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(o, 5)-CUTS AND INVERSE (a,()-CUTS IN BIPOLAR FUZZY
SOFT SETS

Orhan DALKILIC
Department of Mathematics, Mersin University, Mersin, TURKEY

ABSTRACT. Bipolar fuzzy soft set theory, which is a very useful hybrid set
in decision making problems, is a mathematical model that has been empha-
sized especially recently. In this paper, the concepts of (o, 8)-cuts, first type
semi-strong (a, 8)-cuts, second type semi-strong (o, 8)-cuts, strong («, 8)-cuts,
inverse (a, B)-cuts, first type semi-weak inverse (o, 3)-cuts, second type semi-
weak inverse (a, 8)-cuts and weak inverse («, 8)-cuts of bipolar fuzzy soft sets
were introduced together with some of their properties. In addition, some
distinctive properties between (a, 8)-cuts and inverse («, 8)-cuts were estab-
lished. Moreover, some related theorems were formulated and proved. It is
further demonstrated that both («,8)-cuts and inverse (c, 3)-cuts of bipolar
fuzzy soft sets were useful tools in decision making.

1. INTRODUCTION

Many mathematical models have been introduced to the literature in order to
express the uncertainty problems encountered in the most accurate way. For exam-
ple; the fuzzy sets put forward by Zadeh [1] is a theory that allows the abandonment
of strict rules in classical mathematics in expressing uncertainty. After this theory
was introduced, the theories of fuzzy sets and fuzzy systems developed rapidly. As
is well known, the cut set (or level set) of fuzzy set is an important concept in
theory of fuzzy sets and systems, which plays a significant role in fuzzy algebra [7/[3],
fuzzy reasoning @, fuzzy measure and so on. The cut set allows us
to express fuzzy sets as classical sets. Based on the cut sets, the decomposition
theorems and representation theorems can be established . The cut sets on
fuzzy sets are described in by using the neighborhood relations between fuzzy
point and fuzzy set. It is pointed out that there are four kinds of definitions of cut
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sets on fuzzy sets, each of which has similar properties.

Fuzzy set is a type of important mathematical structure to represent a collection
of objects whose boundary is vague. There are several types of fuzzy set extensions
in the fuzzy set theory, for example, intuitionistic fuzzy sets [16], interval-valued
fuzzy sets [17], vague sets |18], etc. Bipolar-valued fuzzy set is another an extension
of fuzzy set whose membership degree range is different from the above extensions.
In 2000, Lee [19] initiated an extension of fuzzy set named bipolar-valued fuzzy set.
Bipolar-valued fuzzy sets membership degree range is enlarged from the interval
[0,1] to [-1,1]. In a bipolar-valued fuzzy set, the membership degree 0 indicate
that elements are irrelevant to the corresponding property, the membership degrees
on (0, 1] assigne that elements some what satisfy the property, and the membership
degrees on [—1,0) assigne that elements somewhat satisfy the implicit counterprop-
erty [19]. However, it was not practical to express an uncertainty problem using
fuzzy sets and its extensions.

Realizing the inadequacy of fuzzy set theory and extensions in expressing uncer-
tainty problems, Molodsov [2] thought that this deficiency was due to the lack of
a parameterization tool. Therefore, he |2] proposed the soft set theory in 1999 and
gave some relevant features. Such theory is a general mathematical tool for dealing
with uncertain, fuzzy, not clearly defined objects. Especially with the introduction
of soft sets to the literature, the construction of hybrid set types has accelerated.
This is due to the easy and practical applicability of the parameter tool. It is also
because the hybrid set is more successful in expressing uncertainty, as it retains the
properties of the set types that compose it. One of these hybrid sets is the bipolar
fuzzy soft set, a combination of bipolar fuzzy set and soft set provided by Abdullah
et al. [20]. As another example, the bipolar soft set with applications in decision
making popularized by Shabir et al. [4] and discussed exhaustively by Karaaslan et
al. [21] are another hybrid set model. This mathematical approach has managed
to attract the attention of researchers since it was built with the contribution of a
parameterization tool to this theory by addressing bipolar fuzzy sets, which is an
effective generalization of fuzzy sets. In addition, we can easily say that the studies
with hybrid cluster models introduced for the solution of uncertainty problems are
increasing day by day [22}[23}24,/27,[28].

In this paper, the concepts of (a, 8)-cuts, first type semi-strong («, 3)-cuts, sec-
ond type semi-strong («, §)-cuts, strong («, 3)-cuts for bipolar fuzzy soft sets were
introduced and some of their properties were examined. Moreover, the concepts of
inverse («, §)-cuts, first type semi-weak inverse («, 3)-cuts, second type semi-weak
inverse (a, B)-cuts and weak inverse («, 8)-cuts for bipolar fuzzy soft sets were iden-
tified and some of their distinctive features were investigated. Thanks to these cuts,
bipolar fuzzy soft sets can be expressed as bipolar soft sets, which in turn can assist
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us in the decision making process. In addition, related examples are given in the
paper in order to better understand this situation.

Throughout this study, let U = {uq, ua, ..., u, } be a non-empty universe set and
E ={x1,29,...,x,} be a set of parameters. Also, let P(U) denote the power set of
Uand ACE.

2. PRELIMINARIES

Here, we remind some basic information from the literature for subsequent use.

2.1. Fuzzy Sets. It is possible to express definite expressions in classical mathe-
matics with values of 0 ("false") and 1 ("true"). However, in real life this situation
may not always be possible. For example; the FS theory (Zadeh 1965) put forward
to present human thoughts expresses this situations in the interval [0, 1] with the
help of membership functions for better outcome. Zadeh expressed this set theory
as follows,

Definition 1. [/ A FS X over U is a set defined by a function py representing a
mapping

wyx U —0,1]
Wy 1s called the membership function of X, and the value p (u) is called the grade
of membership of uw € U. The value represents the degree of u belonging to the FS
X. Thus, a FS X over U can be represented as follows:

X =A{(u, px(u)) : px(u) € 0,1, u c Uy

State that the set of all the FSs over U will be denoted by F(U).

With Zadeh’s [1] min-max system, F'S union, intersection, and complement op-
erations are defined below.

The union of two FSs M and N is a FS in U, denoted by M U N, whose

membership grade is f1y;,n(w) = par(u) V py (u) = maz{py,(u), py(u)} for each
ueU. So

MUN = {(w sagon () + pagon(w) = maa{pung (w), oy ()}, Y € U .

The intersection of two FSs M and N is a FS in U, denoted by M N N, whose

membership grade is pyy(u) = piar(w) A py(u) = min{py (w), py(u)} for each
ueU. So

MAN = { (g (8) 5 page () = min{jung (), oy (W)}, Y € U,

Let D be a FS defined over U. Then its complement, denoted by D¢, is defined
in terms of membership grade as ppe(u) =1 — up(u) for each u € U.

D¢ = {(mch(u)) Tu € U}.
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Definition 2. [1] Let X € F(U) and « € [0,1]. Then the non-fuzzy set (or crisp
set) Xo ={u €U : px(u) > a} is called the a-cut or a-level set of X.

If the weak inequality > is replaced by the strict inequality >, the it is called the
strong a-cut of X, denoted by X,+. That is, Xo+ = {u € U : px(u) > a}.
Definition 3. [3/ Let X € F(U) and o € [0,1]. Then the non-fuzzy set X1 =
{u e U:pux(u) <a} is called an inverse a-cut or inverse a-level set of X.

If the strict inequality < is replaced by the weak inequality <, the it is called the
weak inverse a-cut of X, denoted by X *. That is, X' ={u € U : ux(u) < a}.

2.2. Bipolar Fuzzy Sets.

Definition 4. [25,26] Let U be any nonempty set. Then a bipolar fuzzy set, is an
object of the form

¥ = (s < gt (), i (w) >) 5w € U}
and pf 2 U — [0,1] and py; : U — [=1,0], puf(u) is a positive material and p; (u)
is a negative material of uw € U. For simplicity, we donate the bipolar fuzzy set as
X =< py, py > in its place of x = {(u, < pf (u), p3; (u) >) :u € U}.
Definition 5. [25,26] Let x; =< pi ,puy, > and xo =< pi , piy, > be two bipolar
fuzzy sets, on U. Then we define the following operations.
(1) x§ = {<1—pf (u), =1 — g (u) >},
(1) x1 U xe =< maz(py (u), i, (u)), min(uy, (w), py, (w)) >,
(i) X1 xo =< min(u, (). i, (u)) maz(jay, (). i, () >.
2.3. Soft Sets and Bipolar Soft Sets.

Definition 6. [2] Let U be an initial universe, E be the set of parameters, A C E
and P(U) is the power set of U. Then (F,A) is called a soft set, where F: A —
P(U).

In other words, a soft set over U is a parameterized family of subsets of the
universe U. Fore € A, F(e) may be considered as the set of e-approximate elements
of the soft set (F, A), or as the set of e-approximate elements of the soft set.

Definition 7. [5] Let E = {x1, 2, ...,x,} be a set of parameters. The NOT set of
E denoted by —F is defined by -FE = {—x1, "o, ..., x,} where, ~x; = not x; for
all .

Definition 8. [/ A triplet (F,G, A) is called a bipolar soft set over U, where F
and G are mappings, given by F : A — P(U) and G : =A — P(U) such that
F(z)NG(~z) =0 (Empty Set) for all z € A.

Definition 9. [0] Let (F,G, A) be a BSS over U. The presentation of
(F,G,A) ={(z,F(z),G(—x)) : 2 € ACE,~x € A C —F and F(x),G(-z) € P(U)}
is said to be a short expansion of BSS (F,G, A).
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Example 10. Let U = {uy, ug, us, uq, us } be the set of five cars under consideration
and A = {x; = Ezpensive,xa = Modern Technology,zs = Comfortable, x4 =
Fast} C E be the set of parameters. Then

-A = {21 = Cheap, x5 = Classic Technology, 3 = Not Comfortable, x4 =
Slow} C —E.

Suppose that a BSS (F,G, A) is given as follows.

F(l‘l) = {’U,Q,U4}, F(.’Eg) = {ul,U4,U,5}, F(.’Eg) = {ul,U3,U4}, F($4) = {U3,U5},

G(—w1) = {ur,us}, G(-w2) = {uz,us}, G(-x3) = {us}, G(-w4) = {uz,us}.
Then the short expansion of BSS (F,G, A) is denoted by

(F,G,A) :{ (371,{712,’&4},{11,1,715}),($2,{U1,U4,u5},{u2,”u,3}), }

(w3, {u1, us, u4}7 {u5}), (24, {U37 US}a {u27 U4})

Definition 11. [/ For two bipolar soft sets (F,G, A) and (Fy,G1, B) over a uni-
verse U, we say that (F,G, A) is a bipolar soft subset of (F1,G1, B), if,

(1) AC B and

(2) F(e) C Fi(e) and G1(—z) C G(—x) for all z € A.

This relationship is denoted by (F,G, A)C(Fy,Gy,B). Similarly (F,G,A) is said
to be a bipolar soft superset of (F1,G1,B), if (F1,G1, B) is a bipolar soft subset of
(F,G,A). We denote it by (F,G,A)D(F,,G1,B).

Definition 12. [4] Two bipolar soft sets (F,G,A) and (Fy,Gy,B) over a uni-
verse U are said to be equal if (F,G, A) is a bipolar soft subset of (F1,G1,B) and
(Fy,Gq,B) is a bipolar soft subset of (F,G,A).

Definition 13. [/ The complement of a bipolar soft set (F,G, A) is denoted by
(F,G, A)¢ and is defined by (F, G, A)¢ = (F°,G¢, A) where F° and G° are mappings
given by F°(z) = G(—x) and G°(—~x) = F(x) for all z € A.

Definition 14. [/ Extended Union of two bipolar soft sets (F, G, A) and (Fy, Gy, B)
over the common universe U is the bipolar soft set (H,I,C) over U, where C =
AU B and for all x € C,

F(z) ifre A-B
H(z)=< Fi(x) ifre B—A
F(z)UFi(x) ifre ANB
G(~x) if v € (-A)-(=B)
I(-z) = ¢ Gi(-7) if ~x € (-B) - (-4)
G(—z)NGi(—z) if =z € (~A)N(-B)

We denote it by (F,G, A)U(Fy,Gy,B) = (H,1,C).

Definition 15. (4| Extended Intersection of two bipolar soft sets (F,G,A) and
(F1,G1, B) over the common universe U is the bipolar soft set (H,I,C) over U,
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where C' = AU B and for all x € C,

F(x) iftre A—B
H(z)=< Fi(x) ifre B—A

Flz)NnFi(z) ifze ANB

G(z) if v € (mA) - (-B)
I(-z) = ¢ Gi(w) ifve(-B)—(~4)

G(z)UGi(z) ifze(mA)N(=B)

We denote it by (F,G, A)N(Fy,G1,B) = (H,I,C).
Definition 16. [/] Restricted Union of two bipolar soft sets (F, G, A) and (Fy,G1, B)
over the common universe U is the bipolar soft set (H,I,C), where C = AN B is
non-empty and for all x € C

H(z)=F(z)UG(z) and I(-z)= Fi(-z)NGi(—z)
We denote it by (F,G,A) Un (F1,G1,B) = (H,I,C).
Definition 17. [4] Restricted Intersection of two bipolar soft sets (F,G,A) and
(F1,G1,B) over the common universe U is the bipolar soft set (H,I,C), where
C = AN B is non-empty and for all x € C

H(z)=F(z)NG(z) and I(-z)= F(—2)UG(—x)
We denote it by (F,G, A) N (F1,G1,B) = (H,I,C).
2.4. Bipolar Fuzzy Soft Sets.

Definition 18. 20/ Define f : A — BFY, where BFY is the collection of all
bipolar fuzzy subsets of U. Then (f, A), denoted by fa, is said to be a bipolar fuzzy
soft set over a universe U. It is defined by

fa= {(U’MGA)I (u),u(}A)w(u)) YueUuzxe A}

Example 19. Let U = {uy,uz,us,us} be the set of four computers under consid-
eration and A = {x1 = Modern Technology, o = Cost,x3 = Fast} C E be the
set of parameters. Then,

fa )_{ (u1,0.45,—0.2), (uz, 0.6, —0.43), }
Y7 (us, 0.7, -0.35), (ug, 0.55, —0.25) [
(u1,0.34, —0.65), (ug,0.32, —0.22),
fa= f(“)_{ (u3,0.48,—0.24), (ug,0.64,—0.8) [~
f(ws) = { (u1,0.9,—0.15), (uz, 0.72, —0.34),
371 (us,0.34,—0.56), (ug,0.24, —0.87)

Definition 20. [20] Let U be a universe and E a set of attributes. Then, (U, E) is
the collection of all bipolar fuzzy soft sets on U with attributes from E and is said
to be bipolar fuzzy soft class.



588 0. DALKILIC

Definition 21. [20] Let fa and gg be two bipolar fuzzy soft sets over a common
universe U. We say that fa is a bipolar fuzzy soft subset of gp, if

(i) AC B and

(i) For allx € A, f(x) is a bipolar fuzzy subset of g(x). We write faCgp.

Moreover, we say that fa and gp are bipolar fuzzy soft equal sets if fa is a
bipolar fuzzy soft subset of gg and gp is a bipolar fuzzy soft subset of fa.

Definition 22. [20] The complement of a bipolar fuzzy soft set fa is denoted fa°
and is defined by fo° = {(u, 1-— u?}A) (u),—1— u(_fA)I(u)) YueUuxe A},

x

It should be noted that 1— f(x) denotes the fuzzy complement of f(z) for x € A.

Definition 23. [20] Let f4 and gp be two bipolar fuzzy soft sets over a common
universe U. Then
(1) The union of bipolar fuzzy soft sets fa and gp is defined as the bipolar fuzzy
soft set ho = faOgp over U, where C = AUB, h: C — BFY and

f(z) ifxe A\ B

h(e) =< g(z) ifxre B\ A

f@)Uglx) ifre ANB
forallz € C.
(#i) The restricted union of bipolar fuzzy soft sets fa and gp is defined as the bipolar
fuzzy soft set he = faUrgp over U, where C = ANB # 0, h : C — BFY and
h(z) = f(x) Ug(z) for all x € C.
(7i1) The extended intersection of bipolar fuzzy soft sets fa and gp is defined as the
bipolar fuzzy soft set he = fafgp over U, where C = AUB, h: C — BFY and

f(x) ifve A\ B

h(z) =14 g(x) ifre B\A

flz)ng(x) ifxe ANB
forallz e C.
(iv) The restricted intersection of bipolar fuzzy soft sets fa and gp is defined as the
bipolar fuzzy soft set he = faNrgr over U, where C = ANB # 0, h: C — BFY
and h(z) = f(z)Ng(x) for allz € C.

3. (a, B)-cUTS AND ITS PROPERTIES IN BIPOLAR Fuzzy SOFT SETS

In this section, the concepts of (a, 8)-cuts and strong («, §)-cuts of BFSSs were
introduced together with some of their properties.

Definition 24. Let fa be a BFSS over U and o € [0,1], 5 € [-1,0]. Then the
(o, B)-cut or (a, B)-level BSS of fa denoted by [fal(a,p) is defined as

(fala,8) = {(m,ﬁ[ﬁ]ﬁ)(a:),@fﬁ]ﬁ)(—w)) cx € ACE,~xc-AC —\E}
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where

F @) = {0, 0 2 ] A a0 < 8] A [0, 00 2 Jor . 0] -

2ACHE) _ o+ - -
G5 ) = {us [y, 0 2 @] A gy () < B] A iy () < [y, ()] }-
The first type semi-strong («, 3)-cut, denoted by [fa](a+ g) is defined as

[fA](QJr,g) = {(ac F(a ’B)( ), é(?:}’ﬁ)(ﬁx)) cx e ACE ~x€-AC ﬁE}

[fa] )
where
FE 2y = {us [y, () > o] A [y () < B A [y (0) = gy )]},
@E?:]’ﬁ)(ﬁx) - {U: [’U[J;A]z(u) > a} |:M[fA (u) < B} { fA]J. )'u[fA]m )H}

The second type semi-strong (a, 3)-cut, denoted by [fa] (o g+ is defined as
[fa)ast) = {(z s (), Gles” )(—uz:)) 2 €ACE,~ze-AC ﬂE}

[fal [fal
where
[(fi]ﬁ )(m) = {U3 {MF}A]T(U) > Ol] A [M[fA (u) < /3} |:M[fA]w ’M[fA )H }7
G ) = {us [y, ) 2 o] A gy () < 8] A [y, ) < [y, ]}

The strong (a, B)-cut, denoted by [fala+ g+) is defined as
[fal(as gt) = {(x,ﬁw’ﬁ N(z), G P (—m)) 2 € ACE,~z€-AC ﬂE}

(fa] [fal
where
ﬁ[&i} @) = {“: {M?}A]m(u) >0‘} [“[f (u )<5} { Bigag. (U ‘“[fA]T )H}
GEJ?A ﬂﬂ(ﬁm) = {u: [/”L[?A]z(u) > a} A['“[}A] (u) < ﬂ] [ fA] "u[fA]r )H}

Example 25. Let U = {uy,uz,uz}, A ={x1,22,23} C E and BFSS fa over U be
flz) = { (u1,0.56, —0.42), (ug,0.75, —0.5), (us3, 0.5, —0.3) },
fa=1 f(wa)={ (u1,0.8,—0.15), (us,0.4,—0.56), (us, 0.64, —0.15) },
flas) = { (u1,0.35,—0.6), (us,0.1,—0.5), (u3, 0.56, —0.2) }
For example; let U be the supplier firms that apply to become a supplier of a phar-

maceutical company and A C E is the set of parameters that the company wants
from the supplier. This BFSS is represented in tabular form as follows:

TABLE 1. Representation of BESS f4

U\ E | Experienced = Cheap = x2 Fast = z3
U <0.56,-042> | <0.8,-0.15>| <0.35,—0.6 >
Ug < 0.75,—0.5 > < 0.4,-0.56 > | <0.64,—-0.15 >
U3 < 0.35,—0.6 > <0.1,-0.5> | <0.56,-0.2 >
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Example 26. Then if a = 0.56 and § = —0.5, we have
[fA}(O.SG,fO.S) = {(xh {ula u2}7 {U3}), (va {ul}a {UQ’ U'3})7 (323, {u2’ u3}7 {ul})}v
[fA}(O.56+,—O.5) = {(xlv {u2}a {ud})v (va {u1}7 {u27 U3}), (553, {u2}7 {ul})}v
[fal0.56,—0.5+) = {(z1, {u1, ua}, {us}), (wa, {ur}, {uz}), (w3, {ug, us}, {u1})}
and
[falo.s6+,—0.5+) = {(z1,{ua}, {us}), (z2, {u1}, {uz}), (z3, {uz}, {ui})}.
Then if « = 0.35 and 8 = —0.6, we have
[fal0.35,—0.6) = {(z1, {u1, ua}, {us}), (w2, {ur, u2}, {}), (w3, {ua, us}, {u1})},
[fA](O.BE)*,fO.G) = {($1, {ulv u2}7 {U3}), ($27 {u17 UQ}’ {})’ (‘T3’ {u27 U3}, {ul})}7
[fA](O.BS,*O.G*) = {(1‘1, {ula uQ}? {})7 ($2, {U1, u2}7 {})7 (:U?n {u27 U3}, {})}

and

[fA](0.35+,70.6+) = {(z1, {u1,u2}, {}), (w2, {u1,u2}, {}), (z3, {uz, us}, {H}.

Remark 27. («,8)-cut can be use to make a decision. For example, let’s assume
that the pharmaceutical company will consider the most suitable supplier firm as
the firm that provides the most number of parameters under («, ). For this, the
mapping Oz, 5 8 defined by Oy, , + U — [-n,n] for all u; € U as follows:
1<i<s(E)=nandl1<j<s(U)=m)

n

@[fA]<a.B>(ui) = ZTE;A](Q,M S
=1
) L ifu€ ﬁgﬂi’f’(wj)
1] . . ~N(a,
s = -1, ifuc G[fA?) () (2)
0, otherwise

Here, the value Oy, (u;) is called the "total score” for the objects and the greater
the total score of an object, the more recommended it is to select that object. Under

these conditions, the calculation of the total scores for a = 0.56 and 8 = —0.5 given
in Example 25 is as follows;

_ ~ll 12 13 _ _
@[fA](O*56«70‘5) (ul) - T[fA](O.SG,—Oﬁ)+T[fA](O.56,—O.5)+T[fA](O.56,—O.5) - 1+1+(71) - 1’

®[fA](O.56,—0,5) (u2) = 1’ G[fA}(o.se,fo.s) (U3) = -1
Similarly, for a = 0.35 and = —0.6

®[fA}(O.35,—0.6) (ul) = ]" G[fA](O.35,—O.6) (’UQ) = 3’ G[fA](O.&’),—O.G) (ud) =2.
As can be seen, it is not possible to choose the best element for a = 0.56 and
B = —0.5, because there are two supplier firms that have the highest total score.
Howewver, the total scores calculated for o = 0.35 and = —0.6 indicate that the
most suitable supplier firm for the pharmaceutical company is us.
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Proposition 28. Let « € [0,1], 8 € [-1,0] and fa, gg be BFSSs over U, the
following properties hold:

(@) [fala+pr)Elfalar 3 Clfal () and [fal(a+ p+)ClfAl(a,p+) CElfAl(0.8) -
(4) [fal(at+.p) fala,st) = [fal o+ gt N

(#i1) If oy < ag and By > 52, then [fA](azﬁg)g[fA](ah@l).

(iv) [£a0gB](a,5) = [fal(a,5)0l98] (.5 -

(v) [fafigBl(a,8) = [fal(a,8)N[9B](0.5)-

Proof. (i) Let (z, {ui}, {u;}) € [fa)s o)

= [“[?'A}m(“i) > O‘}A{“[}A] (ui) < ﬂ]/\[“[f L ’“ (Fa. ()
@A@@MW<@A@WMW<MMNWWW€A
= [, ) > @] A [, () < B]A [l () = [y, )
a} [ Bt ala (u])<ﬁ}/\[u[fA] uj) ‘u )H,VweA

= (2, {ui}, {u;}) € [fal@t )
Therefore [fa] o+ [3+)C[f,4](a+ p)- Similarity, for (z, {u;}, {u;}) € [fal(a+ p)

= [#7.. (w) >“]A{ 170, (i) < BJA [, (i) = ‘“[}A]z(ui) J and [, () >
o] A 1z, w3) < B] A [ (w5) < |uy, ()] Vo e 4
:¢@@]wm>4A@g]wo<dA@+yw02M@mwo
a} [[_f](uj)<ﬂ}/\{u“] u;) ]u )H,\meA

= (2, {ui}, {u;}) € [fal(a.p)
Therefore [fa](a+ ) C[fa](a+ g+)- It is proved similarly in the other part.

(1) Straighforward.
(#4i) Tt is clear from Definition [11] and Definition

(1v) Let (z, {ui}, {Ua}) [fAOQB}(a,@)
= ['u[fAUgB] } A ['LL[fAUQ ) < ﬂ} [ AUQB]z( ’ﬂ[fAUQB] (ul)

and {“[f Ogsl. (4 )> }A {“[fAUgBL( KB}A[“[ongB}w( uj) < ’u[fAOgB]w(uj)
Vere AUB

[“[m( )>“] [“[m( )<5] {“[mr ui) >’“[fA wi)

} and [p iy A]m(uj) >

} and [ﬂ?}A]I(Uj) >

] and [u?}A]m(uj) >

] [ fA]r uj) 2

} [“m (u )<5] [“[f] ‘“[m i) [Z }A
(100, (1) < B] A [, () = [y ()] ] and [, (o )>O‘} [“[gB}w(“j)S

ﬂA@@MW<M@ﬂm}W64

} Ve e A
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= (z, {ui}, {u;}) € [fal(@.p) or (=, {ui}, {u;}) € [98](a,8)
= (x7 {u’i}v {UJA}) € [fA](a,B [QB](a B)
Therefore, [fAUgB](a 8) [fA] ,5)U[gB}(a,6)-

Conversely, suppose (v, {u;}, {u;}) € [fa](a.5)Ulg5](a,8)

= (o, {ui},{u;}) € [fal(a,) or (z,{ui}, {u;}) € [9B](ap)

= [[uﬁmw(u» > a| Alugy, () < B|A [, () = [y, ()] an [ (1) >

o A [, ) < 8] A [, (s ‘/‘[m i) or | |uf,

|::LL[_QB]m(Ui) < ﬁ] A [ME;B]m(Ui) > ‘#[;B]m(ui) } and [H[J;B]m(uj) > a}

} Vi e A

tQJr
>

>
=
o
&
e
S
<
IA

B) A [y, () < |1, ()] v € B

+ , - ; t ; Py j
= [M[fAOgB]m(ul) = a} A [M[fAOQB]z(UZ) = /B} 4 {M[fAOQB]z(ul) = ‘M[fAOQB]z(UZ)
+ 4 j y j

and [y 5,0y (03) > 0 A [y ) (05) < B A 1 g (05) < 0, (4]
Vre AUB

= (z, {ui} {u;}) € [faUgBlap _ _
Therefore, [fal(a,5)U9B](a.8)C[faAUgB](a.5)- Thus [faUgs](a.5) = [fal(a.5)V]9B](a.p)-

(v) It is proved similar to step (iv). O

4. INVERSE (o, 3)-CUTS AND ITS PROPERTIES IN BIPOLAR FuUzzy SOFT SETS

In this section, the concepts of inverse («, 3)-cuts and weak inverse (a, 3)-cuts
of BFSSs were introduced together with some of their properties.

Definition 29. Let fa be a BFSS over U and o € [0,1], 5 € [-1,0]. Then the

[
inverse (a, §)-cut or inverse (a, 3)-level BSS of fa denoted by [fA](alﬁ) is defined
as

[fA](_alﬂ) = {( [(f ’]B) (z), G(?"(]B 1(—\3:)) 1€ ACE, ~xe€-AC ﬂE}

where

R @) = o [y 00 < @A 000> By 0 2 oy o ] ]

AlaB) oy Lot -
Gl = {us i, ) < i 2> B]A [ s < gy @]
The first type semi-weak inverse (a, §)-cut, denoted by [fA](a*,ﬁ) is defined as

-1 _ m(a™,B) A(a™,B) .
[fA](a,ﬁ)_{(x Ee D), 6l 1(—w)) .xeAgE,ﬁxeﬂAgﬂE}
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where

A = o ol or 00 S of iy 00 > 8]l 000 2 oy 0]

<aln
Gl 2 (o) = {“: [%;1<U> = O‘}A[“[m () > B} { paz () < ”“‘[}A];I(U)H}'

The second type semi-weak inverse (a, §)-cut, denoted by [fa], ! is defined as

(e,87)
[l = {(9: B 1)(x),G[?f;f:1)(—|x)) 2 €ACE,~ze—-AC ﬁE}
where
Fifi @) ={u: [“[tmfl(“) <afalug, ];1(“) = B]A{“M;l(“) > Jig @] 1
Gl cm = o o on 00 < of iy 0 00 2 ][ 00 <[y ]
The weak inverse («, 8)-cut, denoted by [f ] o -y ls defined as

[fA](a ) {(x F[(a] A )(JJ),@E?A]’E )(—\x)) cx € ACE,~xe€-AC ﬂE}

where
B @) = (s [y ) < @ g, o ) 2 8] o, ) 2 g ]

ATBT) oy — |t - + -

Clra (7o) = {“ [“[fA];l(”) = a]/\[“[fA];l(“) = ﬁ}/\[“[m;l(“) < ‘“[fA]JI(“)H}‘
Example 30. Consider the BFSS fa as given in Ezample |25

Then if a« = 0.56 and 8 = —0.5, we have

[fA](_o%567_0_5) = {(lev {U3}, {ul})v (3327 {uQ’ u3}7 {ul})’ (323, {ul}v {uQ’ u3})}7
[fA](i()%56—7_0_5) = {(xlv {ulv u3}7 {})7 (3327 {u27 U3}, {ul})v (LC37 {ula U3}, {U'Q})}v
[fA](i()%567_0_57) = {(1'1’ {U3}, {uh 7-"2})3 (x27 {u2}7 {ula u3})7 (:I,’g, {ul}v {U‘Q’ Ug})}

and

[fA](_o%f)(;—’fo,sf) = {(xl’ {u17 u3}’ {u2})7 (l‘g, {u2}7 {u17 ’LL3}), (373’ {U'lv U3}, {UQ})}
Then if o = 0.35 and B = —0.6, we have

[fA] (0.35,—0.6) {(wl,{} {ulvu2}) (‘r27{}7{u1au2au3})v(va{}v{u%Uﬁ})}v
[fA] (0.35—,—0.6) {(3717 {u3}7 {ula uQ})’ (va {}’ {u17u27u3})’ (Z‘3, {u1}7 {uQ,U3})},
[fA](0‘35,70.6 {(-Tlv{}v{ulau%qm})v('7327{}7{”1’“27u3})’(m37{}7{u17u2’u3})}

and

[.fA}(—o%3577_0_67) = {(z1, {}, {w1, w2, us}), (x2, {}, {u1, u2, us}), (zs, {}, {u1, uz,us})}.
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Remark 31. Inverse («, 3)-cut can be use to know the most unfavorable selection.
For example, let’s assume that the pharmaceutical company will consider the un-
suitable supplier firm as the firm that provides the least number of parameters under
inverse (c, B) For this, let’s create a similar mapping given in Remark. 127 and the
mapping @fA]( - is defined by ®[fA< o U — [-n,n] for all u; € U as follows:
(1<i<s(E)=nandl<j<s(U)=m)

n

_1 N ij
®[fA](a.B)(ul) o ZlT[fA](_al,B) ®)
j=
) 1, zfuleFJ( ,]6)(1)
ij _ . B) (..
[Falis) -1, ifu; € G[fA]’l(x]) W
0, otherwise

Here, the value G[f 1 (uz) is called the "inverse total score” for the objects and

the smaller the zm}erse total score of an object, the more recommended it is not
to select that object. Under these conditions, the calculation of the total scores for
a=0.56 and 8 = —0.5 given in Example[30 is as follows;

-1 _ 11
@[fA](O.56,—0_5) (w) = T[fA](O oo T[fA](Tfse,fu.s) T[fA](i(J%sﬁ,fo.s)
= (-D+(1)+1=-1,
Olfaliose 05 (82) =0 O o (ua) = 1.

Similarly, for « = 0.35 and 5 = —0.6

-1 _ -1 — _ -1 L) = —
G)[fA]((J.ss,—o.s) (ul) = -2 9[fA](0.35,—0.6) (u2) =3 @[fA](o.ss,—o.a) (ud) =-2

As can be seen, the inverse total scores calculated for o« = 0.35 and = —0.6
indicate that the unsuitable supplier firm for the pharmaceutical company is us.
Moreover, the inverse total scores calculated for o« = 0.56 and § = —0.5 indicate
that the unsuitable supplier firm for the pharmaceutical company is ui. It means
that the unsuitable object can change for the selected inverse («, 8)-cuts. In this
case, we should pay attention to the selection of inverse («, 8)-cuts in order for the
decision making process to function properly.

Remark 32. Items (iv) and (v) given in Proposition |28 are not generally correct
for inverse («, B8)-cuts. For this, let’s examine Example and :

Example 33. [Counter Ezxample for (w)]
Let U = {uy,us,us}, A = {x1,22,23} C E, B ={x2,25,24} C E and BFSS fa,
gp over U be

f(@1) ={ (u1,0.56,—0.42), (u2,0.75, —0.5), (u3, 0.5,—0.3) },

fa=1% f(z2)={ (w1,0.8,—0.15), (uz,0.4,—0.56), (u3,0.64,—0.15) },
f(@3) ={ (u1,0.35,—0.6), (u2,0.1,—-0.5), (us, 0.56, —0.2) }
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g(z2) = { (u1,0.64,—0.2), (us,0.57, —0.55), (u3, 0.6, —0.65) },
g5 =2 g(zs3) ={ (u1,0.51,-0.24), (uz,0.7,—0.2), (us,0.7,—0.52) },
g(z4) = { (u1,0.18,-0.62), (uz,0.33,-0.6), (u3,0.5,—0.3) }
Then he = faUgp, where C = AU B = {ey, e, e3,¢e4}
h(z1) = { (u1,0.56,-0.42), (u2,0.75,-0.5), (u3,0.5,~0.3) },
h(z2) = { (u1,0.8,—0.2), (uz,0.57, —0.56), (u3, 0.64, —0.65) }
h(z3) = { (u1,0.51,—-0.6), (uz,0.7,—0.5), (u3,07 -0.52) },
h(zs) = { (u1,0.18,-0.62), (u2,0.33,—0.6), (u3,0.5,—0.3) }

)

he =

Then
[faliotss,—0.5) = L@, {ua}, {ur}), (w2, {uz, us}, {ur}), (23, {ur}, {ua, us})},

[gB](_o,567_0_5) = {(.232, {}7 {ul})’ (Z‘3, {u1}7 {uQ})v ($47 {ul) Uz, u3}7 {})}7
and
[hc](_()%567_0_5) = {(mlv {U3}, {ul})7 (T’27 {}7 {U1}), (1:3’ {ul}v {})7 (1‘4, {ula Uz, U3}, {})}
Also,

[fA](70%56,70‘5)G[QB](?)%56,70.5) = {(xla {US}v {u1}>7 (x27 {u2v ’LL3}, {ul})v
(.%'3, {u1}7 {u27 U3}), (.’L‘4, {ulﬂ U2, U'3}” {})}

Thus [fA}(ioges,fo 5) [93](0 56,—0.5) 7 [fAOgB](io%sfs,fo.s)'
Example 34. [Counter Exzample for (v)}

Consider the BFSS f4 and gp as given in Example , In this case, hc¢ = faNgs,
where C = AN B = {es, e3}

hC:{ h(z2) = { (u1,0.64,—0.15), (ug,0.4, —0.55), (u3,0.6,—0.15) }, }
h(ws) = { (u1,0.51,—0.15), (us, 0.4, —0.2), (ug, 0.64, —0.15) '}
Then
[he)ios, —0.5) = (@2, {ua}, {ur, us}), (w3, {ur, uz}, {us})}
and
[falioss, 05098 06,05 = L@ {ush {ur}), (@2, {3 {wa}),
(zs, {ur}, {uz}), (4, {u1,uz, us}t, {})}.
Thus UA}(70%56,70.5)5[93]&)%56,70‘5) 7 [fAﬁgB](io%sa,fo.m'

Proposition 35. Let « € [0,1], 8 € [-1,0] and fa, gg be BFSSs over U, the
following properties hold:

() [fA](_alﬁ):[fA](_al 5)~[f }(_041 ,3 ) and [fA](_alﬁ)i[fA](_ulﬁf)é[fA](_alﬂﬁf).
(i0) [fal (o ) OlF Al o gy = Al (o 5y
(4i) If o1 < az and By > By, then [fA](al,Bl)i[fA](_alzyﬁz)'
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(iv) [fAUgB](a Q)C[fA](a 8) [gB](a 8)"
(v) [fA](a B) [QB](a 5)C[fAﬁgB](a B)

Proof. (i) Let (z,{u;},{u;}) € [fA](a,ﬁ)
= | @) < af A uy, ) > 8] A
g2 ) < ] A [y ) > 8] [

nd

[E—1
&

u;
= [l < ol A fug ) > 8] A [l ) 2 g )] and
[MFJ;A];l(uj) = a} A ['u[_fA];l(uj) = 6} [MF}A];l uj) < M[_fA];l(uj)H’ Yo ed
= (o, b fs}) € Al
Therefore [fA](_al,B)i[fA](_alf,ﬁ)' Similarity, for (z, {u;},{u;}) € [fA](_alf,@)
= [ ) < 0] A g patw) > 8] A [uf ) 2 g (o] and
) < o] A g i) > B A ) < ”“‘[f ()] veea
= [ @) < o A g ) 2 8] A [l ) 2 g )] and
10 (43) < ] A [ ) 2 8] A [y () < ‘M[f )] v € 4

= @ fuik ) € Al 4
Therefore [f A](_al_) /3)5[ f A](_al,, gy Itis proved similarly in the other part.

(#3) Straighforward.
(#4i) Tt is clear from Definition [11] and Definition

(v) Let (z, {ui}, {u;}) € [faUgnl, 4
- [MF} Ogslz! (wi) < Oz:| ['u[f Ogslz H(ui) > B} ['MF}AUQB];I(W) = "u[_fAOgB];l(ui) ]

and [1if o) < ol Al o, ) > BlA L ) < g o))
Vere AUB

= ['UJ?}A]z_l(ui) < a} A [M[}A];l(ui) - ﬂ} A [MF}A];l(ui) 2 "u[_fA];l(ui)} and
[“rm;l(“j) < a] 4 [“[_fA];l(“j) > ﬂ] { razr (W) < ’“[_m;l(“j) } Vo e A
o [y < ] 1 ) > 8] [ > [ 0] e
[“F;B]-l(“j) <O‘] [“[ REALEY >ﬁ} { Mgy € ‘“g o (v )} vrebB

( {uz} {Uj}) [ ](ag ( {ul} {u]}) [ ] (a,8)
= (v, {ui},{u;}) € [f ](a 8) [93](a,ﬁ)
Therefore, [fAUgB](a’g Clfal a{ﬁ)o[gB}(a{ﬁ)'
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(v) Let (x, {ui}, {u;}) € [fali, 5N l9B] 0 )
= (, {ui}, {u;}) € [fali,) 5y and (z, {ui}, {u;}) € [95] ) )

= [{MGA]Z1(Ui) < a} A [M[}A];l(ui) > ﬂ} A ['M[J}A];l(ui) Z ‘M[}A];l(ui)} and
[“[J;A];l(“j) < O‘} A {"[_fA];l(“j) > 6] { ay () < ’“[}A];l(“j) } Vo € A
[0 < ] A i) > 8]0 00 > i 0]
[t o) <o) A ) > B A [ ) <[] Ve e B

+ , - , + Vs |- ,
= 14 () < A1 0 0) > BJA [ 000 2 ‘”[fAOgm;l(“l) ]

and [u[f Ugsls () < a}/\[u[f Ogsls (1) >ﬁ}/\[,u 0 };1(uj) < ‘u[_fAOgB].T_,l(uj)H’
Vre AUB

= (2, {ui}, {u;}) € [fa0g5] )

Therefore, [fA](jl{ﬁ)ﬂ[gB](a{ﬁ)C[fA“QB}@{gy O

5. RESULTS AND CONCLUSION

The concepts of («, 8)-cut, first type semi-strong («, 8)-cut, second type semi-
strong («, §)-cut, strong («, 8)-cut, inverse («, 8)-cut, first type semi-weak inverse
(o, B)-cut, second type semi-weak inverse (¢, )-cut and weak inverse («, 3)-cut for
bipolar fuzzy soft sets were introduced and their applications were highlighted. It
is shown that («, 8)-cut of bipolar fuzzy soft sets can be used to determine the best
choice while inverse («, §)-cuts of bipolar fuzzy soft sets can be used to determine
unfavorable alternative. Moreover, some related results were presented. I think
that these concepts proposed for better management of decision-making processes
for uncertainty problems may be useful in the future.
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