be weakly connected. Further, let a; € Y and
I' = I\{i}. Define u € Fix(X,Y) by

({ai, b} ai/>
p= .
a; a;
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Then p € E,,. It follows that N (u) = @ by Lemma 3.1. Since Cay(Fix(X,Y), A) is
weakly connected, there exists 8 € Fix(X,Y)\{u} such that (8,n) €
E(Cay(Fix(X,Y), A)). That means p = (37 for some v € A and so u € N*(3). By
the contraposition of Lemma 3.1, we conclude that § is not a minimal idempotent.
It follows that b3 ¢ Y, that is, b3 = b. Therefore, a; = by = bBy =by € (X\Y)y C
U X\Y)a. ThusY C |J (X\Y)a.
OKG?ii) = (iii) Assume t}al:tAY C U (X\Y)a. Let p € Ep,. Then by € Y C
U (X\Y)a which implies that b,:eEA (X\Y)B for some 8 € A. Hence by = bf.
CSvierllqce ap = a = af for all @ € Y and we have by = bj, it follows that y = g € A
which leads to E,, C A.

(iii) = (i) Let E,, be a subset of A and o, € Fix(X,Y). It is obvious that
apy = m and Bus = ne for some pq, pa,m,m2 € En C A, Hence (a,m1), (8,12) €
E(Cay(Fix(X,Y), A)). Moreover, we have (idx,n1), (idx,n2) € E(Cay(Fix(X,Y), A)).
Therefore, we can find an [«, §]-semidipath in Cay(Fix(X,Y’), A) which implies that
Cay(Fix(X,Y), A) is weakly connected. O

For characterizing the locally connectedness of Cay(Fix(X,Y), A), we need the

following lemma.

Lemma 4.4. Let A be a nonempty subset of Fix(X,Y) and o, 8 € Fix(X,Y). If
there exists a dipath joining from a to 8 in Cay(Fix(X,Y), A), then m, refines .

Proof. Assume that there exists a dipath P joining from « to 8 in Cay(Fix(X,Y), A4).
Thus P can be expressed as a sequence a,7i,7%2,...,7Vk, 3 of some vertices of
Cay(Fix(X,Y), A). Hence 8 = Y A1 = (Yr—122) A1 = ... = (M Ak) Ap—1- - A2A =
QAE+1 Ak - A2A; where A; € A for all i = 1,2,...,k + 1. Since A1 Ak - - Ay €
Fix(X,Y’), we obtain that 7, refines mg by Lemma 2.1. This completes the proof.
O

Further, the notation H;4, means an equivalence #-class containing idx and
elements in Fix(X,Y) which H-relate to idx where H is one of Green’s relations

(see [8]). Moreover, it is well known that H;q, is a group of all bijections, exactly.

Theorem 4.5. Let A be a nonempty subset of Fix(X,Y). Then Cay(Fix(X,Y), A)
is locally connected if and only if A C Hiq,, .

Proof. Assume that Cay(Fix(X,Y), A) is locally connected. We first let o € A.
Then (idx, ) € E(Cay(Fix(X,Y), A)). By the locally connectedness of Cay(Fix(X,Y), A),
it follows that there must be an [a,idx]-dipath in Cay(Fix(X,Y), A). By Lemma
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4.4, we can conclude that 7, refines m;q, and so « is injective. Since X is finite,
we obtain that « is a bijection, that is, « € H;q,. Hence A C H;q4, , as required.
Conversely, assume that A C H,q, . Let o, 8 € Fix(X,Y') be such that Cay (Fix(X,Y), A)

contains an [, 8]-dipath. Then there exist bijections A1, Ag,..., Ay € A C H;q, for
some k € N in which g = aA Ao - - A\x. Without loss of generality, we may assume
that such A; is not an identity of Fix(X,Y) for all ¢ = 1,2,..., k. Since H;q, is a
finite group, we can define the order of \; as r; where r; > 1 for alli =1,2,... k,
that is, A;* is an identity of H;4, which coincides with the identity of Fix(X,Y").

Hence
o= BT APTIAT T where Ap, Mg, ..., A € AL

This ensures that there exists a dipath from § to a. So Cay(Fix(X,Y), A) is locally

connected. O

Theorem 4.6. Let A be a nonempty subset of Fix(X,Y). Then Cay(Fix(X,Y), A)
is unilaterally connected if and only if one of the following conditions holds:
() X =v;

(ii) | X|=2,|Y| =1 and A contains a minimal idempotent.

Proof. Let Cay(Fix(X,Y),A) be unilaterally connected. Suppose that Y is a
proper subset of X. We first prove that |Y| = 1 by supposing that this is false,
so |[Y| > 2. Clearly, Fix(X,Y) contains at least two minimal idempotents. Let
pi, 2 € Ep. Then by Lemma 3.1, we conclude that N7 (uy) = 0 = N1 (u2).
We consequently obtain that there is no dipath joining between pq and po which
contradicts to the unilaterally connectedness of Cay(Fix(X,Y), A). Thus |Y] = 1.
Next, we suppose that |X| > 3. Let Y = {a}. Choose b1,b; € X\Y in which
b1 # by. Define
a:Cmm.ﬂmmﬁaMB:me.mwmv_
a by a by

Then a, f € Fix(X,Y). Moreover, 7, = {{a,b1}, X\{a,b1}} and 7g = {{a, b2},
X\{a,bs}} such that they do not mutually refine. By Lemma 4.4, there is no
dipath joining them which again contradicts to the unilaterally connectedness of

Cay(Fix(X,Y), A). Therefore, |X| = 2. For convenience, we may assume that
X ={a,b} and Y = {a}. Then Fix(X,Y) contains exactly two elements

a b . a b
v = and idx =
a a a b

where v is the unique minimal idempotent of Fix(X,Y).
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Suppose that A does not contain a minimal idempotent. So A = {idx} and
Cay(Fix(X,Y), A) is shown in Figure 3. We observe that Cay(Fix(X,Y), A) is
not unilaterally connected which is impossible. Hence the connection set A of

Cay(Fix(X,Y), A) must contain a minimal idempotent. Therefore, the necessity is

QO O

Y idx

completely proved.

Ficure 3. Cay(Fix(X,Y), A)

Conversely, assume that Cay(Fix(X,Y), A) satisfies one of such sufficient con-
ditions. If the first condition holds for Cay(Fix(X,Y), A), then Cay(Fix(X,Y), A)
is strongly connected by Theorem 4.1 which consequently leads to the unilaterally
connectedness of Cay(Fix(X,Y), A). Hence we suffice to consider the case when
Cay(Fix(X,Y), A) satisfies the second condition. Conveniently, we take X = {a,b}
and Y = {a}. Thus Fix(X,Y) contains exactly two elements v and idx defined in
the proof of the necessity. As the connection set A contains a minimal idempotent,
we conclude that there are two possibilities for such a connection set, that is, A can
be {7} or {v,idx}. To illustrate more explicit, let A; = {7} and Az = {v,idx}.
Then Cayley graphs of Fix(X,Y") with respect to connection sets A; and As are

shown in Figures 4 and 5, respectively.

Q. QO

v idx Y idx
FIGURE 4. Cay(Fix(X,Y), 41) FIGURE 5. Cay(Fix(X,Y), As)
Clearly, both Cayley graphs are unilaterally connected. O

5. Completeness of Cay(Fix(X,Y), A)

In this section, we study characterizations of the completeness of Cay(Fix(X,Y), A).
Besides the completeness of Cay(Fix(X,Y), A), the concept of an equivalence di-
graph is also considered for Cay(Fix(X,Y"), A). We now present the following re-

sults.
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Theorem 5.1. Let A be a nonempty subset of Fix(X,Y). Then Cay(Fix(X,Y), A)
is complete if and only if X =Y.

Proof. It is obvious that Cay(Fix(X,Y"), A) is complete whenever X =Y since it
contains exactly one vertex and a loop attached to the vertex.

To prove the converse, assume that Cay(Fix(X,Y’), A) is complete. Suppose to
the contrary that there exists b € X\Y. Choose a;, € Y and let I’ = I'\{ip}. Define
o, f € Fix(X,Y) by

o (X\Yu{aio} ai/> and 5 — <ai X\Y) |
;o a; a; b
Clearly, @ € E,, and § ¢ E,,. By the completeness of Cay(Fix(X,Y), A), we have
(o, B), (B,0) € E(Cay(Fix(X,Y),A)). The edge («, ) implies that there exists
A € A in which f = aX = «a since a € E,,,. This gives a contradiction. So we can
conclude that X =Y. (]

Theorem 5.2. Let A be a nonempty subset of Fix(X,Y). Then Cay(Fix(X,Y), A)
is semi-complete if and only if one of the following conditions holds:

(i) X=Y;

(i) | X|=2,Y|=1 and A =Fix(X,Y).

Proof. Let Cay(Fix(X,Y), A) be semi-complete. Suppose that Y is a proper
subset of X. Similarly, we can apply the proof of the necessity of Theorem 4.6
to conclude that |X| = 2 and |Y| = 1. Consequently, Fix(X,Y) = {idx,~}
and v € E,,. If idx ¢ A, then (idx,idx) ¢ E(Cay(Fix(X,Y),A)) or if v ¢
A, then (v,idx), (idx,v) ¢ E(Cay(Fix(X,Y),A)), which contradicts the semi-
completeness of Cay(Fix(X,Y’), A). Hence both of idx and v must belong to A
which implies that A = Fix(X,Y).

Conversely, assume that the second condition holds. Thus Cay(Fix(X,Y’), A) can
be drawn as Figure 5 which is shown in the proof of the sufficiency of Theorem 4.6.
So Cay(Fix(X,Y), A) is semi-complete. Moreover, the assertion is clear whenever
X=Y. O

Note that Fix(X,Y) always contains minimal idempotents. Since they are left
zeros of Fix(X,Y), the digraph Cay(Fix(X,Y"), A) always contains loops attached
to the minimal idempotents. Consequently, Cay(Fix(X,Y), A) is not a loopless

digraph. Hence, we have the following theorem.

Theorem 5.3. Let A be a nonempty subset of Fix(X,Y). Then Cay(Fix(X,Y), A)

is never a directed complete digraph.
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We now present the following results on an equivalence digraph for Cay(Fix(X,Y"), 4).

Lemma 5.4. Let A be a nonempty subset of Fix(X,Y’). Then E(Cay(Fix(X,Y), A))
is reflexive if and only if idx € A.

Proof. Let E(Cay(Fix(X,Y), A)) be a reflexive relation. Since Fix(X,Y") contains
the identity idx, we obtain that (idx,idx) € E(Cay(Fix(X,Y), A)). Thus there
exists a € A such that idx = idxa = a € A.

For the converse, it is easy to verify that («a,a) € E(Cay(Fix(X,Y),A)) for
all @ € Fix(X,Y) whenever A contains an identity of Fix(X,Y). We obtain that
E(Cay(Fix(X,Y), A)) is reflexive, as required. O

Recall that H;q, is a group with identity idx. For a nonempty subset B of
Hiq, , the notation B~! stands for the set {§~! : § € B} which is useful for proving
the symmetry of E(Cay(Fix(X,Y’), A)) stated in the following lemma.

Lemma 5.5. Let A be a nonempty subset of Fix(X,Y"). Then E(Cay(Fix(X,Y), A))
is symmetric if and only if A C Hig, and A= A1,

Proof. Assume that E(Cay(Fix(X,Y), A)) is symmetric. Clearly, Cay(Fix(X,Y), A)
is locally connected. By Theorem 4.5, we have A C H,4, . Further, let o € A.
Then (idx,a) € E(Cay(Fix(X,Y), A)). By the assumption, we get that («,idx) €
E(Cay(Fix(X,Y), A)), that is, idx = af for some 8 € A. Therefore, 8 € H;q,
and o = 87! € A7, On the other hand, let ™! € A=!. Thus v € A. By the
same argument, we conclude that v € A~!. This directly implies that v~ € A.
Consequently, we have A = A~1,

Conversely, assume that A C H;q, and A = A71. Let o, € Fix(X,Y) be
such that («, ) € E(Cay(Fix(X,Y),A)). Then § = avy for some v € A. Since
A C H;q,, we obtain that y~! exists in H;q, and y~! € A1 = A. As the fact
that o = By~ where y~! € A, we conclude that (3,a) € E(Cay(Fix(X,Y), A)).
This implies that E(Cay(Fix(X,Y), A)) is symmetric. O

Lemma 5.6. Let A be a nonempty subset of Fix(X,Y"). Then E(Cay(Fix(X,Y), A))
is transitive if and only if A is a subsemigroup of Fix(X,Y).

Proof. Assume that E(Cay(Fix(X,Y), A)) is transitive. Let o, € A. Clearly,
we have (idx,a), (o, af) € E(Cay(Fix(X,Y), A)). Since E(Cay(Fix(X,Y), A)) is
transitive, we obtain that (idx,af) € E(Cay(Fix(X,Y), A)) which leads to a8 =
idx~y = 7 for some v € A. Hence aff € A. Consequently, A is a subsemigroup of
Fix(X,Y).
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Conversely, let A be a subsemigroup of Fix(X,Y). Further, let o, 8,7 € Fix(X,Y)
in which (o, 8), (8,7v) € E(Cay(Fix(X,Y),A)). Thus there exist A\,u € A such
that § = aX and v = Spu, respectively. It follows that v = Bu = aAu. Since
A is a subsemigroup of Fix(X,Y), we have Ay € A. This implies that (a,7) €
E(Cay(Fix(X,Y), A)). Therefore, E(Cay(Fix(X,Y), A)) is transitive. d

From Lemmas 5.4, 5.5 and 5.6, we directly have the following theorem.

Theorem 5.7. Let A be a nonempty subset of Fix(X,Y). Then Cay(Fix(X,Y), A)
is an equivalence digraph if and only if A is a subgroup of Hiq, .
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