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ABSTRACT. In this paper, using a generalized integral operator, of the Riemann-
Liouville type, defined and studied in a previous work by the authors, we obtain
various integral inequalities for positive functions, which contains several re-
ported in the literature. Various remarks carried out throughout the work and
pointed out in the Conclusions, show the scope and strength of our results,
in particular, it is shown that under particular cases of the considered kernel,
several known fractional integral operators are obtained.

1. INTRODUCTION

Calculus, using different notions of derivatives and integrals of arbitrary order,
has become in recent years one of the centers of attention of mathematical re-
searchers, both pure and applied.

By other hand, one of the most developed mathematical areas in the last 20
years is that of Integral Inequalities, associated with different functional notions:
convex, synchronous functions within the framework of Riemann, fractional and
generalized integral operators.

Throughout the work we use the functions I' (see [8//9[10l[11])and Ty (cf. defined

by ):

2020 Mathematics Subject Classification. Primary 26A33; Secondary 26D10, 47A63.
Keywords and phrases. Generalized fractional operator, Riemann-Liouville integral, integral
inequalities.
Ejuangaleanod@unisinu.edu.co; jnapoles@exa.unne.edu.ar-Corresponding author; edgardo-
math@gmail.com
0000-0002-3042-933X; 0000-0003-2470-1090; 0000-0002-7666-1636.

©2021 Ankara University
Communications Faculty of Sciences University of Ankara-Series A1 Mathematics and Statistics

269



270 J.G.G. DELGADO, J.E.N. VALDES, E.P. REYES

I'(z) = / *le7mdr, R(z) >0, (1)
0
Tk(z) = / e R dr k> 0. (2)
0

It is clear that if & — 1 we have I'y(z) — T'(2), T'k(z) = (k)%fll" (%) and
Ti(z+ k) = 2T (z). As well, we define the k-beta function as follows

1. ,
By (u,v) = %/ e (1 - 7)E T,
0

3 u v T (u)e (v
notice that By (u,v) = +B(%, %) and By(u,v) = %
In [3] the following fractional integral operator of the Riemann-Liouville type is

defined and its main properties are studied.

Definition 1. The k-generalized fractional Riemann-Liouville integral of order o
with « € R, and s # —1 of an integrable function x(u) on [0,00), are given as
follows:

= J

B 1 “F(r,s)x(r)dr
X0 =i [, Tre ?

with F(7,0) =1 and F(u,7)= [ F(6,s)df.

ekl

In this work, it was shown that many of the known integral operators can be
obtained as particular cases of them.

The main purpose of this paper, using the generalized fractional integral operator
of the Riemann-Liouville type, from Definition [I} is to establish several integral
inequalities, which contain as particular cases, several of those reported in the
literature.

2. MAIN RESULTS

Below we present several integral inequalities, in the framework of the operators
of Definition [} the first of them is the following.

Theorem 2. Let ¢ be a positive non-decreasing continuous function on [a1,as]
and let h : [ay,as] — RT be a positive continuous function. Then for a1 < 7 < ag,
0>0,0>0,a0>0 and s # —1, we have

I [r=a) R (1) " TE () = T [(r—a) ()] " T E, [hmso%()]).
4

Proof. Since the function ¢ is positive continuous and non-decreasing on [aj, as]
then, for all @ > 0, o > 0, u,v € [a1, 7], with v < u, and a; < 7 < ag, we have

((u—a1)? = (v —a1)?) (¥’ (u) = ¢’ (v)) 2 0. (5)
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So, from (5] we get
(u—a1)¢"(u) + (v = a1)7¢"(v) 2 (u = a1) "¢’ (v) + (v = a1)7¢"(w). ~ (6)
Multiplying both sides of @ by — FPlwshw)  then we integrate the resulting

kD () [F(ru)]' %
inequality with respect to u over (a1, 7), we get

T [=a) h(m) (1 =a1)76" (0) T T4, h(T) 2 @7 (0) T T, (=) h(r)]
+ (v —a)” *Jp, )" (7)]. (7)
Now, multiplying both sides of by — Fsh) - then we integrate the re-

KDk (@) [F(r0)] '~
sulting inequality with respect to v over (ay,7), it holds that

T h(7) * T oy (7= a0) TR D]+ T (=) BT ()] T hl7) 2
* T by (=) B T, ) ()] T I (0] * T [(7=00) (T,

(8)
which implies . O

Remark 3. If we take the kernel F(1,s) = 7%, with k > 0 and s € R, s # —1, the
previous theorem becomes the Theorem 6 of [5].

In the following result, two functional parameters are used, extending the previ-
ous theorem.

Theorem 4. Let ¢ be a positive non-decreasing continuous function on [a1,as)
and let h : [a1,a3] — RT be a positive continuous function. Then for a1 < 7 < ag,
0>0,0>0,a>0,8>0ands#* —1, we have

IE 1 = ) RO (O] TE, h) + 2TE 1 = a) R ()] T, ()
> TE D (] T, — 1) ()] +
Tl = @) b)) T O () 9)
Proof. Multiplying both sides of by m, then we integrate the
resulting inequality with respect to v over (a1, 7), we obtain @D O

Remark 5. If in Theorem[q we take o = 3, we obtain Theorem [§}

Remark 6. Under the same conditions as the previous Remark, this result covers
Theorem 7 of [5].

The following result generalizes the Theorem [2] by including an appropriate h
function.
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Theorem 7. Let ¢ and ¢ be two positive continuous function on [ay, as] such that
@ s non-decreasing, v is non-increasing, and let h : [a1,as] — RT be a positive
continuous function. Then for a; < T < ag, 8 > 0,0 > 0, > 0 and s # —1, we
have

o h(T) 2 TE L R0 ()7 ()]
(10)

el

Lo M) (D] 2 T

Proof. Since the functions ¢ and 1 are positive continuous on [a1, as] with ¢ is
non-decreasing and 1 is non-increasing, then for all 8 > 0, o > 0, u,v € [a1,7],
with v <wu, and a1 < 7 < az, we have

soa(U)w"(v) + ¢ ()97 (w) = ¢ (W (u) + ¢° (V)97 (v). (11)
Multiplying by %, then we integrate the resulting inequality

with respect to u over (a1, 7), it holds that

ey

W7 (v) T, R’ (D] + ° () T E, )7 (1] = TE, ()@’ (1)07 ()]
+ @ ()07 (v) *TE, h(r).

Now, we multiple (12)) by W, then we integrate the resulting inequality

with respect to v over (a1, 7), we get

(12)

@ e

TR AT (] Th o ) ()] 4 ° T [B)Q? (1] T o, ()47 (7)] =
sJE h(r) S TE WO (D (D] + ¢ TE, @) (T (1) * T E, A7),
which implies . ([l

Remark 8. As before, if we have F(,s) = 7°, with k > 0 and s € R, s # —1, this
theorem reduces to Theorem 9 of [5].

Theorem 9. Let ¢ and ¢ be two positive continuous function on [ay, as] such that
¢ 1is non-decreasing, 1 is mnon-increasing, and let h : [a1,a3] — RY be a positive
continuous function. Then foray <7 <as, 0>0,0>0,8>0,a>0 and s # —1,
we have

a

T[T (] * TE ) ()] + JMH) U0 * Ty ()07 (7)) 2

B a
T h(T) * T, [M(T)" (T)07 (7)] + JFal[ (1) (P (7)) * T f 0 (7,
(13)
Proof. If we multiple by M, then we integrate the resulting in-

KTk (B)[F (0]~ %
equality with respect to v over (a1, 7), we obtain . O
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Remark 10. If in Theorem[9 we put o = 8 we obtain Theorem[7}

Remark 11. Theorem 10 of [5] is obtained from Theorema @ considering, as
before, the kernel F(r,s) = 75, with k > 0 and s € R, s # —1.

Theorem 12. Let ¢ be a positive decreasing continuous function on [a1,as] and
let h : [a1,as] — RT be a positive continuous function. Then for a1 < 7 < ag,
0>0>0,0>0,a>0 and s # —1, we have

STE 1 = a)Th(r)’ (1) ST, ()¢ ()] =
ST = a)7h(r) (1) STE, (M)’ (1) (14)

Proof. Since the function ¢ is positive continuous and decreasing on [a1, az] then,
forall 6 —0 >0, 0 >0, u,v € [a1, 7], with v < u, and a1 < 7 < ag, we have

(u—a1)7" " (0) + (v =a1)7¢" " (u) 2 (u—a1)7¢" " () + (v —a1)7¢’ "’ (v). (15)

Multiplying both sides of by W, then we integrate the resulting
k(a T, U 2

inequality with respect to u over (a1, 7), we get
0 ) * T (= a))"h(r)e® (1) + (v — a1)” * T E, [A()P (7)] =
S Th o (= a)) R’ ()] + (v — a1) 0 () * TE [h(r)e’ (7)) (16)

Now, multiplying both sides of by %, then we integrate the
k(a T,

resulting inequality with respect to v over (aq,7), it holds that

@
<
Y

g
=
—~

S
S—

AS)
>,

)
=
<

:’j?“‘ﬂ

g
—

)
I

S
=

@
<
:11 >R

g
—
3
|
S
=

<
:’1 ES)
5

which implies . ([l

Remark 13. This Theorem contains as a particular case Theorem 12 of [5], under
the same conditions as the previous Remarks.

The latest results of our work is the extension of the previous Theorems consid-
ering the product of a family of appropriate functions.

Theorem 14. Let ¢;, j = 1,2,...,n are n positive continuous and decreasing
functions on [a1,as] and let h : [a1,as] — RT be a positive continuous function.
Then fora; <7 <ag,a>0,s#—-1,0>0andd >0, >0 withr € {1,2,...,n},
we have
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:11 =R

n n
s Tk 5 9' s
JF,al H P ay (1 —a1)” H

“lj?r\ﬁ

J#T
H }% (T —a1)’ H cp] . (18)

J#T

Proof. Since the function ¢,. is positive continuous and decreasing on [a1, az] then,
for all 0 > 0, a3 < 7 < as, u,v € [a1, 7|, with v < u, and 6 > 6, > 0, for any fixed
re{l,2,...,n}, we get
((u—a1)” = (v —=a1)7) (@) (v) = )" (u) > 0. (19)
So, from , we deduce that
(u—al)"@f () +(v—a1)7p) " ( ) = (u—a1)7p) =" (u)+(v—a1)7 )" (v). (20)
Multiplying both sides of by ()M TG o ](u) , then we integrate the re-

KDk (o) [F(r,u)]" ~ %
sulting inequality with respect to u over (aq,7), we get

P70 () Tk | (= a)Th(r) [L o, ()] +

—~
<
|
S
S~—
S}
»
<
oY
2
=
)
~—
S
iiso)
—~
2
©
<
\,QD
3
~—"
Y

(v —a)?@ () T, [ [[e, ()] . @)

Lastly, multiplying both sides of (21]) by er }E(t)[ll‘}_(lj 1)]9191 j(v), then we integrate the

resulting inequality with respect to v over (a1, 7), which concludes the inequality

(L8). O

Theorem 15. Let v, J = 1,2,...,n are n positive continuous and decreasing
functions on [a1,as] and let h : [a1,as] — RT be a positive continuous function.
Then for a1 < 7 < ag, a >0, >0, s # —1, 0 >0 and 6 > 60, > 0 with
re{l,2,...,n}, we have

n 5 n .
o | (T—a1)? H *Thay | PO () [ 0% (7)

J#T

5J

e
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<
QCD
—
2
v

£ To b s/t ) TT 0.6
+0 Tha MO [0, * TEe, |0 = a)h(m) [] ¢
J#T j=1

a n _ - . n v

+ T ha PO 10O S The |7 =a) h(@e, (D) [[ 9,0 (22)
=1 i#r

F(v,s)h(v) H;‘zl ®; 0j (v

KTk (o) [F(r0)]) '~
the resulting inequality with respect to v over (a1, 7), with which we deduce the

inequality . [
Remark 16. If in Theorem[I5 we put o = 3 we obtain Theorem[I7)

), then we integrate

Proof. If we multiple both sides of by

Theorem 17. Let ¢;, j = 1,2,...,n and 1 are positive continuous functions on
[a1, az], such that 1 is increasing and ¢;, j = 1,2,...,n are decreasing on |ay, az]
and let h : a1, as] — RT be a positive continuous function. Then for a1 < 7 < ag,
a>0,s#-1,0>0andd >0, >0 withr € {1,2,...,n}, we have

s J?al h(T)p,’(T) H <pj‘9j (n| ° J?al Y7 (7)h(T) H %ﬂj (m)] =
j=1

SJE,CLI h(r) [T#;% () st%uh (e () [T e ()] - (23)

j=1 J#r
Proof. Since the functions ¢, and ¢ are positive continuous on [a1, az] with ¢,
decreasing and 1 increasing; then, for all ¢ > 0, a; < 7 < a9, u,v € [ay, 7], with
v <u,and § > 6, > 0, for any fixed r € {1,2,...,n}, we get
D7 (W)= () + 47 ()2 70 (u) = 7 (W) )0 (u) + 97 (0)e) " (v). (24)

n 0; u
Multiplying both sides of 1’ by F(:ﬁ)}g(ﬁ;}":lﬂff%( )
k(a T

sulting inequality with respect to u over (a1, 7), we deduce

, then we integrate the re-

n

P20 () Th,, [T (R [T, () | +07 () * TR, |hein) ] ¢;% ()

=1 T

>
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Lastly, multiplying both sides of (25| by (:2)A0) [T}y fij(v) , then we integrate the
kl—‘k(a)[F(T v)]

resulting inequality with respect to v over (a1, 7), which concludes the inequality

3. 0
Theorem 18. Let v, J=L1L2,....n and ¥ are positive continuous functions on
[a1, az], such that 1 is increasing and @;, j = 1,2,...,n are decreasing on [ay, az]

and let h : [a1,a3] — RT be a positive continuous function. Then for a1 < 7 < ag,
>0, aa>0,s#—-1,0>0andd >0, >0 withr € {1,2,...,n}, we have

S Lo, (@] Tk |07 (PR
i

<
e
S]

.
l 3
©
.
QQD
—~
2

+ o Th @O e (@] TEa 0@ [, ()] =

i =1

gk H | =Tk [0 PREe ) [ 4, ()
=1 AT
+ ﬁ H )W STk v [ Hgo] . (26)
=1 i

Proof. If we multiple both sides of (25)) by DLIONKSES ;(v), then we integrate
kma)[F(m)]l"
the resulting inequality with respect to v over (a1, 7), with which we deduce the

inequality . O
Remark 19. If in Theorem[I8 we put o = 3 we obtain Theorem[I7]

Remark 20. Theorems([I4), 15, [I7 and[18 are generalizations of Theorems 18, 19,
21 and 22 of [j], respectively.

3. CONCLUSIONS

In this work we have obtained various inequalities of the Hermite-Hadamard
type, in the case of different notions of convexity, and using a generalized fractional
operator, which allows obtaining as particular cases, several of those reported in
the literature.

We want to point out, in addition to the observations made throughout the work,
that with different choices of the F' kernel we can obtain, as particular cases, several
well-known integral operators. So, for example, if

A) The classic Riemann integral is obtained with F(t,a) = t*~!, o = 1 and
B = k (with notation changed).
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B) If F(t,a) = t*~! and 8 = k we obtain the fractional Riemann-Liouville
integral.

C) Cousidering F(t,«) = t° with s = 1, we can write the right sided operator
as follows ( 3 J%7a+f) () = 5 Fi(ﬁ) [r (xf_(i;ft_% and similarly the left sided
integral. The k-Riemann-Liouville fractional integral of Mubeen and Habibullah
(see [7]).

D) Katugampola fractional integral of [6] is obtained, taking F'(¢,«) =t~ (the
notation is changed).

E) If we put F = t~° with s = 1, then we get the right sided Hadamard fractional
integral of [4].

F) An integral operator with non-singular kernel can also be obtained from our
Definition Thus, considering F(t,a) = exp [-1=%t], if @ = 1 we have that

F =1. In this case F( Fi(z,t),8) = exp [%(m - t)}, a slight modification of the
operator defined by Kirane and Toberek in [1].

From all of the above, we can conclude that many of the integral inequalities
obtained in the framework of these integral operators, can be obtained as particular
cases from those obtained in this work.
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