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ABSTRACT. In this paper, we study invariant submanifolds of a golden Rie-
mannian manifold with the aid of induced structures on them by the golden
structure of the ambient manifold. We demonstrate that any invariant sub-
manifold in a locally decomposable golden Riemannian manifold leaves invari-
ant the locally decomposability of the ambient manifold. We give a necessary
and sufficient condition for any submanifold in a golden Riemannian manifold
to be invariant. We obtain some necessary conditions for the totally geodes-
icity of invariant submanifolds. Moreover, we find some facts on invariant
submanifolds. Finally, we present an example of an invariant submanifold.

1. INTRODUCTION

The differential geometry of submanifolds has occupied an important place in
natural and engineering sciences since some particular types of submanifolds have
been used as a geometric tool to solve many problems concerning these disciplines.
In particular, invariant submanifolds have a key role in applied mathematics and
theoretical physics as a method, such as for determining non-linear normal modes
in non-linear systems [I] and constructing the reduced description for dissipative
systems of reaction kinetics [2]. When considered from this point of view, invariant
submanifolds have a special meaning in differential geometry. Invariant submani-
folds are one of typical classes among all submanifolds of an ambient manifold. It is
well known that in general, an invariant submanifold inherits almost all properties
of the ambient manifold. Therefore, invariant submanifolds are an active and fruit-
ful research field playing a significant role in the development of modern differential
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geometry. Also, the papers related to invariant submanifolds have appeared in vari-
ous ambient manifolds, such as almost contact Riemannian manifolds 3] [4], normal
contact metric manifolds [5], Sasakian manifolds [6], almost product Riemannian
manifolds [7], CR-manifolds [§] etc.

Recently, C*°-differentiable manifolds endowed with golden structures, i.e., golden
manifolds have become a popular topic in differential geometry. In [9], M. C.
Cragmareanu and C. E. Hretcanu have shown that there exists a close relationship
between golden and almost product structures. In this sense, F. Etayo, R. San-
tamarfa and A. Upadhyay have analyzed almost golden Riemannian manifolds by
use of the corresponding almost product structures in [I0], where the concept of
a golden manifold was defined as a C'*°-differentiable manifold admitting an in-
tegrable golden structure. In [II], M. Gk, S. Keles and E. Kilig¢ have examined
the Schouten and Vrianceanu connections on golden manifolds. The different kind
of classes of submanifolds in a golden Riemannian manifold have been defined ac-
cording to the behaviour of their tangent bundles with respect to the action of
the golden structure of the ambient manifold and studied by several geometers in
[12], 13}, [14] [15] [16]. Invariant submanifolds, which are one of important and known
classes of submanifolds, have been investigated in a golden Riemannian manifold for
the first time by C. E. Hretcanu and M. C. Cragmareanu with the help of induced
structures on them by the golden structure of the ambient manifold in [I7] we can
find their some fundamental properties. The authors have obtained a characteri-
zation for any submanifold in a golden Riemannian manifold to be invariant and
proved that the Nijenhuis tensor of the induced structure vanishes identically on
invariant submanifolds in the case that the ambient manifold is a locally decompos-
able golden Riemannian manifold. Also, an example of an invariant submanifold
regarding a product of two spheres in an Euclidean space has been given in [18].

The main purpose of this paper is to examine invariant submanifolds of a golden
Riemannian manifold by means of induced structures on them by the golden struc-
ture of the ambient manifold.

The paper has three sections and is organized as follows: Section 2 is devoted to
preliminaries containing basic definitions, concepts, formulas, notations and results
for golden Riemannian manifolds and their submanifolds. Section 3 deals with an
investigation of invariant submanifolds of a golden Riemannian manifold. We prove
that any invariant submanifold of a locally decomposable golden Riemannian mani-
fold is also locally decomposable. We obtain a characterization for any submanifold
in a golden Riemannian manifold to be invariant. We find some necessary condi-
tions for any invariant submanifold to be totally geodesic. Also, we get other results
on invariant submanifolds. Lastly, we construct an induced structure on a prod-
uct of hyperspheres in an Fuclidean space as an example of a golden Riemannian
structure.
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2. PRELIMINARIES

In this section, we recall some basic facts on golden Riemannian manifolds and
their submanifolds.

A non-trivial C*°-tensor field f of type (1,1) on a C*°-differentiable manifold
M is called a polynomial structure of degree n if it satisfies the algebraic equation

Q(z) =" +anz" '+ Fagx+a Il =0, (1)
where [ is the identity (1,1)-tensor field on M and f"~! (p), f*2(p),...,f(p),I
are linearly independent for every point p € M. Also, the monic polynomial Q (z)
is named the structure polynomial [19].

A polynomial structure ® of degree 2 with the structure polynomial Q (z) =
2?2 — 2 — 1 on a C*-differentiable real manifold M is called a golden structure.
That is, the golden structure ® is a tensor field of type (1, 1) satisfying the algebraic
equation

3 =F+1. (2)
In this case, we say that M is a golden manifold. We denote by T (TM) the Lie
algebra of differentiable vector fields on M. If there exists a Riemannian metric g
on M endowed with a golden structure ® such that g and ® verify the relation

7(PX.Y) =7 (X,®Y) (3)

for any vector fields X, Y € I (TM), then the pair (g, 6) is said to be a golden
Riemannian structure and the triple (M, g, 6) is called a golden Riemannian man-
ifold. The eigenvalues of the golden structure ® are ¢ = 1+T\/5 and 1 — ¢ = %
being the roots of the algebraic equation 2 — x — 1 = 0, where the former is the
golden ratio [9] 17, [I§].

Let M be an n-dimensional submanifold of codimension r, isometrically im-
mersed in an m-dimensional golden Riemannian manifold (H, g, 5). We denote
by T,M and T, M + its tangent and normal spaces at a point p € M, respectively.
Then the tangent space T, M admits the decomposition

T,M =T,M & T,M*

for each point p € M. The induced Riemannian metric on M is given by

9(X,Y) =7(i.X,i.Y) (4)
for any vector fields X,Y € I'(T'M), where i, is the differential of the immersion
i: M — M. We consider a local orthonormal frame {Ny,..., N,.} of the normal

bundle TM+. For every tangent vector field X € I'(T'M), the vector fields D (i, X)
and ® (N,) on the ambient manifold M can be decomposed into tangential and
normal components as follows:

B (1. X) = 0. (B (X)) + Y a (¥) Na (5)
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and '
P (No) =cin (§,) + Y aapNg, e = £1, (6)
B=1
respectively, where ® is a tensor field of type (1,1) on M, £ ’s are tangent vector

fields on M, u,’s are differential 1-forms on M and (ang) is a matrix of type
r x r of real functions on M for any «, 5 € {1,...,7}. Thus, we obtain a structure

(@, g, Ua, €€, (aaﬁ)rm-) induced on M by the golden Riemannian structure (y, 6).

We denote by V and V the Levi-Civita connections on M and M, respectively. Then
the Gauss and Weingarten formulas of M in M are given, respectively, by

VixiV =i, VxY + Y ha (X,Y) N, (7)
a=1
and
Vi.xNo = =i A X + Y lag (X) Np (8)
B=1

for any vector fields X,Y € I'(T' M), where h,,’s are the second fundamental tensors
corresponding to N,’s, A,’s are the shape operators in the direction of N,’s and
lop’s are the 1-forms on M corresponding to the normal connection V= for any
a,B e {l,...,r}. Also, the following relations hold:

h(X,Y):ZT:ha (X,Y) N, (9)

a=1
ha(X7Y):ha(KX)= (10)
he (XaY) :g(AaXaY)v (11)
VN, = ilaﬁ (X) Ng (12)

B=1

and

lozﬂ = _lﬁa (13)

for any vector fields X, Y € T'(TM) [11].
As it is well known, the submanifold M is called totally geodesic if h = 0.
Besides, the mean curvature vector H of M is defined by

H = zn:h(ei,ei),
i=1

where {eq, ..., e,} is orthonormal basis of the tangent space T, M at a point p € M.
If the mean curvature vector H vanishes identically, then M is said to be a minimal
submanifold. If A (X,Y) = g(X,Y) H for any vector fields X,Y € I'(T M), then
M is named a totally umbilical submanifold [20].
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The triple (M, g, ®) is called a locally decomposable golden Riemannian mani-
fold if the golden structure ® is parallel with respect to the Levi-Civita connection
V, i.e., the covariant derivative V @ is identically zero. Also, under the assumption
that the induced structure is a golden structure, the same definition can be applied
to the submanifold (M, g, ®) in terms of the Levi-Civita connection V of M.

3. INVARIANT SUBMANIFOLDS OF GOLDEN RIEMANNIAN MANIFOLDS

This section is mainly concerned with invariant submanifolds in golden Riemann-
ian manifolds. We show that any invariant submanifold in a locally decomposable
golden Riemannian manifold preserves the locally decomposability of the ambient
manifold. We get an equivalent expression to the invariance of any submanifold in
a golden Riemannian manifold. We give some necessary conditions for the totally
geodesicity of invariant submanifolds. Besides, we obtain some results on invariant
submanifolds.

As a beginning, we remember that the notion of an invariant submanifold in
golden Riemannian manifolds. Any invariant submanifold M of a golden Riemann-
ian manifold (M,g,®) is submanifold such that the golden structure @ of the
ambient manifold M carries each tangent vector of the submanifold M into its
corresponding tangent space in the ambient manifold M, in other words,

& (T,M) C T,M

for any point p € M.

Let M be an n-dimensional invariant submanifold of codimension r, isometrically
immersed in an m-dimensional golden Riemannian manifold (M, g, 5). Then we
have £, = 0 and u,, = 0 for any « € {1,...,r}. Hence, and é@ can be expressed
in the following forms:

B (i, X) = i (® (X)) (14)

and
T

E(Na)z E aagNg, (15)
B=1
respectively.

Theorem 1. [I8, Remark 3.1] Let M be an n-dimensional invariant submanifold
of codimension r, isometrically immersed in an m-dimensional golden Riemannian

manifold (M, g, 6). Then the induced structure (@,g,ua =0,e, =0, (aaﬁ)rxr)

on M by the golden Riemannian structure (g, 5) satisfies the following relations:

P?(X)=d(X)+ X, (16)
Gap = ABa; (17)
Y daypy = bap + aag, (18)

v=1
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9(®(X),Y)=g(X,2(Y)) (19)
and
9(2(X),2(Y))=g(2(X),Y)+g(X)Y) (20)
for any wvector fields X, Y € T'(TM).

Theorem 2. [I8 Theorem 3.2] Let M be an n-dimensional submanifold of codi-

mension 1, isometrically immersed in an m-dimensional golden Riemannian man-
ifold (M,g, <I>). Then M is an invariant submanifold if and only if the induced
structure (®,g) on M is a golden Riemannian structure whenever ® is non-trivial.

Theorem 3. [I7, Theorem 2.1] Let M be an n-dimensional invariant subman-
ifold of codimension r, isometrically immersed in an m-dimensional locally de-
composable golden Riemannian manifold (M,g, <I>). Then the induced structure
(@,g,ua =0,e£, =0, (aaﬁ)rw) on M by the golden Riemannian structure (g, ®)
verifies the following relations:

(Vx®)Y =0, (21)
ho (X, ®Y) = 27: hg (X,Y) aga, (22)
B=1
O (AeX) =) aapAsX (23)
B=1
and -
X (aap) = Z Loy (X) ayp + Z lgy (X) aay (24)

for any vector fields X, Y € T(TM).

Theorem 4. Let M be an n-dimensional invariant submanifold of codimension r,
isometrically immersed in an m-dimensional locally decomposable golden Riemann-
ian manifold (M@,E). Then M 1s a locally decomposable golden Riemannian
manifold whenever ® is non-trivial.

Proof. Taking into consideration Theorem [2| the proof is obvious from . O

Theorem 5. Let M be an n-dimensional submanifold of codimension r, isometri-
cally immersed in an m-dimensional golden Riemannian manifold (M, g, 6). Then
M is an invariant submanifold if and only if there exists a local orthonormal frame
of the normal bundle TM~* such that it consists of eigenvectors of the golden struc-
ture ®.
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Proof. At first, we recall that it is possible to transform the local orthonormal
frame {Ni,...,N,} of the normal bundle TM~ into another local orthonormal

frame {N7,..., Ny} such that &, = > kJ¢, and a3 = Aadag, Where (k7) is an
~y=1

orthogonal matrix of type 7 x r and \,’s are the eigenvalues of the matrix (aag),.,.

for any o, 8 € {1,...,r}. If M is an invariant submanifold, then the tangent vector
fields &)’s are zero. Hence, we obtain from that

D(N)=AN.,a=1,...,7,

which shows that the normal vector fields N/,’s are eigenvectors of the golden struc-
ture ®. Conversely, we assume that ® (N/) = A\, N/, for any o € {1,...,7}. Then
it follows from that

f’a:O, a=1,...,r,

from which we conclude that the submanifold M is invariant. (|
Theorem 6. Let M be an n-dimensional submanifold of codimension r, isometri-

cally immersed in an m-dimensional golden Riemannian manifold (M, g, 6). Then
M is a totally geodesic invariant submanifold if the following relations are satisfied:

Bi, = iy (25)
and
ON,=(1—-9¢)Ny,a=1,...,r. (26)
Proof. Using and in and @, respectively, we get
b =0l (27)
and
tap = (1 —¢)dap (28)

for any o, 8 € {1,...,r}. On the other hand, and mean that M is an
invariant submanifold. Thus, in virtue of and , it results by a simple
computation from that

VBAL =0, 0=1,...,r,

which proves that the submanifold M is totally geodesic. As a result, the proof has
been completed. O

Theorem 7. Let M be an n-dimensional submanifold of codimension r, isometri-
cally immersed in an m-dimensional golden Riemannian manifold (M,y, <I>). Then
M s a totally geodesic invariant submanifold if the following relations are verified:

Ti, = (1 - ¢)i, (29)
and
®N, =Ny, a=1,...,r. (30)
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Proof. Applying and to (5) and (6), respectively, we deduce
o=(1-¢)I (31)
and
Gag = Pdap (32)
for any o, 8 € {1,...,7}. On the other hand, it is clear from and that M

is an invariant submanifold. Hence, taking into account and , we obtain
by a straightforward computation from that

—VBA,=0,a0=1,...,r,

which implies that the submanifold M is totally geodesic. Consequently, the proof
has been shown. O

Theorem 8. Let M be an n-dimensional submanifold of codimension r, isometri-
cally immersed in an m-dimensional golden Riemannian manifold (M, g, 6). Then
the second fundamental tensors hg’s are zero for any 0 € {1,...,t <r} if the fol-
lowing relations are satisfied:

di, = Dl (33)
TNy =(1—¢)Ng, =1,...,t (34)
and
ON, =¢N,, p=t+1,...,7. (35)
Proof. Taking account of (33), and (35)), in view of (5)) and (6, we obtain
¢ = ¢l (36)
agy = (1 — @) gy, 6,9 =1,...,t (37)
and
Quy = GOy, v =t+1,...,7. (38)

On the other hand, it follows from (33)), and (35) that the submanifold M is
invariant. Hence, by means of , (137) and , (23) takes the form

VBAg=0,0=1,....t<r,
from which we have
he=0,0=1,...,t<r.
O

Theorem 9. Let M be an n-dimensional submanifold of codimension r, isometri-
cally immersed in an m-dimensional golden Riemannian manifold (M, g, 6), Then
the second fundamental tensors hg’s are zero for any 6 € {1,...,t <r} if the fol-
lowing relations are verified:

Di, = (1 — @) i, (39)

6N9=¢Ng,9:17...,t, (40)
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and
ON,=(1—¢)N,, p=t+1,...,r. (41)
Proof. By reason of , and , we infer from and @ that
=(1-9)1, (42)
04919:(]5(5919, 9729:1)"'7t (43)
and
ay :(1_ NV7/’[’7V_t+1 (44)

On the other hand, it is obv1ous from (39), (40) and that the submanifold M
is invariant. Thus, using . and (44)), ) is reduced to

—ngzO,@zl,...,t<r7
which implies
hg=0,0=1,...;t<r.
O

Theorem 10. Let M be an n-dimensional totally umbilical invariant submanifold
of codimension r, isometrically immersed in an m-dimensional golden Riemannian
manifold (M g, ) If

{tr(@)}* #n{n+tr(@)},
or equivalently

{tr(®)}” # N*n?,

then M is a totally geodesic submanifold, where A is one of the eigenvalues of the
golden structure ®.

Proof. We denote by {e1,...,e,} an orthonormal basis of the tangent space T, M
at a point p € M. Since the submanifold M is totally umbilical, there are constants
04’s such that h, = 0,9 for any « € {1,...,r}. Then is given by

0ag (X, V) =Y agaopg(X,Y) (45)
B=1

for any vector fields X,Y € I'(T'M). Putting X, =Y, =¢; for any i € {1,...,n}
at the point p € M in , we have

oag (€i; Pe;) :g(ei,ei)Zagaaﬁ. (46)
p=1

Summing over 4 in , we get

n T
Z Uag (ei) q)e’b) =n Z aﬁaa,@a
i=1 B=1
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which implies
tr(®)o, = nZagaaﬁ. (47)
B=1

Multiplying by the matrix element ag, and then summing over «, we obtain

tr(®) Z ABaTo =N Z Z ABa a0 ~- (48)
a=1 y=1a=1
Using , takes the form
tr(®) Z ABa0a =N03 + N Z a8~y0~,
a=1 y=1
from which we have
1 T
= — (tr(®) — a0 49
op = (tr(®) n);aﬁU (49)

Hence, substituting into , we find
{tr(®) (tr(®) — n) — n*} Z aapop = 0. (50)
B=1

On the other hand, on account of the fact that {tr(®)}> # n {n + tr(®)}, or equiv-
alently {tr(®)}* # A?n2 in the hypothesis, it follows from (50) that

T
Z Qap0pR = 0.
p=1

Therefore, we infer from that
op=0,=1,...,r,
which demonstrates that the submanifold M is totally geodesic. O
Now, we give an example.

Example 11. Let (EQ(IH“Z)7 {, >) be the 2(p+q)-dimensional Euclidean space, where
p and q are two positive natural numbers. Hereafter we use the following abbrevia-
tions for a point and a tangent vector in the FEuclidean space E*PT9 | respectively:

(xi,yi,zj,wj) = (931,...,z”,yl,...,yp,zl,...,zq,wl,...,wq)
and
(XY, 27, W) = (X', XP Y Yzt 2 W W)
We consider a tensor field ® of type (1,1) defined by
(XY, ZI W) = (X', 0Y", (1= ) Z7, (1 — ¢) W)
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for any tangent vector (X', Y, Z7, W) € T(miﬁyi’zijj)E2(p+q), where ¢ and 1 — ¢
are the roots of the algebraic equation > —x —1 =0, i.e., ¢ = 1+T‘/5 and1—¢ =

1*2—\/5. In this case, it is easy to show that ((,) ,5) is a golden Riemannian structure
and (EQ(pJ“q), (,) ,5) is a golden Riemannian manifold.

Because of the fact that E>PT9) = EP x EP x EY x E9, we have the following
four hyperspheres:

SP=l(ry) = {(xl’”_’xp) : Z (a:l)Q _ T%} 7
Sp—l (1“2) = {(yl’“_’yp) . Z (yz)Q _ T%} ;

a
St (r3) = (zl, Sz Z (zj)2 =r?
and
q o,
S171 (ry) = (w17...,wq) : Z (w?)” = 2
We construct the product manifold SP=1 (r1) x SP=1 (ry) x St (r3) x S971 (ry)

in a similar way as in [18]. We denote it by M for simplicity. Its every point has
the coordinates (x’,yl, z%uﬂ) satisfying the equation

.
Il
N

P P q q
i\ 2 i\ 2 i\ 2 2
2 @)+ ) (@) () = R
i=1 i=1 =1 J=1
where R? = r{ + 13 + 13 +r3. Then M is a submanifold of codimension 4 in the
Euclidean space E*P*9) and M is a submanifold of codimension 3 in the sphere
S2(r+a)=1(R). Hence, there exist successive embeddings such that
M — §2(pt+a)-1 (R) — E2(pta)
Also, its tangent space T(yi yi i wiyM al a point (:ci,yi, 27, wj) 18 as follows:
T 0400.0) ST~ (1) @ T (01,0300 S~ (r2) BT (01,01 23,09y ST~ (13) BT (07,01, 03,91 5T (7).
As it is seen, any tangent vector (Xi, Y, 79, Wj) € T(xi7yi7zj,wj)E2(p+q) belongs

to Tiyi yi 2 wiyM for every point (xi,yi, 27, wj) € M if and only if

Z:L‘ZXZ = ngYZ = ZzJZ] = ZwJWJ =0.

i=1 i=1 j=1 j=1
In addition, since (Xi, Y 79, Wj) is a tangent vector on the sphere S2(P+a)—1 (R),
we have

Tiai yi z3,wiyM C T(wﬂyi,zf;wj)SQ(pﬂ)_l (R)
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for every point (a:i,yi, zj,wj) e M.
Let us consider a local orthonormal basis { N1, Na, N3, N4} for the normal space

T(zi7yi7z_7‘)wj)MJ_ at a point (:Ei,yi7 zj7wj). Then we can choose the normal vectors
N1, Ny, N3 and N4 such that

and
Lfry jr3 o T2, T1
2 Y2
Ny=—=|—2"—y", ——2,——u’ ].
LT r3 T4

We identify i.X with X for any tangent vector X € T(4i yi i wiyM. From @, we
have

4
INa=€a+ ) aapNs (51)
p=1
for any a € {1,2,3,4}. Also, we remark that
aag = (PNa, Ng)

for any o, B8 € {1,2,3,4}. Then by straightforward computations, we obtain the
elements of the matriz A = (aap),,, as follows:

1
_ _ 2 2,2 _,2_ .2
1 =022 = 5 (R +\/5(r1+7‘2 —r3 —r4)>,
a12 = az1 = azq = as3 =0,
Vb
(13 =31 = —024 = —G42 = 7 (r1r3 —12r4),

5
&14204120423:(132:@(
1
s (B2 = VB (13 =18 —03)).
Hence, using the matriz elements ang’s given above, it follows from that
§1=8=8=4= 02(p+q)~ (52)

riTs + Tor3),

a33 = Q44 =

In this case, we have
B (Tlat iyt 29,0 MT) € Tty 23,0y M
From (@, we can write the following relation:

4
(XY, ZI W) = (X', Y, 29, W) + Z U (X1, Y, Z7,W7) Ny.  (53)

a=1
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We recall that

Ua (Xi7yi’ Z]’Wj) =¢ <(Xi’Yi7 Zj’ WJ) 7£a>

for any o € {1,2,3,4}, where e = £1. Then we get from (59) that

U1=U2:U3=U4=O. (54)

Thus, we infer from and that

(XYL ZI W) =& (X', Y, ZI, W) .

In the circumstances, we have

and

) (T(zi’y'i’zijj)M) - T(z'i’yi’zj,wj)M

2=+ 1.

Consequently, we establish an induced structure (<I>, (,) €80 = Oa(ptq)s Ua = O,A)

on the product of hyperspheres M by the golden Riemannian structure ((,) ,<I>) on

the Euclidean space E*®+9 . Moreover, (®,(,)) is a golden Riemannian structure
and M is an invariant submanifold in the Euclidean space E>®+a).
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