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ABSTRACT. The main aim of the study of this paper is to work with the prop-
erties of frontier and exterior in intuitionistic supra topological spaces. Consid-
ering this we have introduced intuitionistic supra a-frontier and intuitionistic
a-exterior in intuitionistic supra topological space. We have also deliberated
the properties of intuitionistic suppra a-frontier and intuitionistic supra a-
exterior in intuitionistic supra topological space. The comparative study has
been done with the use of intuitionistic supra a-open set between Intuitionistic
supra frontier, Intuitionistic supra exterior and intuitionistic supra a-frontier,
intuitionistic a-exterior in intuitionistic supra topological space.

1. INTRODUCTION

In 1970, Levine[4] introduced the concept of generalized closed sets in topological
spaces. Njastad.O[12] and Maki.H et al[6] introduced a-closed sets and ga-closed
sets in topological spaces. In 1965 ,0.Njastad[12] introduced «-open sets. The
concept of intuitionistic set and intuitionistic topological spaces was introduced by
Coker[1][2]. Supra topology was introduced by A.S.Mashhour et.al[6] Intuitionistic
supra a-open set was introduced by the Author[8] on intuitionistic supra topologi-
cal spaces and discussed the properties of Intuitionistic supra a-open sets in supra
topological spaces.

The purpose of this paper is to study the properties of a-frontier and a-exterior
in intuitionistic supra topological spaces. Also to study the comparison between
Intuitionistic supra frontier, Intuitionistic supra exterior and intuitionistic supra
a-frontier, a-exterior in intuitionistic supra topological space.
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2. PRELIMINARIES

Definition 2.1 [1] Let X be a non-empty set,an intuitionistic set (IS in short)
A is an object having the form A = (X, A1, As), where A; and A, are subsets of
X satisfying A1 N Ay = ¢. The set A; is called the set members of A, while A, is
called the set of non-members of A.

Definition 2.2 [1] Let X be a non-empty set, A = (X, Ay, A3) and B =
(X, B1,B3) be IS’s on X and let {4;:49 € J} be an arbitrary family of IS’s in

X, where A; = <X7 AZ(-l),AZ(.2)>. Then

(Z) AQB 1ffA1 Q Bl and AQ :_> BQ.
(4i) A=Bif ACBand BCA
(iii) A = (X, A, Ay).

(Z’U) AU B=<X, Al U Bl,A2 N B2>

U) AN =<X,A1mBl,A2UB2>.
(vi) UAi=(X,UA},NA?).

(vii) N A=(X,NALUA?).
(viii) A-B=ANB.
(ix) [| A=(X, Ay, (A1)%)

(:C) <> A:<X7 (AQ)(" A2>
(i) X=(X,X,0).

(wil) 6=(X.0,X)

Definition 2.3 [6] An intuitionistic topology on a non-empty set X is a family
7 of IS’s in X satifying the following axioms:

(1) )N(,qbeT.

(Zl) A1 N Ay €7 for any Al,AQ cT.
(19) UA; € 7 for any arbitrary family {A;: i€ J} C 7.

The pair (X, 7) is called an intuitionistic topological space (ITS in short) and IS
in 7 is known as an intuitionitic open set (IOS in short) in X, the complement of
IOS is called an intuitionistic closed set (ICS in short).

Definition 2.4 [6] The supra closure of a set A is denoted by cl*(A), and is
defined as,
supra cl(A) = ({B: B is supra closed and A C B}.

The supra interier of a set A is denoted by int*(A), and is defined as
supra int(A) =J{B: B is supra open and A D B}.

Definition 2.5 [1] An Intuitionistic supra topology on a non-empty set X is a
family 7 of IS’s in X satisfying the following axioms:
(1) X,¢p €.
(i1) UA; € 7 for any arbitrary family {A; : i€ J} C 7.
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The pair(X,7) is called intuitionistic supra topological space (ISTS in short) and
IS in 7 is known as an intuitionistic supra open set (ISOS in short) in X, the com-
plement of ISOS is called intuitionistic supra closed set(ISCS in short).

Definition 2.6 [1] Let (X,7) be an ISTS and let A = (X, A, A2) be an IS in X,
then the supra closure and supra interior of A are defined by:
cdP(A)=N{K:K isan ISCS in X and A C K}.
int'(A) =J{K : Kis an ISOS in X and AD K}.

Definition 2.7 [8] Let (X,7) be an ISTS and let A = (X, A, A3) be an IS in X
, then the supra « closure and supra « interior of A are defined by:
TacH(A) =N{k: kis an ISaCS in X and A C k}
Taint*(A) = J{k : k is an 1SaOS in X and A D k}

Definition 2.8 [1] Let (X,7) be an intuitionistic supra topological space. An
intuitionistic set A is called intuitionistic supra a-closed set (ISaCS in short)
if cl#(int*(cl*(A))) C U, whenever A CU, U is intuitionistic supra a-open set
(ICa08).

The complement of intuitionistic supra a-closed set is intuitionistic supra a-open
set (ISaOS in short).

3. INTUITIONISTIC SUPRA FRONTIER

Definition 3.1 Let X be an ISTS and for a subset A of a ISTS X, IFr#(A) =
Icl*(A) — Iint*(A) is said to be Intuitionistic supra Frontier of A.

Theorem 3.2 Let X be an ISTS then and for any a subset A of IS in ISTS X |
the following statements hold:

(¢) IFrt(A) = Icd*(A)NIcdH(X — A).

(i) IFri(A) = IFri(X — A).

(idi) IFrt(IFr#(A)) C IFr#(A).

(iv) Icl*(A) = Lint'(A) UIFrt(A).

(v) Iint(A) NIFr*(A)=¢.
)
)

(vi

IFr+ )N() = ¢, IFr+(9) =X.

(
(vid) TFr*(Icl*(A)) C IFr#(A).

Proof. Let A be a IS in ISTS X.
(1) IFr#(A) = Icl*(A) — LIint*(A)=Icl*(A) N Icd*(X — A).
(1) IFr#(A) = Icl*(A) — Iint*(A)=(X — Iintt(A)) — (X — Icl*(A))=Icl* (X —
A) = Iint" (X — A)=IFr*(X — A).
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(i4i) IFT“(IFT“( N=Icl(IFr#(A)) N Icl# (X — IFr*(A)) C Tl (IFr(A)) =
IFr#(X — A). Hence IFr*(IFr+(A)) C IFr*(A).
(iv) Iint*(A )UIFT“(A):Iint“ (A)U(Icl*(A)—Tintt (A))=(Lint* (A)UIcl*(A))—
(Iint*(A) U Tingt (A))=(Iint* (A) U Icl*(A)) — Iint* (A)=Icl*(A).
(v) Iintt(A) NIFr*(A)=Iint"(A) N (Icl*(A) — Iint"(A))=¢.

(4
(vi) IF?"“( )= gf),IFr“(d)) X.
(vit) TFr#(Icl*(A )) = Icl“([cl“(A)) — Iint*(Icl*(A)) C Ic*(A) — Iint*(A) =
IFr#(A). Hence IFr#(Icl*(A)) C IFr#(A).
O
The proof of the above theorem is shown in the following example:

Example 3.3 Let X = {a,b,c}. 7= {X,¢7A1,A2,A3}, where A; = (X, {a}, {b,c}),
Ay = (X, {b},{c}) and A3 = (X, {a,b},{c}).

Let A = (X, {a}.,{c}). X — A = (X,{c},{a}). Iint'(A) = (X,{a},{b c}).
Icl*(A) =X. IFr#(A) = (X, {b,c},{a}).

Lint(X — A) = ¢. Iel"(X — A) = (X, {b,c}, {a}).IFr*(X — A) = (X, {b,c}, {a}).

(1) IFr#(A) = Icl*(A) — LIint*(A) = (X, {b,c},{a}) and Icl*(A) N IcdH(X —
4) = (X, {bc} {a}).
(it) TFr#(
(#i1) ITFrH(
ITFrH(
(i) Lint*(A)UIFrt(A) = X.cl”(A) = X .Hence Icl*(A) = Lintt (A)UIFr#(A).
(v) Iint'(A)NIFr*(A) = (b.
) (
) (

(X,{b,c},{a}) and TFr*(X — A) = (X, {b,c},{a}).
(X, {b,c},{a}). IFr*(IFr*(A)) = (X,{b,c},{a}).Hence IFr*(IFrt(A)) C

"

=

) =
)=
)-
)
)N
)

(vi) IFr# = qb,IFr“(r,zS) X.
(vid) TFrt(Icl*(A )) (X {b,c},{a}).IFr*(A) = (X,{b,c},{a}).Hence IFr*(Icl*(A)) C
IFrH(A).
Definition 3.4 Let X be an ISTS and for a subset A of a ISTS, TaFr#(A)=Iacl*(A)—
Taint*(A) said to be Intuitionistic supra a-Frontier of A.

~

Theorem 3.5 For a subset A of ISTS, IaFr#(A) C IFr*(A).

proof Let x € TaFr#(A) then x € Tacl*(A) — Iaint*(A), implies x € Icl*(A) —
Iint*(A), since every intuitionistic supra closed set is intuitionistic supra a-closed
set. Hence x € TFr#(A). Therefore IaFrt#(A) C IFr*(A).
Converse of the above theorem need not be true. It is shown in the following ex-
ample.

Example 3.6 Let X = {a,b,c}. 7= {X, ¢, A1, Ag, Az 7, whereA; = (X, {a}, {b, c}).
As = (X, {b},{c}) and A3 = (X, {a,b},{c}).
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Let A = (X, {¢} {a}), [Fr"(A) = (X, {b,c},{a}), and IaFr"(A) = (X, ¢ {a}).
Here IaFr#(A) C IFr#(A) is true but converse is not true.
Theorem 3.7 Let X be an ISTS then and for any a subset A of IS in ISTS X,

the following statements holds:

(i) TaFrt(A) = Iacl*(A) N Iacl* (X — A).
(i6) IaFrt(A) = IaFr*(X — A).
(131) IaFr*(IaFrt(A)) C IaFr"(A).

(iv) Tac(A) = Iaintt(A) U IaFrt(A).

)

i)

(v) Taint*(A) N IaFr#*(A)=¢.
i)

~

IaFrt(X) = qﬁ]aFr“(d)) X.

~

(v
(vii) TaFr*(Iac ( ) C IozFr“( ).
Proof
(7) IaFr*(A)=Iacl*(A) — Taint'(A) = Tacl(A) N Tac* (X — A).
(i1) IaFrt(A) = Iac*(A) — Taint" (A)=(X — Iaint*(A)) — (X — Iacl*(A)) =
Tacdt(X — A) — TIaint* (X — A)=IaFr*(X — A).
(7it) IaFr*(IaFrt(A)) = Iac*(IaFr*(A))NIacd (X —IaFr*(A)) C Iacd*IaFr*(A)) =
IaFr#(X — A). Hence IaFr*(IaFr*(A)) C IaFr*(A).
(v) Taintt(A)UIaFr*(A) = Iaintt (A)U(Lacl?(A)—ITaint?(A)) = (Taint* (A)U
Tacl*(A))—(Taint* (A)UTaint* (A))=Taint* (A)Ulacl?(A))—Ia mt“( )=Iacl*(A).
(v) Taint*(A)NIaFr*(A) = Iaint*(A) N (Tacl*(A) — Taintt (A)) =

(vi) IaFrH(X)= qS,IaFr”(d)) X.

(X
(vit) IozFr”(Iozcl“( ) = Iozcl”([ozcl“(A)) — Taint*(Tacl*(A)) C Tacl*(A) —
Taint*(A) = IaFr*(A). Hence IaFr*(Iacl*(A)) C IaFr*(A).

~

Example 3.8 Let X = {a,b,c}. 7= {X, ¢, Ay, As, Ag}, where A1 = (X, {a}, {b,c}),

Ay = (X, {c},{a,b}), and A3 = (X,{a,c},{b}).
Let A = (X,{b},{a,c}). X — A = (X, {a,c},{b}). Taint'(A) = qNb, Taclt(A) =

<X, {b} ) {a7c}>' IO‘FTM(A) = <Xa {b} ) {avc}> .
Taint*(X — A) = (X,{a,c},{b}). Tacl*(X — A) = (X,{a,c},{b}). [aFr*(X —

A) = <X, {a7 C} ) {b}>

(i) IaFr*(A) = Tact(A) — Taint*(A)=(X,{b},{a,c}), , and Tacl*(A) N
Tach(X — A) = (X, {b},{a, c}).

(i6) TaFrt(A) = (X,{b},{a,c}) and IaFr*(X — A) = (X, {b},{a,c}).

(7i1) IaFr*(A) = (X, {b},{a,c}). IaFr*(IaFr*(A)) = (X,{b},{a,c}). Hence

IaFr*(IaFr#(A)) C IaFrH(A).

(iv) Iamt”)(A)UIaFr”(A) = (X, {b},{a,c}).Jacl*(A) = (X,{b},{a,c}). Hence

Icl*(A) = Taintt (A) U TaFr*(A).
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(v) Taint*(A) N IaFr*(A) = ¢.
(vi) TaFri(X )= qS,IozFr“(gb) =X.
{

(vii) IaFr"(Iacl“(A)) (X

}.{a,c}). Hence IaFr*(Iacl*(A)) C IaFrt(A)
4. INTUITIONISTIC SUPRA EXTERIOR

Definition 4.1 Let X be an ISTS and for a subset A of a ISTS X, IExt*(A)
Iint*(X — A) s said to be Intuitionistic supra Exterior of A

Theorem 4.2 Let X be an ISTS then and for any a subset A of IS in ISTS X
the following statements hold

(i) IEzt*(A) = X—Icl“(A).

)
(1) [Extt(IExtt(A)) = Iint*(Icl*(A)) D Iint*(A)
(iti) AC B =1Ezt*(B) C IEzth(A).
(iv) IExtt(AU B) = IExt(A) N I Ext*(B).
) IExt'(AN B) = [Extt(A) U IExt"(B)
(vi) [Eztt(X) =
(

v

0. 1Eat(¢) = X.
(vit) IExtt(A) = Eoct“(X IEztt(A)).
Proof

(i) TExth(A) = Iint*(X — A) = X — Icl*(A).
(i) IEwtt(IExt*(A)) = Tint"(X

(IExtr(A)) = Iint*(Icl*(A)) D Iintt(A)
(13i) A C B = Iint"(A) C Lint"(B)

[Ext#(B) = Iint"(X — B) C Iint"(X — A) = [Ext’(A) = [Ext"(B)
IEztt(A).
(iv) IExt'(A U B)

-
= Iint"(X — (AU B)) = Iimt"((X — A) N
Iint"(X — A) N Iint"(X — B) = IExtt(A) N IExt!(B)

(X - B))
Hence IExt"(AU B) = IExt*(A) N [ Ext*(B)
(v) IExt* (AN B) = Iznt“(

N

~ (AN B)) = Lint"(X — A) U (X — B))
Tint*(X — A)U Iint*(X — B) = [Ext"(A) U [Ext"(B) i

Hence [Ext"(AN B) = [Ext*(A) U I Ext(B)

(vi) TEat!(X) = 6, IEatr(¢) = X

(vit) IExt“(X — IExt"(A)) = [Ext*(X — Iint*(X

1Y)

[Extr(A).

X — A)) = Iint"(X — A) =

~

The proof of the above theorem is shown in the following example
Example 4.3 Let X = {a,b,c}. 7=

- {{(7¢7A17A23A3
As = (X, {b},{c}), and A3 = (X, {a, b}, {c}).

, where A1 =

= (X, {a},{b,c}),
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Let A = (X, {a,b},{c}). B=(X,{a,b},0). X — A= (X,{c},{a,b}). Tint"(A)=
(X, {a.b} . {c}). Tel"(4) = X.

Iint*(X — A) = (X, {c}, {a,b}}. IcH(X — A) = ¢. Textt(A) = ¢, Iext!(B) = ¢

~

(1) X - Icl*(A) = ¢. Hence [Extt(A) = X - Icl*(A).
(ii) IEat"(IExt*(A)) = X Hence [Eatt(IEat(A)) 2 Iint#(A).
(#5i) A =(X,{a,b},{c}) C B=(X,{a,b}, ) implies I Ext*(A)=pandl Ext*(B)=¢
implies I Ext*(B) C IExtt(A). h
() [Eat"(AU B) = ¢,IExt"(A) = ¢ U [Exth(B) = 6.
(v) IExt'(ANB) = Zs,IExtM(A) — 6N IExt"(B) = ¢
(vi) TEat!(X) = o, [Eat(¢) = X. "
(vid) IExt“(X [Eath(4) = 6.

Definition 4.4 Let X be an ISTS and for a subset A of a ISTS X, JaEztV(A) =
Taint*(X — A) said to be Intuitionistic supra a-Exterior of A.

Theorem 4.5 Let X be an ISTS then and for any a subset A of IS in ISTS X,
the following statements hold:

(i) IaExtt(A) = X — Lacl*(A).
(16) TaEzxtt(IaExtt(A)) = Iaint*(Iacl?(A)) 2 Taint*(A).
(iit) AC B = IaExt"(B) C IaExtt(A).
(iv) TaExzt'(AU B) = IaExt'(A) N IaExt!(B).
v) IaEzt*(AN B) = IaExt'(A) U IaExth (B).
(vi) IaEa?t“(X) gb, IaEa:t“((b) X.
(vit) TaFEztt(A) = IOzE:z:t“(X TIaExtt(A)).

Proof
(1) IaExtt(A) = Taint*(X — A) = X — Tacl*(A).
(1) IaEztt(IaExtt(A)) = Taint*(X — (IaExtt(A)) = Taint*(Iacl*(A)) D

Taint*(A).
(i7) A C B implies Taint*(A) C Iaint*(B).
IaEzxtt(B) = Iaint*(X — B) C Taint*(X — A) = IaEzth(A) implies

IaExt*(B) C IaEzth(A).
(iv) IaEzt*(AUB) = Iamt"( —(AUB)) = Iaint”(({( —A)N ()NC —B)) C

Taint*(X — A) N Iozmt“(X B) = IaEztt(A) N IaExt!(B).
Hence IaExt' (AU B) = [aExtt(A) N IaExt!(B).
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(v) IaExtt(ANB) = Iozmt“( —(ANB)) =Tamt* (X —A)U(X -B)) D
Taint* (X — A)U Iozmt“(X B) = IaEzt'(A) U IaExt!(B).

Hence IaExt!' (AN B) = [aFExtt(A) U IaExt"(B).
(vi) IaExt“( )= qS,IaExt“(qS) X.

(vii) IozEzt“(X IaEzt“(A)) = IaFExztt (X — Iaint*(X — A)) = Taint* (X —
A) = IaExtr(A).
The proof of the above theoremis shown in the following example:

Example 4.6 Let X = {a,b,c}. 7 = {X,¢,A1,A2,A3} where Ay = (X, {b}, {c}),

Az = (X, {a}, {c}), and A3 = (X, {a, b}, {c}>
Let A= (X,{a,c},{¢}). B=(X,X,0). X — A= (X,,{¢},{a,c}). Taint*(A) =
(Xs {a, e}, {b,¢e}), Tacl(A) = X. aFri(4) = <X7 {b, ¢}, {0})

Taint"(X—A) = (X, {¢},{a,c}) . [acl*(X—-A) = f TIaFr*(X—A) = (X, {¢},{a,c}).
Taextt(A) = ¢, IaExt!(B) = ¢.

~

(¢) X - Tacl*(A) = ¢. Hence TaFExtt(A) = X - Taclt(A).

(44) IaE:z:t“(IaEa:t“(NA)) = X. Hence TIaExtt(IaExtt(A)) D Iaint*(A).
(1it) A= (X,{a,c},{9}) C B=(X,X,¢)implieslaExt'(A) = ¢ and IaExt'(B) =
¢ implies TaFEzt*(B) C IaFExt!'(A). h
) TaExt'(AU B) = 6, IaBat(4) = U laEat(B) = 6
(v) TaExt(AN B) = </>, [aExth(A) = ¢ A IaEzt"(B) = ¢.
) TaBat'(X) = 6, IaBat"(9) = X. i
) (X

IaExtt(X — IaEa:t“( ) = &.
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