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Abstract

Surface effect and crystal structure lead to formulating a theoretical model to study the influences of size on
thermodynamic parameters, such as melting temperature, Debye temperature, melting entropy and specific heat
capacity, of nanoparticles. The cohesive energy as a thermodynamic quantity was used to relate the ratio of surface
area to volume of nanomaterial with thermodynamic properties which depend on size of the nanomaterial. In this
contribution, Si and Au nanoparticles were considered to study due to their potential applications in science and
technology. It was found that melting temperature, Debye temperature, melting entropy of nanoscale size material is
decreased with decreasing the size up to their critical sizes. Whereas, the specific heat capacity tends to enhance
with reduction in nanoparticle size. The present results for melting temperature, melting entropy and Debye
temperature are compared with experimental and theoretical observations and adequate agreements are observed.
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1. Introduction

The study of nanomaterial behaviors has become an
inductive path of research in physics. The physical and
chemical properties of bulk material depend on
structure. While, nanomaterial characteristics are found
not only dependent on structure, but their size and shape
are often the most effective factors. The tiny size of
nanomaterials leads them to exhibit different properties
from their corresponding bulk form of the same
material. The behavior of nanomaterials is found to
depend mostly on the ratio of its surface area to the
volume of the material [1,2]. Thus, the effect of the
surface area of nanomaterial has a central role in
determining their physical and chemical properties. As
the proportion of atoms comprising a single particle is
an important parameter in determining the structure of
the crystal and energies of states of a material [3].
Within the range of nanoscale size, most of the atoms of
the material occupy the surface, resulting in increased
surface area. This factor can alter many interesting
physical properties. For example, phonon density of
state shift [4], an increase of elastic modulus of
nanoparticles, and a decrease of melting temperature in
nanomaterials are all associated with the particle size
[1,5].

The disparity in the state of order of melting and the
lattice points refers to melting entropy. Crystalline solid
behaviors such as bulk modulus, thermal expansion,
melting point, and structural transformation strongly
depend on melting entropy [6]. Hence, to a better
understanding of the thermodynamic behaviors of
nanomaterials, much importance is associated with the
calculations of the melting entropy in research
conducting on the phenomenon of melting. Most
thermodynamic characteristics of nanomaterials such as
Debye temperature, melting point, heat conductivity
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decrease with the decrease in sizes. Contrary, the
specific heat rises when the size of nanomaterial
decreased [7]. Reduction in melting point with
decreasing in the size of nanoparticles size is because
the nanomaterial has a high proportion of surface atoms
that are less bonded to the interior atoms. The variation
of the thermodynamic characteristics with size has been
confirmed with experiments [8,9]. The melting
temperature of Au nanoparticle in the range 10nm-2nm
in diameter has been investigated experimentally [10].
Thermodynamic properties of nanomaterials do not
only depend on size but they are also influenced by the
shape of nanomaterials. For example, melting entropy,
melting point, and Debye characteristic of nanofilms are
measured to be greater than of nanowires and for
nanowires larger than that of nanoparticles
corresponding to the same material. These phenomena
are well investigated by Singh [11]. Moreover, Qi [3]
presented a model, analogs to equation (4), for
calculating the melting temperature of nanomaterial. In
this model, a shape factor is considered as an important
parameter for describing the size dependence of the
melting point. Several particle shapes were assumed and
variation of melting temperature as a function of shape
factor and at different sizes has been determined.
Several studies have been established to find the effect
of altering size on the lattice parameter. Experimental
and theoretical studies have proved that lattice
parameter of nanoparticles varies with particle size
[11,12, 32]. Omer [13] presented a model for describing
the effect of size on mean bond length in nanomaterial
and developed an expression for size dependence of
lattice parameter and lattice volume. Hence, the
variation of relative lattice volume has been combined
with a melting temperature of nanoscale particles and
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also developed a formula for bulk modulus dependence
of size [13].

Moreover, Qi [1] assumed that if a particle is taken
out from bulk material having the same structure to
form a nanoparticle, one can visualize that the particle
would have the same structure as that of its bulk
counterpart, Qi [1] proposed that lattice parameter
contracts for isolated nanoparticles and derived an
expression for the variation of lattice parameter with
size and shape. Therefore, the contraction of the lattice
parameter leads to a reduction in the lattice volume of
nanomaterials. Sadaiyandi [14] used the Qi [1] model to
calculate the fraction of wvolume contraction of
nanoparticles of Al, Au, and Ag.

In the present study, the relationship between the
cohesive energy and melting point is used to formulate
equations for size dependence of melting point, Debye
temperature, melting entropy, and heat capacity. The
variation of the above thermodynamic properties for Si
and Au will be the subject of this study. It has been
found that most thermodynamic behavior of
nanoparticles varies proportional to the inverse of the
nanoparticle diameter, as a first approximation except
specific heat capacity for which increases as the particle
size decreases. Experimental and theoretical published
data are contributed to the figures for comparison and
satisfactory consistency is observed.

2. Theoretical detail

2.1 Melting temperature

It has been found that melting temperature for
nanomaterials is significantly smaller than for the bulk
material. Various thermodynamic models have been
investigated for studying the behavior of melting entropy of
nanomaterial [13,15].

The cohesive energy which determines most of
thermodynamic characteristics of materials [16] is a an
essential thermodynamic parameter for deriving a size
dependent formula of melting point, the cohesive energy of
nanomaterial is the sum of the contribution of the surface
atoms and the atoms in the interior, which is written as [1]:

E

total

1
=E0(n-N)+EEON (1)

Where,

E, is the cohesive energy of an atom, n is the number
of atoms comprising the material and N is the number of
atoms occupied the surface. (n-N) is the number of interior
atoms. Eq. (1) is rewritten to express the energy per a mole:

Ao _ pg (1 N)+iAE N
- o 7 o (2)
n n 2n
A is the Avogadro’s number.
AE total /n = E,, is the cohesive energy per a mole of
the nanomaterial.
AE, = Ey; is the cohesive energy per mole of bulk
material.
Eqg. (2) is arranged to form Ex:

N
2n) @)

The cohesive energy is proposed to be linearly related to
the melting temperature [23] therefore, the relation for

E,=E,(1-

246/ Vol. 23 (No. 3)

nanomaterials melting temperature Tn is formulated by the
following:

N
2n) @)

Where, Ty, is the melting point of the bulk state which is
constant. N/2n depends on the size and shape of the
nanomaterials. For nanoparticles N/2n = 2d/D, d is the
atomic diameter and D diameter of the considered

T, =T,(@1-

nanoparticle [1]. Therefore, from Eq. (4), the size
dependence of T, is expressed as:
2d
Tn :Tb(l' D) (5)

Eq.(5) indicates that melting temperature (T,) varies
with the inverse of the diameter (D) of the nanoparticle,
while d is the atomic diameter and depends on the structure
of the material and it is size independent. Xiong [15] used
Gibbs free energy for surface and bulk atoms to formulate
an equation analogue to Eq. (5)

2.2 Debye temperature

The Debye temperature 6p, is an important
thermodynamic quantity, which appears in Debye theory of
specific heat capacity of solid. Debye temperature is
defined mathematically as:

Oy = hﬂ (6)
KB
Where wp is the Debye frequency and Kz is Boltzmann
constant.

For nanomaterials, the amplitude of the vibration of the

surface atoms is higher than that of the bulk atoms and their
vibrational frequencies is smaller in comparison with that of
the bulk material [4,17]. Hence, Eq. (6) predicts that 6p for
nanomaterials decreases as the size is reduced.
Lindemann’s melting theory states that crystals melt when
the root mean square displacement of atoms become greater
than some fractions of the interatomic spaces in the solid,
which can also be valid for nanoparticles. Hence, melting
temperature T, and Debye temperature 6p, for bulk
materials are combined as [18]:

T 1/2
b
HDb oC (Wj (7)

Where, Ty is the melting point of bulk state, M is the
molecular mass, and V is the lattice volume per atom.
Similarly nanomaterial Debye temperature épn is:

T 12
Oy € (—M\/nm ] (8)

Dividing Eq. (8) by Eq. (7) a relationship for 6pn is
obtained:

o0

T v2
(2] 0
b Ty

Ty is constant for an assumed material. From Eq. (5) ébn is
given as a function of particle diameter:

12
2d
Opn = Opp | 1- D

(10)
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Eqg. (10) is used in the current study to evaluate the size
dependent 6p, for Si and Au nanoparticles.

2.3 melting entropy

The melting entropy for nanomaterials has got intensive
attention by researchers [6]. The vibrational entropy of
melting (Svin) for bulk crystals in relating to the melting
temperature, is given below [15]:

3R (T,
Syip = —In| —
2 C

Where, C is constant and R is the gas constant. It has been
stated that the nature of melting of metallic crystals is
vibrational [19] .Therefore, the (Svib) can be equal to (Sm).
Thus, is rewritten for bulk material as follow:

(1)

3R T
S . =—In| 2 (12)
mb 2 (Cj
And for nanomaterials

3R T
S =—1In| = (13)
=202

Smn is the melting entropy of nanomaterials. Logarithm
rules allow relating Egs. (12) - (13) as following:

S.. =S +3Rln Tn
mn mb 2 Tb

It can be deduced from Eq. (14) that Smn of @ nanomaterial
is directly linked to its size dependent melting point Th.
To calculate Smy and from Eqg. (5) we get the following
equation:

S,..=9S +3Rln(l 2dj
mn mb 2 D

The melting entropy model given in Eq. (15) is derived to
apply on nano crystals for which the effects of electronic
melting entropy has vanished. To consider semiconductors,
the model is modified by Safaei [6] in which the
contributions of electronic melting entropy have been taken
into account in the expression of total melting entropy.

(14)

(15)

2.4 Specific heat capacity

An important thermodynamic quantity which is
expected to vary under the influence of changing size of
nanomaterials is the heat capacity. Specific heat is the
amount of energy supplied to rise the temperature of a unit
mass of a material by one degree of Kelvin. In bulk form,
the specific heat capacity of a material depends only on
temperature. However, due to the surface effect, the
specific heat of nanomaterials differs significantly from the
bulk state of the same material.

Many experimental and theoretical studies have been
performed to investigate the effect of size on specific heat.
The specific heat capacity of Pd with the size of 6nm and at
constant pressure is measured and found that its value is
higher than its bulk state value by around of 40% [20].This
implies that in the range of nanoscale size the specific heat
capacity varies with both temperature and size. An
experiment on small lead nanoparticles with sizes 2.2nm
and 3.7nm at low temperature was carries out and showed
significant enhancement in the values of heat capacity [21].
A relationship between specific heat of bulk material Cps
and Debye temperature at constant pressure is obtained, on
the basis of Debye’s theory [7]:
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Cop = = (16)
o
Similarly, for nanomaterials, the expression is:
1
Cpn oC — (17)
HDn
Eq. (16) is divided by Eq. (17) to get this form:
-2
6
Con =Cpp [ﬂJ (18)
Opp

Cpn, Is the specific heat of nanomaterial. Substituting Eq.
(10) in to Eq. (18), The size dependence of Cp, is obtained
in the following relation:

24"
Con =Can| 1=

Eq. (19) represents the nanomaterial specific heat in terms
of its bulk specific heat and as a function of size. For
nanomaterials, Cp, is predicted to rise with decreasing size.
The enhancement in specific heat at small sizes is caused by
a high contribution of the surface atoms of the atomic
thermal vibrational energies.

(19)

Table 1. Input Parameters used in the calculations. S, is
measured in unit of (J/mol. K) and Cgp in unit (J/kg.C)

Elements d(nm)[5] Sms 6p(K) Tmo (K) [5] Cob
Si 0.3368 30 645[22] 1685 712 [23]
Au 0288  9.34 184[25] 1337 129[26]

2.5 Results and discussion

The required parameters in this study are presented in
Tablel. The important thermodynamic properties of nanoscale
materials, such as melting point T,, Debye temperature 8pp,
melting entropy Smn and specific heat capacity Cp, for Si and
Au have been studied.

Eq. (5) was used to evaluate the variation of melting point
with decreasing the diameter D of nanoparticles. Figures 1-2
indicates that melting temperature for Si and Au nanoparticle
drops with the decrease the in the size of the nanoparticle.
From the melting curves, two main trends can be observed. For
diameters D larger than 10nm, melting temperature decreases
steadily with altering size and the curves are appeared nearly
invariant. However, in contrast, the effect of size is very
different where D <10 nm. Melting temperature drops rapidly
with a slight decrease in the particle size below the limit of
10nm. For both considered nanoparticles, when the diameter is
reduced to around 1.5nm the trend of melting point declines to
about half of the bulk value.

Declining in the values of melting point is caused by a high
proportion of the surface atoms contributed from ratio of the
surface area to volume. The high surface to volume ratio
indicated breaking more bonds, since the surface atoms
experience a less interaction with their neighbors than do the
interior atoms.

The present results of melting point of Si and Au have been
compared with experimental and theoretical data, and
substantial agreements can be observed with all results.
Regarding to T, values of Au nanoparticle in the Figure 2, a
better accord with experimental data than that of Si value is
observed for the same size. This can be attributed that Au is a
metal and cohesive energy model well established for metals.
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Figure 1. Melting temperature (T,) at different size
calculated for Si nanoparticle. Experimental data [9] and
theoretical data [13] are reported.
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Figure 2. Melting temperature (T,) at different size
calculated for Au, compared with the experimental
data[10],liquid drop model[27] and mean bonding length
model Omer[28].

Figures 3- 4 represent the results of size dependence of
Debye temperature 6pn for Si and Au nanoparticles
calculated using Eq. (10). It is observed that the p, reduces
non-linearly with the decrease in the diameter of the
particles. One can find that the 6o, alters very slowly with
the particle’s dimension when values of the diameter D are
greater than 10nm. After this limit, Debye temperature
drops sharply for both Si and Au nanoparticles considered
to study. This trend is attributed that as the nanoparticles
size decreases the frequency of vibrations drops and Debye
temperature varies with Debye frequency [6].

Theoretical data of 6p, for Si in Figure 3 and
experimental data of #pn for Au in Figure 4 have been
reported. It can be noticed that our result for Au fits well
with the experimental data. On the other hand, the
theoretical data for Si nanoparticle reported in [29] predicts
a sharp drop in the values of 6p,, in which p, values
approach zero at the diameter of around 1nm.While in the
present model the results of dp, decreases significantly but
do not approach to zero. In addition, the curve of
experimental data of dp, for Au in Figure 4, show that 6pn
does not approach to zero even at lowest value of the
diameter (D) and this confirms our results of dp, calculated
with Eq. (14). On the other hand, the literature data of Opn
for Si has been calculated based on the mean bonding
length variation in which lattice volume is expanded with
decreasing nanoparticle size [29].
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Figure 3. Size dependence of Debye temperature ép, for Si,

calculated in the present work and mean bond length model

data is reported[29].
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Figure 4. Size dependence of 6pn for Au nanoparticles,
calculated in the present work. in comparison with
Experimental data[10].

This model is expanded further to investigate the size
dependence of melting entropy Smn of the nanoparticles. Eq.
(15) predicts that melting entropy drops with the decrease
in particle diameter. Figures 5-6 illustrate the variation of
Smn as a function of diameter for both Silicon and Gold
nanoparticles. For the purpose of comparison, the
theoretical data for Si nanoparticles investigated by Safaei
[6] is presented in Figure5. Safaei determined the size
dependence of Smn for Si by using the theory of size
dependence of electronic components of melting entropy
and its contribution on the overall melting entropy of nano
semiconductors. In Safaei model [6], the contributions of
electrons have been subtracted from the value of melting
entropy calculated with Eq. (15). In Figure 5 the present
results for melting entropy of Si calculated with Eq. (15)
shows a satisfactory agreement with the data of Safai [6] for
considering the effects of electron melting entropy, and
there is only a very little divergence is observed with the
present work. Therefore, Safai data [6] supports our results,
and implies that the present model which derived for metals
could also be used for nano semiconductors.

Moreover, for calculating the above thermodynamic
parameters Tn, Oon and Smn, the critical diameter of the
nanoparticle is important. The critical size (diameter) is D
=3d [13] for nanoparticle. Depending on the atomic
diameter, the critical size for Si and Au are 1.01nm, and Au
0.86nm respectively.
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Figure 5. Variation of melting entropy Sm, with size for Si,
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Further interesting investigation, is the understanding of
specific heat capacity dependence on nanoparticle size. Apart
from the above studied thermodynamic quantities, it is
expected from Eq.(19), that as the size of the nanomaterial is
decreased the specific heat capacity Cp, tends to increase.
Figure 6 shows how the Cp, of Si and Au nanoparticle
increases with the reduction in their diameters. It is shown that
Cpn increases very slightly when the size decreases from 30nm
to 10 nm. While, as the size decreased further from 10nm
towards 2nm, the curves of the specific heat rose dramatically
to around double value of that of the bulk state. Specific heat
of nanomaterial is found to depend on lattice vibrations [30].
There are two vibrations contribute to the specific heat
capacity of nanomaterials, the interior atom vibrations and an
additional surface atom vibrations[31].
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Figure 7. Size dependence of specific heat Cpn for Si,
nanoparticle.
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2.6 Conclusion

This theoretical study is an attempt for understanding
some thermodynamic parameters of nanoparticles which
exhibit to depend on particle size. It is concluded that T,
fon and Smn for nanoparticles are decreased with decreasing
their sizes up to their critical values. In contrast, the specific
heat capacity Cp, is the only thermodynamic quantity which
increases with the decrease in size. Decreasing size above
5nm causes all considered thermodynamic quantities to
change steadily. On the other hand, very drastic variations
happen when sizes approach 2nm. Present results show
good agreements with available experimental and other
theoretical data that have been included for the purpose of
comparison, and they also confirm the validity of this
model. The result in Figure 5 for Si melting entropy in
comparison with the theoretical published data [6], confirm
that Eq. (15) which developed for metals can be applicable
for semiconductors since the effect of electronic melting
entropy is considerably small.
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