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1. Introduction

The notion of a generalized topological space was introduced by Csdszdr in [3]. Let X be any non-null set. A family

U C exp(X) is a generalized topology [9] in X if @ € u and |J G, € u whenever {G; |t € T} C u where exp(X) is a power
teT
set of X. We call the pair (X, 1) as a generalized topological space (GTS) [9]. If X € u, then the pair (X, u) is called a

strong generalized topological space (sGTS) [9]. Let Y C X. Then the subspace generalized topology [2] is defined by,
Uy ={YNU |U € u} and the pair (Y, lty) is called as the subspace generalized topological space [2].

Let (X, 1) be a GTS and A C X. The interior of A [9] denoted by iA, is the union of all y-open sets contained in A and the
closure of A [9] denoted by cA, is the intersection of all fi-closed sets containing A when no confusion can arise. The elements
in u are called the p-open sets, the complement of a (-open set is called the p-closed set and the complement of u is denoted
by 1. Denote {U e pn|U=+#0} by fi[8]and denote {U € u | x € U} by u(x) [8].

Throughout this paper, R,Z,Q and N denote the set of all real numbers, integers, rational numbers and natural num-
bers, respectively. The notations X3,X4,Xs and X¢ are mean the sets {a,b,c},{a,b,c,d},{a,b,c,d,e} and {a,b,c,d,e, [},
respectively.

2. Preliminaries

In this section, we remember some basic definitions and lemmas which will be useful in the development of the next sections.
A subset A of a GTS (X, ) is said to be a U-nowhere dense [6] (resp. U-dense [6], (-codense [T]) set if icA = 0 (resp.
cA=X, c(X—A)=X). Ais said to be a u-strongly nowhere dense set if for every V € fi, there is U € i such that U C V
and UNA = 0. Then A is said to be a u-meager (or U-first category) (resp. U-s-meager (or [-s-first category)) set [8] if
A =J,enAn where A, is y-nowhere dense (resp. U-strongly nowhere dense) for all n € N.
In a GTS, every subset of a u-strongly nowhere dense set is -nowhere dense and every subset of a p-meager (resp.
U-s-meager) set is [-meager (resp. [-s-meager) [8].
Let (X,u) be a GTS and A C X. Then A is said to be a y-second category (U-1I category) (resp. W-s-second category
(u-s-1I category)) set [8] if A is not y-meager (resp. p-s-meager). A is y-residual (resp. W-s-residual) [8] if X — A is u-meager
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(resp. [-s-meager).

A GTS (X, ) is said to be p-II category (resp. W-s-II category) if X is p-1I category (resp. p-s-II category) as a subset. A
space X is called a Baire space (BS) [8] if each V € [i is of u-II category in X. A space (X, L) is a strong Baire space (sBS) [8]
if VinVaN...NV, is of u-II category set for all Vy,V,,...,V, € p such that Vi NV, N...NV, # 0. Also, every sBS is a BS [8].

Define u* = {U, (Ui NUSNU3N...NU, ) | U, U, Uy € u} and u** = {A C X | A is of u-II category set} U {0} [8].
Then u C u* and p C u** if (X, 1) is a Baire space [8]. Also, u* C u** if (X,u) is a sBS [11].

A space (X, 1) is called hyperconnected [6] if every non-null p-open subset of X is p-dense in X. A GTS (X, ) is said to
be a generalized submaximal space [7] if every p-dense subset of X is a y-open set in X .

The following lemmas will be useful in the sequel.

Lemma 2.1. [8, Property 2.3] Let (X, ) be a GTS and A C X be a y-nowhere (resp. p{-strongly nowhere) dense set. Then the
closure of A and any subset of A are y-nowhere (resp. p-strongly nowhere) dense sets.

Lemma 2.2. [8, Property 2.5] Let (X, 1) be a GTS and A C X. Then the following hold.
(a) If A is s-meager then it is meager.

(b) If A is of II category then it is of s-II category.

(c) If A is s-residual then it is residual.

Lemma 2.3. [9, Proposition 4.7] Let (X, 1) be a GTS. If F, is a u-meager set for each n € N, then J,cy F;, is a f-meager set
inX.

Lemma 2.4. [9, Theorem 5.3] Let (X, ) be a GTS. The following are equivalent.
(a) X is Baire.

(b) If A #~ 0 is p-residual in X, then A is p-dense in X.

(c) If B # X is u-meager in X, then B is t-codense in X.

(d) Every U € ji is u-II category in X.

(e) iF = 0, for every F is a l-meager set in X.

(f) For every u-closed set F, with iF, = 0,i(U,cn Fn) = 0.

Lemma 2.5. [12, Theorem 3.3] Let (X, ) be a GTS. Then the following hold.
(a) If G,, is pu-s-meager for each n € N, then J,,cy G, is L-s-meager.
(b) If F,, is u-s-residual for each n € N, then ey Fy is p-s-residual.

3. Properties of Generalized Topology

In this section, we give some properties of generalized topologies defined in a generalized topological space. Also, we check
some families are either satisfied with the stack property or not.
We start the study of various types of generalized topologies in a generalized topological space by reminding the well-known
definitions in GTSs.
Let (X, 1) be a GTS. A collection € of subsets of X is called a stack [10] if A € € whenever B € € and B C A. A stack ¢
on X is called a p-stack [10] if A,B € J#,then ANB # 0.

Theorem 3.1. Let (X, 1) be a GTS. Then fi** is a stack.

Proof. Suppose B € fi** and B C A C X. Then B is of u-II category set in X. Since subset of a (i-meager set is [1-meager, A is
of u-II category set in X implies that A € fi**. Therefore, fi** is a stack. O

The below Corollary 3.2 directly follows from Theorem 3.1 so the proof is omitted.

Corollary 3.2. Let (X,1t) be a GTS and A C X. Then the following hold.
(a) If iy=«A # 0, then A € u*.

(b) If (X, ) isa BS and if iyA # 0, then A € u**.

() If (X,u) is asBS and if iy+A # 0, then A € u**.

(A IfA € u™, then cyA,cy~A,cy=A € U™

The following Example 3.3, (a) shows that the generalized topology fi is not a stack in a generalized topological space, (b)
proves that there exist a topology u, in which i is not a stack and (c) proves that u is not a topology even if fi is a stack. The
generalized topology (* is not a stack as shown by the below Example 3.4.
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Example 3.3. (a) Consider the generalized topological space (X, 1) where X = R and u is the Z forbidden generalized
topology on R, that is, 4 = {U C R |U C R—Z}. Then i is not a stack. Because, if U = { ;%7 | n € N}, then U € fi. Here
UcCQ. ButQ¢ fi.

(b) Consider the generalized topological space (X, 1) where X = [0,5] and u = {0,[0,2),(1,2),(1,4],[0,4],X}. Then u is a
topology. But fi is not a stack. For, let G =[0,2) and H = [0,2]. Then G C H and G € fi. But H ¢ [i.

(c) Consider the generalized topological space (X4, ) where u = {0,{a,b},{a, b,c},{a,b,d},{a,c,d},{b,c,d},Xs}. Then [i
is a stack. But u is not a topology.

Example 3.4. Consider the generalized topological space (X, it) where X = [0,5] and pt = {0,[0,2),(1,3),(1,4],[0,4]}. Then
u*={0,[0,2),(1,4],(1, %), (1,2),[0,4]}. Let A = (1,2) € fi* and B=[1,2]. Then A C B. But B ¢ fi*. Thus, fi* is not a stack.

Theorem 3.5. Let (X, 1) be a GTS. Then (X, W*™*) is a hyperconnected space if and only if {i** is a p-stack.

Proof. Suppose that (X, u**) is a hyperconnected space. By Theorem 3.1, fi** is a stack. Let A, B € fi**. Then A and B are
non-null g**-open sets and so A and B are u**-dense sets in X, by hypothesis. Therefore, AN B # 0. Hence fi** is a p-stack.
The reverse implication is directly follows from the definition of p-stack so the proof is omitted. O

Example 3.6. Consider the generalized topological space (X,u) where X = [0,5] and u = {0,][0,2),(1,4],[0,4]}. Then
u*={0U{A,BC X |A€exp((1,2)) —{0},A C B} and so (X,u**) is not a hyperconnected space. Because, if we take
W =1[0,3)U(3,5], then W € u** and hence {3} is a **-closed set but {3} is a non-null u**-open setin X. Let U = [0, 1JU{3}
and V = {{§}U[2,5]. Then U,V € i**. But UNV = 0. Thus, [I** is not a p-stack.

Theorem 3.7. Let (X, L) be a BS. If every non-null [L-open set is a |L-residual set, then (X, 1) is a hyperconnected space.

Proof. Let G € fi. Then by hypothesis, G is g-residual in X. By Lemma 2.4, G is a y-dense set in X. Hence (X, 1) is a
hyperconnected space. O

Theorem 3.8. Let (X, 1) be a BS and every non-null [1-open set is [L-residual in X. If (X, 1) is a generalized submaximal
space, then the following hold.

(a) u™ = p.

(b) fi is a stack.

Proof. Tt is enough to prove (a) only. Since (X, ) is a BS we have u C u**. Let B € u**. If B = 0, then there is nothing
to prove. Suppose B € [i**. Then B is of u-II category set and so B is not p-meager so that B is not a y-nowhere dense set.
Thus, iycyB # 0. Take V = iy cyB. Then V € fi. By hypothesis and Theorem 3.7, (X, i) is a hyperconnected space so that V is
(-dense set in X. Then B is p-dense set in X. Since (X, i) is a generalized submaximal space, B is a {-open set. Therefore,
B € fi sothat B € u. Thus, u** C p. Hence u* = u. O

In Theorem 3.8, replace the condition “(X, it) be a BS” by the condition “(X, 1) be a sBS”, we get 4 = u* = yu** and then
[i* is a stack.
The following Example 3.9 shows that the necessary conditions are can not be dropped in Theorem 3.8.

Example 3.9. (a) Consider the generalized topological space (X, 1) where X = [0,5] and u = {0,[0,2), (1, %), (1,3],10,3]}.
Then (X, i) is a BS and every non-null y-open set is a y-residual set in X. Let A = [1,4] be a subset of X. Then c;A = X and
s0 A is a u-dense subset of X. But A ¢ p. Thus, (X, 1) is not a generalized submaximal space. Here u** = {0} U{A,B C X |
A€ exp((1,3))—{0},A C B}. Choose W = [1,2]. Then W € u**. But W ¢ u1. Hence u** ¢ pu.

(b) Consider the generalized topological space (X5, ) where u = {0,{a,b},{a, c},{a,d},{b,c},{a,b,c},{a,b,d},{a,b,e},
{a,c,d},{a,c,e},{a,d,e},{b,c,d},{b,c,e},{a,b,c,d},{a,b,c,e},{a,b,d,e},{a,c,d e}, {b,c,d,e},Xs}. Therefore, (Xs,u)
is a generalized submaximal space and every non-null i-open set is a p-residual set in X5. But (Xs, it) is not a BS. For, if we
take A = {a,c,d} is asubset of X5. Now iy ¢, ({a}) = ip({a}) = {0}sipcu({c}) = in({c}) ={0};ipcu({d}) =i ({d}) = {0}.
Then {a,c,d} is a u-meager set and so A is not a pi-II category set in Xs. Here, u** = {0}. Hence u ¢ pu**.

(c) Consider the generalized topological space (Xs, i) where u ={0,{a},{b},{a,b},{a,c},{a,b,c},{a,b,d},{a,b,e},{b,c,d},
{a,b,c,d},{a,b,c,e},{a,b,d e}, Xs}. Then (X5,u) is a BS and generalized submaximal space. Let A = {a} be a subset of Xs.
Then Xs —A = {b,c,d,e}. Consider, iycy ({b}) =iy ({b,d,e}) = {b} # 0. Thus, {b} is of u-II category set in X5. Therefore,
X5 — A is of u-II category set in X5 so that X5 — A is not a -meager set which implies that A is not a u-residual set in X5. Thus,
there is a non-null y-open set which is not a y-residual set in Xs. Here, u** = {0} U{A C X5 | eithera € A or b € A}. Let
G ={a,c,d}. Then G € u**. But G ¢ u. Hence u** ¢ u.

Theorem 3.10. Every collection of all non-null -residual sets in X is a stack where U is a generalized topology on X.
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Proof. Letnn = {A C X | A is anon-null p-residual set}. Suppose that V € 1 and V C U. Then V is u-residual and so X —V
is gu-meager in X. Since V C U,X —U C X —V so that X — U is a -meager set in X, since subset of a meager set is meager.
Thus, U is p-residual in X. Therefore, U € 1. Hence 1 is a stack. O

Theorem 3.11. Let (X, 1) be a GTS and n = {0} U{A C X | A is non-null u-residual set}. Then 1 is a topology on X .

Proof. By Theorem 3.10, 1) is closed under arbitrary union. Also, 7 is closed under finite intersection, by Lemma 2.3. Let
A C X be anon-null u-residual set. Then @ = (X —X) C (X —A) and so X is a non-null y-residual set. Thus, X € 7. Therefore,
7 is a topology on X. 0

The below Theorem 3.12 (a) follows from the similar arguments in Theorem 3.10, Theorem 3.12 (b) follows from Lemma
2.5 (b) and the same considerations in Theorem 3.11 so the proof is omitted.

Theorem 3.12. Let (X, 1) be a GTS. Then the following hold.
(a) Every collection of all p-s-residual sets in X is a stack.
() Ifn={0} U{A C X | A is non-null u-s-residual set}, then 1) is a topology on X.

Theorem 3.13. Let (X, 1) be a GTS. Then every collection of all lL-dense sets in X is a stack.
Theorem 3.14. Let (X, 1) be a generalized submaximal space. Then every collection of all u-dense sets in X is a p-stack.

Proof. Letn = {A | A is pu-dense subset of X }. By Theorem 3.13, 1 is a stack. Let G,H € 1. Then G and H are {-dense sets
in X. By hypothesis, G and H are non-null pt-open sets in X so that GNH # 0. Hence 1) is a p-stack. O

The following Example 3.15 shows that the condition “(X, 1) be a generalized submaximal space” can not be dropped in
Theorem 3.14. Also, this example shows that the collection of all ti-codense sets in X is not a stack.

Example 3.15. Consider the generalized topological space (Xu, 1) where u = {0,{a,b},{b,c},{a,b,c},{b,c,d},Xs}. Here,
{b} is a p-dense set. But {b} ¢ p. Thus, (X4, ) is not a generalized submaximal space. Take 11 = {A | A is -dense subset
of X4}. Then n = {{b},{a,b},{a,c},{b,c},{b,d},{a,b,c},{a,b,d},{a,c,d},{b,c,d},Xs}. Take A ={a,c} and B = {b,d}.
ThenA,Ben. ButANB=0.

Take { is the collection of all u-codense sets in X. Then § = {0, {a}.{b},{c},

{d},{a,c},{a,d},{b,d},{c,d},{a,c,d},Xs}. Choose A = {b,d} and B= {b,c,d}. Then A € { and A C B. But B ¢ {. Thus,
¢ is not a stack.

Next, Theorem 3.16 follows from Lemma 2.4 and Theorem 3.14 so the direct proof is omitted.

Theorem 3.16. Let (X, 1) be a BS. If (X, 1) be a generalized submaximal space, then 1 = {A C X | A is a non-null [-residual
set} is a p-stack.

The following Theorem 3.17 follows from the fact that “super set of a dense set is dense” and the trivial proof is omitted.
Theorem 3.17. Let (X, 1) be a GTS and = {0} U{A C X | A is u-dense}. Then 1 is a strong generalized topology on X .

The collection 1 defined on the above Theorem 3.17 is not closed under the finite intersection as shown by the following
Example 3.18.

Example 3.18. Consider the generalized topological space (X4, i) where 4 = {0,{a,b},{b,d},{a,b,c},{a,b,d},{b,c,d},Xs}.
Take 11 — {0} U{A  X; | A is pi-dense set}. Then 1 = {0} U{{b}. {a,b}, {a,d}, {b,c}, {b,d}. {a.b.c}. {a,b,d}, {a,c.d}, {b,c,d},
Xs}.LetA ={a,d} and B= {b,d}. Then A,B € . Bt ANB = {d} ¢ n. Thus, 7 is not closed under the finite intersection.

Theorem 3.19. Let (X, 1) be a GTS. Then w*™* # {0} if and only if w™*" is a strong GT in X where W™ = {UWnw;n
7
L OWe ) | WEWS, LW, € 1w} and hence it is a topology.

Proof. Suppose that u** # {0}. Then there exists a non-null ;**-open set in X. Take G is the non-null g**-open set in X. Then
G is of u-II category set in X. Since subset of a p-meager set is g-meager, X is of u-1I category. Therefore, X € u** and so
X € w™". Hence u** is a strong generalized topology. Also, u**" is closed under finite intersection. Hence u**" is a topology.
Converse, follows from the definition of ,u***. O

Theorem 3.20. Let (X, 1) be a GTS. If i is a stack, then the following hold.
(a) u is a strong GT.
(b) pu* is a topology.
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Proof. Tt is enough to prove (a) only. Suppose pt # {@} and fi is a stack. Then we can choose a non-null open set in p. Take G
is a non-null p-open set in X. If G = X, then there is nothing to prove. Assume that, G C X. By hypothesis, X € i so that
X € u. Hence u is a strong GT. O

The converse implication of (a) in Theorem 3.20 is not true as shown by the following Example 3.21.

Example 3.21. Consider the generalized topological space (X, 1) where X = [0,5] and u = {0,[0,2),(1,3],(1,5],[0,3],X}.
Then (X, u) is a strong generalized topological space. But i is not a stack. For, [0,2) C [0,2]. Here [0,2) € u but [0,2] ¢ u.

The following Theorem 3.22 is a direct consequence of the definition of the stack so the proof is omitted. If n C exp(X)—{0}
where X is a non-null set, t C 11 C y and if 7 is a stack, then neither y nor  is stack as shown by the following Example 3.23.

Theorem 3.22. Let X be a non-null set and 1 C exp(X). If 1 is a stack and generalized topology, then 1 is a strong GT.

Example 3.23. Consider the non-null space X4. Take n = {{a},{a,b},{a,c},{a,d},{a,b,c},{a,b,d},{a,c,d},Xs4}. Let y =
{{a},{b},{a,b},{a,c},{a,d},{a,b,c},{a,b,d},{a,c,d}, X4} and u = {{a},{a,b},{a,c},{a,b,c},{a,b,d},{a,c,d} Xs}.
Then y C 17 C y. Here 1 is a stack. But neither 7y nor y is stack. For, let A} = {b},A;, = {a} and B; = {b,d},B, = {a,d}.
ThenA; € y,Ay € wand A} C Bj,Ay C B,. But By ¢ y,B, ¢ L.

Moreover, (* is a topology if t* is a stack.

4. Nature of a New GT

In this section, we define a new generalized topology and give some of its properties in a generalized topological space.

First of all, we recall some definitions and facts for the development of this section.

A GTS (X, ) is said to be a weak Baire space (for short, wBS) [8] if for every U € i is of u-s-II category set in X. Also,
every BS is a wBS.

Let (X,u) beaGTS and A C X. Then A is called y-semi-open (resp. 1-o-open) if A C ciA (resp. A C iciA) [5].

In [8], Korczak - Kubiak et al. introduced a new generalized topology, namely pu**, defined by using u-II category sets and
gave some properties of this generalized topology in a generalized topological space.

Motivated by this, we will introduce a new generalized topology, namely u”’, (dependent on GT u) in a generalized
topological space which will be a convenient tool for considerations in this section.

The GT u” defined as in the following way:

Definition 4.1. Let (X, ) be a GTS. Then u”" = {0} U{A C X | A is of u-s-II category set}.

The family u” is a strong generalized topology if u”” # {@}. The converse implication is always true.
Let (X,u) be a GTS. If u # {0}, then X is of u-s-II category and hence u” is a sGTS. Also, the reverse implication is true.
The following Example 4.2 shows that the family u” is not closed under the finite intersection.

Example 4.2. Consider the generalized topological space (X4, 1) where u = {0,{a},{a,d},{b,d},{a,b,c},{a,b,d},Xs}.
Then u” = {0} U{AC X4 |ac€AorbcAordecA}. Here, {a,c} and {b,c} are of p-s-II category subsets in X;. Take
A={a,c}n{b,c} = {c}. Then A is a u-strongly nowhere dense set in X; and so A is not y-s-II category in X4 so that A ¢ u”".
Therefore, ,u"’/ is not closed under the finite intersection.

Lemma 4.3. [8, Lemma 2.12] Let (X, t) be GTS and A C X. Then

e (A) = X if A is pu-residual,
wr “ 1 A if A isnot p-residual

Lemma 4.4. [8, Lemma 2.13] Let (X, 1) be GTS, X be a u-II category set and A C X. If A is a u**-nowhere dense set, then A
is a {l-meager set.

Theorem 4.5. Let (X, (1) be a GTS. Then " is a stack.

Proof. Suppose A C Band A € /f’/. Then A is of p-s-II category set and so B is of pi-s-II category set, since subset of a
-s-meager set is (-s-meager. Therefore, B € u”". Hence u” is a stack. 0

The following Corollary 4.6 follows from the similar arguments in Theorem 3.5 and so the proof is omitted.

Corollary 4.6. Let (X, ) be a GTS. Then w” is a p-stack if and only if (X,1”) is a hyperconnected space.
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The following Proposition 4.7 directly follows from the definition of weak Baire space, strong Baire space and Lemma 2.2
(b) so the proof is omitted. Theorem 4.8 directly follows from Theorem 4.5, Proposition 4.7 so the trivial proof is omitted.

Proposition 4.7. Ler (X, 1) be a GTS. Then the following hold.
(a)If (X,u)isawBS,thenu c u”.

(b) If (X, u) is a sBS, then u* c u”".

@urcu”.

Theorem 4.8. Let (X, 1) be a GTS and A C X. Then the following hold.
(@) Ifi,»A#0,thenAepu”.

(b) If (X, 1) is a wBS and if iy, A # 0, then A € u”".

(c) If (X,p) is a sBS and if iy»A # 0, then A € u”".

() IFA € p”, then cyd,cysA,cymA,cpvA e’

Theorem 4.9. Let (X, ) be a wBS-sGTS and A C X. Then the following hold.
(a) If A is p-a-open, then A € u”.
(b) If A is u-semi-open, then A € /ﬂ/.

Proof. We will present the detailed proof only for (a). Suppose A is a -a-open set in X. Then A C iciA. If A = 0, then there
is nothing to prove. Assume that, A # 0. Then iciA # 0 so that ciA # @ which implies that iA # 0, since u is a sGT. Thus,
iyA # 0. By hypothesis and Theorem 4.8 (b), A € u”. O

By using Theorem 4.9, immediately we get two Observations as follows.

Observation 4.10. Let (X, ) be a wBS-sGTS. If A is a u” -dense subset of X , then the following hold.
(a) ANU # 0 for every non-null u-¢-open set U.
(b) ANV # 0 for every non-null y-semi-open set V.

Observation 4.11. Let (X, 1) be a wBS-sGTS and A C X. IfAis a u” -nowhere dense set in X, then the following hold.
(a) If G is a non-null y-a-open set, then G ¢ A.
(b) If H is a non-null p-semi-open set, then H Q A.

In Theorem 4.9, we replace the condition “wBS-sGTS” by “BS-sGTS” we get A € u**, by Corollary 3.2 (b). Theorem 4.9
is not reversible as shown in the following Example 4.12.

Example 4.12. Consider the generalized topological space (Xs, i) where u = {0, {a,b},{b,c},{a,b,c}}. Then u” = {0} U
{ACXs|acAorbeAorceA}.

Let U = {c,d}. Then U € u”". But U is not a y-a-open set in Xs. For, iycyiyU = iycy ({0}) = iy({d,e}) = 0. Thus,
U ¢ iycuiyU.

LetV = {a,d}. Then V € u”". Here cyiyV = ¢y ({0}) = {d,e}. Thus, V ¢ cyi, V. Therefore, V is not a y-semi-open set in Xs.

Theorem 4.13. Let (X, 1) be a GTS and A C X. IfAisa w” -nowhere dense set, then the following hold.
(a) If (X, ) is a wBS, then A is p-codense.

(b) If (X, u) is a sBS, then A is u*-codense.

(c) A is u**-codense set in X.

Proof. Tt is enough to prove (b) only. Suppose (X, ) is a sBS and A is a u” -nowhere dense set. Then i #yc“y/A =0 and so

¢,» (X —A) =X. By hypothesis and Proposition 4.7 (b), cu~(X —A) = X. Therefore, A is a u*-codense set in X. O

Proposition 4.14 and Proposition 4.15 are follows from the similar considerations in Lemma 4.3 and Lemma 4.4, respectively
so the proofs are omitted.

Proposition 4.14. Let (X, 1) be a GTS and A C X. Then

c v (A) = X if A isp-s-residual,
w N A if A isnot U-s-residual

Proposition 4.15. Let (X, 1) be a GTS, X be a p-s-II category set and A C X. Then the following hold.
(a) If A is a u” -nowhere dense set, then A is a p1-s-meager set.

(b) If A is a u” -meager set, then A is a j1-s-meager set.

(c) If A is a u” -residual set, then A is a u-s-residual set.

(d) If A is of p-s-II category, then it is of u” -II category.
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Theorem 4.16. Let (X, 1) be a wBS. Then every [-strongly nowhere dense set is u” -nowhere dense in X .

Proof. Suppose (X, 1) is a wBS. Let A be a u-strongly nowhere dense set in X. Suppose iy c#yA # (. Then cuwA contains
anon-null u” -open set in X and so ¢, »A contains a ji-s-II category set in X. Thus, ¢, A contains a u-s-II category set in X,
since u C u”". But cuA is a [-s-meager set in X, by Lemma 2.1. Therefore, i, » C“"//A = (. Hence every u-strongly nowhere
dense set is a u” -nowhere dense set in X. O

The following Corollary 4.17 follows from Theorem 4.16 so the direct proof is omitted.

Corollary 4.17. Let (X, ) be a wBS and A C X. Then the following hold.
(a) If A is u-s-meager, then A is u” -meager in X.

(b) If A is of u” -1I category, then A is of u-s-II category in X.

(c) If A is u-s-residual, then A is p” -residual in X .

Theorem 4.18. Ler (X, 1) be a GTS. If X is of u-s-II category, then (X,u”") is a BS.

Proof. LetG ¢ ,uN"’/. Suppose G is a p” -meager set. Then by hypothesis and Proposition 4.15 (b), G is a u-s-meager set, which
is a contradiction to G € u” . Therefore, G is of u” -II category in X. Hence (X, u"’/) is a BS. 0

The following Theorem 4.19 follows from the similar considerations in Theorem 3.19 so the easy proof is omitted.
Theorem 4.19. Let (X, ) be a GTS. Then u” # {0} ifand only if u”” is a strong GT in X where u”” = {UW/NWiN....N
t
Wi ) | WL Wy,... W, € u”'} and hence it is a topology.

In the rest of this section, we give some relations between various types of generalized topology in a generalized topological
space.
First of all, we remember some Lemmas which is useful in the sequel.

Lemma 4.20. [14, Theorem 3.4] Let (X, ) be a sBS and A C X. Then the following hold.
(a) If A is a L-nowhere dense set, then A is a L*-nowhere dense set.

(b) If A is a u-meager set, then A is a L*-meager set.

(c) If A is a u*-1I category set, then A is a U-II category set.

Lemma 4.21. [14, Theorem 3.7] Let (X, i) be a BS and A C X. Then the following hold.
(a) If A is a p-nowhere dense set, then A is a W™ -nowhere dense set.

(b) If A is a u-meager set, then A is a W**-meager set.

(¢) If A is a W™*-II category set, then A is a U-II category set.

Here, u**" = {UWINWiN...aW! ) | W WL, W e u*}and p”” = {UWINWiN....OW! ) | Wl Wi,... W, €
t t
wy.

Now we define two generalized topologies and give some properties of these generalized topologies.

Define u*” = {0} U{A C X | A is of u*-II category set} and u”" = {0} U{A C X | A is of u” -II category set}.

It is easily seen that the families u*~ and u”” are generalized topologies. Also, these two generalized topologies are
satisfied with the stack property in a GTS.

Theorem 4.22. Let (X, L) be a generalized topological space. Then the following hold.
(a) /ft*** is a stack.
(b) i’ is a stack.

Proof. Ttis enough to prove (a) only. Suppose A C B where A € fi**". Then A = LtJ(A’] NA5N....NAj ) where A}, A5,.... A} €

pu**. Take Ay = AkNnAAN ....ﬂAﬁk such that Ay # 0 where A’l‘,Aé,....,A’,;k € u**. By hypothesis, Ay C B so that B =
AU (B—Ay). Thus, B=(AAnASn....NAE YU (B—Ay) where A, A%, ... A% € u** which implies that B = (A} U (B —
A)N(ASU(B—Ap))N....N (AL, U(B—Ay)) where A}, A%, ... AL € u**. Since A},A5,.... A} € i** we have Af U (B —
Ap), AU (B—Ay),... .,A’,jk U (B —Ay) € fi**, since [i** is a stack. Therefore, B € {i**". Hence {i**" is a stack. O
Corollary 4.23. Let (X, 1) be a generalized topological space and [i is a stack. Then fi* is a stack.

Obviously, u** € u**" and u” c u””. The reverse implications are true as shown by the following Theorem 4.24.
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Theorem 4.24. Let (X, 1) be a generalized topological space. Then the following hold.
(a) If (X, ™) is a sBS, then u**" C p**
(b)If (X,u” ) is asBS, then u”” c u”

Proof. (a) Suppose (X,u**) is a sBS. Let G € u**". If G = 0, then there is nothing to prove. Assume that, G # 0. Then
G=U(GING,N....NG, ) where G; € u** for i = 1,2,...,ng. Take Gy = G]f ﬂG’gﬁ....ﬂGﬁk such that Gy # 0 where
1

G’f,G’;, . .,G’,‘,k € u**. By hypothesis, Gy is of u**-II category set in X so that Gy is of u-II category set in X, by Lemma
4.21(c). Thus, G is of u-II category set in X. Therefore, G € u**. Hence u** C u**.
(b) It is follows from the similar arguments in above case and Corollary 4.17 (b). ]

The condition “(X,u”") is a sBS” is necessary in Theorem 4.24 (b) as shown by the following Example 4.25

Example 4.25. Consider the generalized topological space (Xy, 1) where u = {0, {a,b},{a,b,c}}. Then u”" = {0} U{A C X4 |
eithera € Aor b € A}. Then (X,u”") is not a sBS. For, let U = {b,d};V = {a,d}. Then U,V € u”". But U NV = {d} which
is a u” -nowhere dense set. Here u”" = exp(X). Thus, u”” ¢ u”

Theorem 4.26. Let (X, 1) be a generalized topological space. Then w™* c u””.

Proof. Follows from the fact that ™ c u”. O
Theorem 4.27. Let (X, ) be a wBS. Then u* c u””

Proof. Let G € u*. If G = 0, then there is nothing to prove. Assume that, G # 0. Then G = LIJ(G’1 NG;N....NG,,) where
G',G,,....,G,, € u. By hypothesis, u C pu”. Thus, G = L’J(G’1 NG5N....NG, ) where G|,G),....,G, € u” . Therefore,
Ge u"’/*. O
Theorem 4.28. Ler (X, 1) be a GTS and X be a u-s-II category set. Then n” c ™

Proof. Let Be u” . Suppose B = 0. Then there is nothing to prove. Assume that, B # 0. Then B is of -s-II category set in X.
By hypothesis and Proposition 4.15 (d), B is of u” -II category set in X. Hence Be u”™". O

Theorem 4.29. Let (X, 1) be a sBS. Then the following hold.
(a) “*** C ‘LL***_
o) ™" cu”

Proof. This follows from Lemma 2.2 and Lemma 4.20. O

The following Example 4.30 shows that the reverse implications of Theorem 4.26, Theorem 4.27 and Theorem 4.29 (b) are
need not be true in a generalized topological space.

Example 4.30. Consider the generalized topological Space (X4, 1) where u = {0,{a,b},{b,c},{a,b,c}}. Then u*={0,{b},
{a,b},{b, c} {a,b,c};u™* ={0yU{ACX |[beAl;u” ={0}u{A CX|a€A0rb€A0rcEA} w={0lu{AcCX|
beAl, ™ ={0,{b},{a,b}, {b ch {b,d}, {a b,c},{a,b,d},{b,c,d},X};u”" = exp(X).

(a). LetA = {a}. ThenA € u”" . ButA ¢ [,L**

(b). Let B={c}. Then Be u””. But B ¢ u*.

(c). Let C={a,d}. ThenC e u” . But C ¢ u*"~

The reverse implications of Theorem 4.29 (a) is need not be true as shown by the following Example 4.31.

Example 4.31. Consider the generalized topological space (X4, ) where y = {0 {a},{a,b},{b,c},{a,b,c}}. Then u* =
{0,{a},{b},{a,b},{b,c}, {abc}}u {(Z)}U{ACX|a€A0rb€A}andso/.L "={0}U{BCX|acBorbeB};u* =
exp(X). Let G = {c}. Then G € u* . But G ¢ u*

Theorem 4.32. Let (X, ) be a BS-sGTS. If (X, u**) is a sBS, then u** c u””
Proof. Let A be a non-null j1** -open set. Then A = I\tJ(A’1 NA5N....NAj ) where A}, A5, ... A} € u**. Take Ay = A’f ﬂA’ﬁ N

..NAK where Ak Ak Ak . € W such that Ay # 0 for some k. By hypothesis, A is of pu**-II category set and so Ay is of

ny

[J II category set, by hypothes1s and Lemma 4.21. Thus A is of u-II category set so that A is of u-s-II category set. Hence
Acu”. By Theorem4.28, A e u””" . Hence ™ c u””. O
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5. Some Special Spaces

In this section, we analyze the nature of extremally disconnected and submaximal spaces in a generalized topological space.
Finally, we prove every Li-isolated point is a p-II category set in a GTS.
A GTS (X, ) is called pu-extremally disconnected or simply, extremally-disconnected [4] if the p-closure of every p-open
set is (-open.
A subset B of a generalized topological space (X, 1) is said to be a u-Gg-set [1]if B= (| B, where each B, is a i-open

neN
set.

A generalized topological space (X, it) is said to be a generalized Gg-submaximal space [1] if every u-dense subset of X is
a u-Gg-setin X.

Lemma 5.1. [1, Lemma 3.7] Let (X, 1) be a GTS. If (X, 1) is a generalized submaximal space, then (X, it) is a generalized
Gs-submaximal space.

Lemma 5.2. [13, Theorem 3.2] Let (X, i) be a GTS. Then the following hold.
(a) u** £ {0} if and only if (X, u**) is a sGTS.
(b) If (X, ) is a BS, then u** #+ {0}.

Theorem 5.3. Let (X,u) be a GTS. If either (X, 1) is a BS or p** # {0}, then (X, ™) is a p**-extremally disconnected
space.

Proof. We will present the detailed proof only for the case, u** # {@}. Then u** is a sSGTS, by Lemma 5.2. Let G € pu**. If
G =0, then cy~+G = G and so ¢;=G € u**. Suppose that G # 0. Then G is of p-II category set in X. Since G C ¢;=G and
subset of a j1-meager set is y-meager we have ¢;~G is of p-II category set in X. Thus, ¢;~G € pu**. Hence (X,u*) is a
w>*-extremally disconnected space. O

The following Example 5.4 shows that the condition “either (X, i) is a Baire space or u** # {0} can not be dropped in
Theorem 5.3.

Example 5.4. Consider the generalized topological space (X, i) where X = [0,3] and u = {0,[0,2),(1,3],[0,1]U[2,3],X}.
Then (X, ) is not a BS and pu** = {0}. Choose G € u**. Then G = 0 and so cy~+G = X. But X ¢ u**. Thus, c;~G ¢ u**.
Hence (X, u*) is not a u**-extremally disconnected space.

Theorem 5.5. Let (X, 1) be a GTS. Then the following hold.
(a) If i is a stack, then (X, u) is a y-extremally disconnected space.
(b) If fi is a p-stack, then (X, ) is a u-extremally disconnected space.

Proof. Tt is enough to prove that (a) only, since every p-stack is a stack. Suppose that, i is a stack. Then (X, i) is a sGTS. Let
Uecp. IfU =0,then c U = 0, since p is a sGT. Thus, ¢, U € p. Assume that, U # 0. Since U C ¢, U and [i is a stack we
have ¢, U € u. Then (X, u) is a pu-extremally disconnected space. O

Next, Example 5.6 shows that the condition “fi is a stack” can not be dropped in the above Theorem 5.5 (a). The reverse
implications of Theorem 5.5 is need not be true as shown by the below Example 5.7.

Example 5.6. (a) Consider the generalized topological space (X, u) where X = [0,3] and u = {0,0,1),[0,2),(1,3],[0,1)U
(1,3],[0,2) U[3,3],X}. Let A = (1,3] and B = [1,3] be subsets of X. Here A € ft and A C B. But B ¢ fi. Thus, [I is not a stack.
Take G = [0,1). Then G € p and ¢, G = [0,1]. But ¢, G ¢ u. Hence (X, i) is not a pi-extremally disconnected space.

(b) Consider the generalized topological space (Xg, i) where u = {0,{a,b},{b,c},{a,b,c}}.LetA={a,b} and B={a,b,c,d}
be subsets of Xs. Here A € fi and A C B. But B ¢ fi. Thus, fI is not a stack. Take G = {0}. Then G € p and ¢, G = {d, ¢, f}.
But ¢, G ¢ 1. Hence (Xe, it) is not a u-extremally disconnected space.

Example 5.7. (a) Consider the generalized topological space (X5, i) where u = {0,{a,c},{b,c},{a,b,c},Xs}. Then (Xs,u)

is a pu-extremally disconnected space. Let A = {a,c} and B = {a,b,c,d} be subsets of Xs5. Here A € fi and A C B. But B ¢ |i.
Thus, fi is not a stack.

(b) Consider the generalized topological space (X4, it) where u = {0,{a},{b},{a,b},{a,c},{a,d},{b,c},{b,d},{a,b,c},{a,b,d},
{a,c,d},{b,c,d},X4}. Then (X4,1) is a p-extremally disconnected space. But fi is not a p-stack. For, let A = {a} and
B={b,c,d} be subsets of X4. Here A € fi and B € {i. ButANB =0.

The following Theorem 5.8 is directly follows from the fact that subset of a u-s-meager set is y-s-meager and the converse
part is trivial so the proof is omitted.
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Theorem 5.8. Let (X, 1) be a GTS. Then u” # {0} if and only if (X,u”") is a u” -extremally disconnected space.

Theorem 5.9. Let (X, 1) be a hyperconnected sGTS. Then (X, 1) is a [L-extremally disconnected space.
Proof. This is a direct consequence of the definition of the hyperconnected space. 0

By Lemma 2.1, immediately we get the following two observations so the proofs are omitted.

Observation 5.10. Let (X, 1) be a GTS and = {0} U{A C X | A is a p-nowhere dense set}. If W is a GT, then (X, 1) is a
U-extremally disconnected space.

Observation 5.11. Ler (X,1t) be a GTS and p = {0} U{A C X | A is a pu-strongly nowhere dense set}. If L is a GT, then
(X, 1) is a p-extremally disconnected space.

Moreover, every GTS (X, ) is both u**-extremally disconnected space and p” -extremally disconnected space.

Lemma 5.12. Let (X, 1) be a GTS and A C X. Then the following hold.
(a) If A is a u**-dense set in X, then A € u**.
(b)IfAisau” -dense setin X, thenA e u”’

Proof. We will present the detailed proof only for (a). Let A be a u**-dense subset of X. Then AN B; # 0 for all B; € {i**.
Case 1: First we prove this result for a singleton set in fi**. Assume that, each C; is a singleton set in i**. Since ANC; # 0
for all C; € i** we have C; C A for all C; € fi**. Therefore, A is of u-II category set in X, since subset of a p-meager set is
L -meager.

Case 2: Now we prove this result for other set in {i**. Assume that, each B; having more than one element. Then each B;
contains a non-null singleton set which is of y-II category set in X. By Case 1, A is of u-II category set in X. O

The reverse implication of Lemma 5.12 need not be true as shown by Example 5.13.

Example 5.13. (a) Consider the generalized topological space (X,u) where X = [0,3] and u = {0,[0,2),(1,3],0,1) U
(1,3],00,2) U[3,3],X}. Then u* = {0} U{A,B C X | A € exp((1,2)) — {0},A C B}. Let A = {3} be a subset of X. Then
A € u**. But A is not a u**-dense set in X.

(b) Consider the generalized topological space (X, 1) where u =40, {a,b},{a,b,c},{a,b,d},{a,b, c ,d},{a,b,c,e}{a, b c,d,e}}.
Then u” = {0} U{A C X¢ | eithera € A or b € A}. Let G = {a,d} be a subset of Xs. Then G € u”". But G is not a u” -dense
set in Xg.

Theorem 5.14. Let (X, 1) be a GTS. Then u” # {0} if and only if (X,u”") is a generalized submaximal space.

Proof. Let A bea u” -dense setin X. Then A is a ” -open set in X, by Lemma 5.12(b). Therefore, X, u” ) is a generalized
submaximal space. Converse implication is trivial. O

Corollary 5.15 is directly follows from Lemma 5.1 and Theorem 5.14 so the proof is omitted.
Corollary 5.15. Let (X, 1) be a GTS. Then u”" # {0} if and only if (X,1”") is a generalized Gg-submaximal space.
Theorem 5.16. Let (X, L) be a GTS. Then W™ # {0} if and only if (X, ") is a generalized submaximal space.
Corollary 5.17. Let (X, ) be a GTS. Then w** # {0} if and only if (X, ™) is a generalized G g-submaximal space.

In the rest of this section, we analyze the nature of an isolated point in a GTS. First of all, we remind the definition for
isolated point in a generalized topological space.

Let (X, 1) be a generalized topological space. Then x € X is called p-isolated [1] if {x} is u-open. If every point of X is
u-isolated, then X is called u-discrete [1].

Theorem 5.18. Let (X, 1) be a GTS and x € X. If x is a [-isolated point, then the following hold.
(a) {x} e u**.

() {x} e n”

(c) X is of u-II category.

(d) X is of u-s-1I category.
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Proof. (a) Let x € X. Suppose x is a p-isolated point in X. Take A = {x}. Then A is a -open subset of X and so A is not a
(-nowhere dense set. Thus, A is not a [i-meager set so that A is of y-II category set in X. Therefore, {x} € u**.

(b) Since u** C u” we have {x} € u”’, by (a).

(c) Superset of a u-II category set is of u-II category so that X is of u-II category.

(d) Since every L-s-meager set is [l-meager we have X is of u-s-II category. O

Theorem 5.19 immediately follows from Theorem 5.18 so the trivial proof is removed. The reverse implications of the
Theorem 5.19 is not true in general as shown in the below Example 5.20.

Theorem 5.19. Let (X, 1) be a GTS and A C X. Then the following hold.
(a) If X is u-discrete, then (X, ) is a sBS.
(b) If A contains a p-isolated point, then A € u** and hence A € u”’.

Example 5.20. Consider the generalized topological space (X, 1) where u = {0,{a,b},{b,c},{a,b,c},X4}. Then (X4, 1) is
a sBS. But Xy is not a p-discrete space. For, let a € X4. Then {a} is not p-open and so a is not a p-isolated point in Xy.

Theorem 5.21. Let (X, ) be a GTS and A C X. Then A is of U-1I category set in X if and only if it has a W*-isolated point in
X.

The following Example 5.22 proves that X is not p-discrete even if X is p**-discrete.

Example 5.22. Consider the generalized topological space (X4, ) where u = {0,{a,b},{c,d},Xs}. Here {x} € u** for all
x € Xy. Therefore, X4 is u**-discrete. But Xy is not a p-discrete space. For, let b € X4. Then {b} is not p-open and so b is not a
u-isolated point in Xy.

Lemma 5.23. [14, Theorem 4.3] Let (X, it) be a hyperconnected space. If X is of u-II category, then (X, ) is a BS.
Theorem 5.24. Let (X, 1) be a GTS and [i is a p-stack. If X is of u-1I category, then (X, L) is a BS.

Proof. Suppose i is a p-stack. Then (X, it) is a hyperconnected space. By Lemma 5.23, (X, 1) is a BS. O
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