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PRODUCT FACTORABLE MULTILINEAR OPERATORS
DEFINED ON SEQUENCE SPACES

Ezgi ERDOGAN

Marmara University, Faculty of Arts and Sciences, Department of Mathematics, TR-34722,
Kadikoy, Istanbul, TURKEY

ABSTRACT. We prove a factorization theorem for multilinear operators acting
in topological products of spaces of (scalar) p-summable sequences through a
product. It is shown that this class of multilinear operators called product fac-
torable maps coincides with the well-known class of the zero product preserving
operators. Due to the factorization, we obtain compactness and summability
properties by using classical functional analysis tools. Besides, we give some
isomorphisms between spaces of linear and multilinear operators, and repre-
sentations of some classes of multilinear maps as n-homogeneous orthogonally
additive polynomials.

1. INTRODUCTION

The objective of the paper is to present a factorization theorem for multilinear
operators defined on the topological product of spaces of p-summable sequences
through the product of (multiple) scalar sequences. Such a factorization has been
studied for multilinear operators defined on Banach algebras and vector lattices, and
in the last years it has been studied for Banach spaces (see [1,/6,12] and references
therein).

Factorization through a product is closely related to a property that is called zero
product preservation, or orthosymmetry in the case of vector lattices, for which or-
thogonality is used to generalize the notion of having product equal to 0, that is
just given for the case of function lattices. This property states that a multilinear
map B : X; X ... x X;, = Y is 0-valued whenever z; ® x; = 0 for some z; € X,
z; € X; (4,7 € {1,2,...,n}), where ® : X; x ... x X,, — G is a specific map
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PRODUCT FACTORABILITY IN SEQUENCE SPACES 1147

called product. For multilinear operators acting in Banach algebras, this factoriza-
tion gives useful results for the weighted homomorphisms and derivations, where
algebraic multiplication is considered as the specific map (see [1,[2] and references
therein). For Riesz spaces, such a factorization is used to obtain interesting results
regarding powers of vector lattices, in which orthogonality is involved (see [4L6} 7]
and references therein).

Recently, the author together with other mathematicians have investigated the
class of multilinear operators acting in the topological product of Banach function
spaces and integrable functions factoring through the pointwise product and the
convolution operation, respectively (see [12114]). Motivated by these ideas, in this
paper we introduce the notion of product factorability for multilinear operators
defined on topological products of spaces of (scalar) p-summable sequences, and we
prove that this class coincides with the class of zero product preserving multilinear
maps.

This paper is organised as follows: after some preliminaries and notations, in
Section 2 we give the definitions of the specific map product and product factorabil-
ity for multilinear operators with a necessary and sufficient requirement. Section
3 includes the main result of the paper, which as we said above, states that for
a particular product and multilinear operators defined on the topological product
of spaces of p-summable sequences, the class of product factorable maps is the
same as the class of zero product preserving maps. In the sequel, some isometries
between multilinear operators and linear operators are presented. Section 4 con-
cerns compactness and summability properties based on classical functional analysis
properties and theorems of product factorable maps. Section 5 is devoted to give
a generalization of the main factorization theorem by using isomorphism between
Banach spaces and /P spaces. In the last section, some isometries between product
factorable multilinear maps and orthogonally additive n-homogeneous polynomials
are given as an application, and the paper is finished with an example related to
diagonal forms.

Throughout the paper, the standard notations from the Banach space theory
are used. Nevertheless, before going any further let us describe some of them. The
capital letters X, Y, Z will denote the Banach spaces over the scalar field K = R or
C. We write Bx for the unit ball of a Banach space X. X* denotes the topological
dual of the Banach space X. The notations £ =Y and F 2 Y mean F and Y are
isometric and isomorphic, respectively.

Operator (linear, multilinear or polynomial) indicates continuous operator.
L(X1 X ... x X,,,Y) denotes the Banach space of n-linear maps endowed with the
norm

||TH = Sup{”T(xlv 73777,)” TS BXi? 1<i< n}

It will be denoted by £™(X; x ... x X,,), respectively, L(X,Y) if Y = R, respectively,
n=1.
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For a positive real number p > 1, /P is the Banach space of all scalar valued
absolutely p-summable sequences with the norm ||(z;)[|, = (352, |24]P)/P and £
shows the Banach space of all bounded sequences endowed with the norm |[|(z;)]|cc =
Sup;en @il

X{1,2,..,m} will denote the sequence {1,71,0,0,0....} and X{;} shows the elements
of standard basis of the space ¢? whose coordinates are all zero, except j** that
equals 1.

For brevity we will write x}-;X; for the Cartesian product space X; x .... x X,
and x™X for the n-fold Cartesian product of the Banach space X.

A linear operator T : X — Y is called (p,q)-summing if there exists a constant
¢ > 0 such that for every choice of the elements 1, ..., z,, € X and for all positive
integers m,

1/q

(iHTWH@)WSk sup (iuxi,x*w)

r*EBx*

The space of (p, ¢)-summing operators from X to Y is denoted by II, ,(X,Y) —
-II,(X,Y), ifp = gq.

Recall that a Banach space E is said to have the Schur property whenever weak
convergent and norm convergent sequences coincide in it. A Banach space E has
the Dunford-Pettis property if every linear operator from E into a Banach space F’
maps weakly compact sets to norm compact ones.

Recall that an (linear, multilinear or polynomial) operator is called (weakly)
compact if it maps the unit ball to a relatively (weakly) compact set.

2. NORM PRESERVING PRODUCTS AND PRODUCT FACTORABILITY

Let X3, X5,...,X,, and Z be Banach spaces. Consider a Banach space valued
n-linear map ® : X7 x Xo X ... x X, — Z written by

(1,2, .oy Ty) ~ B(T1, T2, .00, Tp) =T D T2 ® ... ® T

forall z; € X; (1 =1,2,...,n).

This particular map is called norm preserving product (n.p. product for short)
if the inclusion By C ®(Bx, X Bx, X ... X Bx, ) holds and for every z; € X, (i =
1,...,n) and we have that

n
| ® (z1, 22, ..., Tn)| 7z = inf { H lzil|x, : @) € X4, 1 =1, ...,n},
i=1

where the infimum is taken over all ®(x1,zs,...,2,) = ®(x),zh,...,x}) (see [12
Definition 2.1]) .

Example 1. Some norm preserving products;
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o The usual convolution operation * from the product L?(T) x L%(T) of Hilbert
space of integrable functions to the Wiener algebra W(T) is a norm pre-
serving product (see [11, Remark 2.1] and references there in for the calcu-
lations),

o Let (0,3, 1) be a o-finite measure space and let Y pi = % and p;,r > 1.
Then the pointwise product © defined on LP* () X ... x LP () to L7 (u) is
a norm preserving product (see [12, Section 4]).

A multilinear operator B : X7 X ... x X,, — Y is called ®-factorable for the n.p.
product ® if it can be factored through the product ® : X; x ... x X,, — Z and
a linear operator T : Z — Y such that B(x1,x2,....,2,) = T o ®(x1,%2, ..., Tp) =
T(x1 ®22® ... ®x,) for all z; € X; (i =1,...,n) (see [12, Def. 2.2]).

Thus, for a certain continuous linear operator 1" : Z — Y, the map B admits a
factorization as the form;

X xXox . xX,—B 5V
‘@
¥ T
7

The author proved in [12, Lemma 2.3.] that a necessary and sufficient condition
for the ®-factorability of a multilinear operator B : X7 x Xo X ... x X;, — Y is
given by the existence of a constant k£ > 0 satisfying the following inequality

m
| Btat,.a)
i=1

<kH lerl®..®z" 1
| < ;%@%@ @t (1)

for every finite sets of vectors {xz T, CX;(=12,..,n).
A multilinear map B : X; X Xs X ... Xx X, — Y is called zero product preserving
(or zero ®-preserving) if

B(x1,x9,....,xy) = 0 if 2 ® z; = 0 for some z, € Xy, x; € X

where k, [ € {1,2,...,n} and k # L.

The class of zero ®-preserving multilinear operators is a Banach space endowed
with the usual operator norm. The Banach space of n-linear zero ®-preserving
operators defined on the X; X X5 x ... x X, to Y will be denoted by £ (X7 x X5 x
X X Y.

3. PRODUCT FACTORABILITY OF MULTILINEAR MAPS ACTING IN SEQUENCE
SPACES

Now, we will give the main theorem of the paper that states the class of zero
product preserving maps defined on xj_,¢?* to the Banach space Y are equal to
the class of the product factorable operators.
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Remark 2. Let Y. 1p@ = % for 1 < rp; < oo (i = 1,....,n). The product

© X7 P — L7 defined by

21O @ay = {at (k) -2 (k)12 = {2(k)}2, =z e ("
for all x; € Pi (i = 1,...,n) is a norm preserving product. Indeed, consider a
{z(k)}3, € Bpr. We can write z(k) = [[1_, |z(k)|"/P:sign(x(k)) for all k € N,

where sign denotes the signum function. Since
T/Pi i T/Pi i\ 1/Pi
(k) 7/ sign(a Zux )"/esign(a(k)])

1 i .
= (Y Jz®)") " = @®)I < 1,

we get {|z(k)|"/Pisign(x(k))}S, € P and By C @(ngl X Bypa X ... X Bypn ). Now,

let us show the equality given in the definition of the n.p. product. Take into account

sequences x; = {x'(k)}32, € Pi fori=1,2,...,n such that 11 ® x2 ® ... ©® T, = z.
By the generalization of Holder’s inequlity it is easily seen that

21 © 22 © o © @ully < lz1llps [22]lps -2 llp,-

Now, let us show the inverse. Since for all k, we can write

w(k) = TTiy (k)| sign(a(k)), we get ||(Jo(k)["/P sign(z (k). = | (@(R)]7/"".
Therefore

llr = = ®E)]» = HII k) = HII (k)| /7" sign(@ (k) ;-

Thus, we get ||z|, = 1nf{\|x1||p1||m2||p2...||xn||pn} and ® is an n.p. product from
LPL X P2 X Lo X AP to 4T

Theorem 3. Let > ", p =1 for1<r,p <oo (i=1,..,n). For a multilinear
operator B : x7_ P =Y the followmg statements imply each other.

(1) The opemtm“ B is zero ©®-preserving.

(2) The operator B is ®-factorable.

(3) There is a constant k > 0 such that for every finite sets of sequences
{@}, .yl } ClPi(i=1,2,....,n), the following inequality holds;

m
H ZB(m;,m?, e @)
i=1 Y

Thus, B admits the following factorization for a unique linear operator

(2)

< kHZm} Oz 0.0}
j=1 "

T:0m—=Y;
Xn:lgp; B 1%
: A
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Proof. (1) = (2) Assume that B is zero ®-preserving. Let us write the sequences
zi € P (i =1,2,...,n) in the form z; = {z*(k)}p2, = Y272, *(k)x (s, then

21© e Oan = {2 (B) - 2" (R}, = Y (k) - 2™ (R) - Xy
k=1

Since Xy © xq3 = 0 whenever k # [, the following equality is obtained

B(z1, .oy ) = B( Z ml(kl)x{kl}, . Z x"(kn)x{kn})
ki=1 kn=1
= Z et (k1) - Z xn(kl)B(X{kl]w"'7X{kn})
ki=1 kn=1

=3 @ (k) 2" (B)B(X(hys s X (1))
k=1

k=1

by the zero product preservartion property of B.

For every natural number m, let us define the map By, (z1,....,x,) = B(z1 ©
X{1,....m}s -+ Tn @ Xq1,....my) for all @; € P (i = 1,2,...,n). It is easily seen that
the sequence { By, }5°_; consists of well-defined, multilinear continuous maps. Since
Ti O X{1,my = Ti © 2oy Xiky = doper T (K)X g1y by the zero @-preservation
property of B

Bh(z1,.yxy) = B(z1 © X{1,..;m}s -+ Tn O X{1,.A.,m})
m m
= B( Z j]jl(kl)X{k.l}, veny Z mn(kn)X{kn})
k=1 kn=1
= Z ' (k) - .. Z 2" (kn) B(X{ky s s Xk })
k=1 kn=1
= Zml(k) et In(k)B(X{k}? ---,X{k})

m

k=1 k=1 k=1

Thus, for all m, the map B,, is written as

_ 1 n
B (1, -, 20) = B(Z%‘ Ce X D Xy ZX{j})
j=1 j=1

Jj=1

= B(‘rl ©.0x,O X{l,A..,m}7X{1,...,m}7 "'7X{1,...,m})
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for all x; € (Pi (1 =1,2,...,n).

Now, for all natural number m and every x = z1 ® ... ® z,, define the map
T 0" =Y by T, (z) = Tn(2z1 © ... © ) = Bi(21, ..., p). Then, it is seen that
for all m, the map T,, is well-defined, linear and continuous operator. Indeed, the
linearity is seen by the linearity in the first variable of the map B,,. Let us show
the continuity of the map T),;

[T (@) ly = | Bm (21, ooy zn) Iy
= 1B(@1 © Xq1,....m}s -+ Tn O Xq1,..mpP) Y
< IBllllz1 © xq1,....m3 - 120 © Xqu,. oy
< 1Bzl llzn I,

since this holds for all representations of the sequence z, it is seen that | T, (z)|ly <
| Bl|||z||.- by the definition of n.p. product. For all m, the operator T}, is indepen-
dent of the representation of the sequence z. Indeed, let us assume z = 210...0x, =
) ®...© ), then it is seen that

Tn(21 0. Oan) = B(T1 O oo © Tn O X(1,.m}s X{1,...om}s -+ X{1,....m})
:B(‘(Eﬁ@@x/n@X{l ..... m}aX{l ..... m}v"'aX{l ..... m})
=Tn(z) ®...0z)).

On the other hand, the set of operators {T,,}°_; is pointwise convergent for each
T=x10..0x, € L. By the separate continuity of the multilinear map B, this is
seen as follows;

lim T, (z1 ©...0z,) = lim B,(z1,...,2,)

m— 00

= lim B(z1 O X(1,.m}> 0 O X(1,.m})
:B( lim QX{l,,m}77 lim xn@X{l,,m})
m—00 m— 00

= B(Z1, ..., Tp)-

Thus, {T),(z)}39_, converges to B(x1, ..., 2, ) for all z € £" such that = 10...0z,
for the elements z; € ¢Pi (i = 1,...,n). Let us define the pointwise limit T'(x) =
limy,— o0 T (). Tt is clear that the limit map T is well-defined and linear. Besides
it is continuous by the uniform boundedness theorem.

Summing up, the linear bounded map 7" : " — Y defined by T'(z1 ©® ... ® z,,) =
B(z1, ..., xy,) is the desired map.

(2) = (3) is obtained by Lemma 2.3. given in [12].
Lastly, let us show (3) implies (1). Consider the sequences x; € fPi (i = 1,...,n) such
that xr ® z; = 0 for some different k,! € {1,...,n}. This implies 1 ® ... ® x,, = 0.
Therefore, zero ®-preservation is seen by Inequality given in the statement
(3). O
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The above theorem gives an isometry between the spaces L£{ (X7, Y) and
L, Y).

Theorem 4. The correspondence B «— T is an onto isometry between the Banach
spaces Lf(xT_ 0P Y) and L7, Y).
Particularly for Y =R, we get L§(xD_,0Pi) = (£7)*.

Proof. Tt is easily seen that the map L (xP_1¢Pi,Y) — L(¢",Y) is linear. Now,
let us show the isometry.

1Bl = sup [B(21, s zn)[ly
(Ilv--wxn)EX?:lBZPi
= sup IT(x1 ® ... ©xn)|ly
(xl,...,a:n)exz’;lngi
> sup [Tz]ly = [Tl

z=210...0T, EByr

For the converse inequality;

17| = Sup [Tx]ly = sup [B(z1, ... zn) || < || B,

Byr (T15eTn)EXT_ Byps

where x; = {2°(k)}32, = {|z(k)|"/Pisgn(z(k))}e, foralli=1,..,n

It is easily seen that the map B — T'is onto, since an n-linear map By is obtained
for every linear map 7' by defining T'(z) = B(x1,...,z,) forallz =21 0...0xz, € ("
for the n.p product ® : xJ_ ;7" — (", O

Corollary 5. As a result of the above isometry, the following isometries are given
for particular p; values.

*x LO(X™PY) = L(P/™,Y), where p > n.

* E"( ngn ) £(€1 )
* E”( ngp) (gp/n) — ¢p/(p—n)

Ly(xmer) = (01" = €.

4. COMPACTNESS AND SUMMABILITY INQUIRIES FOR ®O-FACTORABLE MAPS

In this section, we investigate compactness and summability for ®-factorable
multilinear operator that are based on the classical analysis properties and theorems
like Dunford Pettis property, well-known Grothendieck’s theorem or cotype related
properties.

4.1. Compactness of ©-Factorable operators. By the definition of norm pre-
serving product, it is seen that a ®-factorable multilinear map B : X}, — Y
is (weakly) compact if and only if the linear operator T : ¢" — Y appearing in
the factorization is (weakly) compact. Now, we will give more specific compactness
implications for ®-factorable maps.
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Corollary 6. Let > !, p 71 for1 < rp, < o0 andi = 1,...,n. For a ®-
factorable multilinear operator B : X[ P* — 'Y, we have the following compactness
results;

(1) Forr > 1, the map B is weakly compact.
(2) If r =1 and Y is reflexive, then the map B is compact.
(3) For1<s<r<ooandY = (%, the map B is compact.

Proof. (1) This is easily seen by the weakly compactness of the factorization oper-
ator T : {" — Y which is defined on the reflexive space £".

(2) B factors through the linear map T': " — Y that is weakly compact due to
reflexivity of the space Y. In addition, T" —hence B— is compact by the Dunford-
Pettis property of the space ¢'.

(3) Since the linear operator T : {" — ¢ is compact whenever 1 < s < r < o0
by the Pitt’s theorem, the map B is so also (see |9, Chapter 12]). O

Corollary 7. Let > | p =1forl<p <oo(i=1,..,n) andlet B : x}_(Pi —
Y bea® factomble multilinear operator. For a set A C xD_0Pi, B(A) is norm
compact if {1 ©® ... @ Xy 1 (L1, .0, Tp) € P2 X .. X AP} s weakly compact.

Proof. The ®-factorable multilinear operator B factors throug a linear map T :
! — Y. Since ®(A) is weakly compact, B(A) = T o ®(A) is weakly compact.
Hence it is compact by the Dunford-Pettis property of ¢. O

4.2. Summability Properties of ®-Factorable Operators. Now, let us look
at the summability properties of ®-factorable maps.

Theorem 8. Let >, p =1forl1<p;<oo (i=1,..,m). The followings imply
each other for a Hilbert-space valued multilinear map B xp_ 0P — H.

i) The map B is ®-factorable, _ _
ii) There is a constant k > 0 such that for every finite sets {z%,...,x!,} C

Pi(i=1,..,n)
Z HB(x%,,m? H <k sup Z ‘< @...@m?,z’> ,
J=1 2z’ € Byoo j
ili) For all x; € ¢ (i = 1,...,n) there is a regular Borel measure n over Bys
such that
[B(z1, ... z)|lm < K (21 ® ... © 2, 2') | d(2).

Byoo
Besides, B factors through a completely continuous linear operator due to the
Dunford-Pettis property of the space £' whenever one of the aboves holds.

Proof. i)= ii) Since the map B is ®-factorable, it factors through the linear map
T: 0" — H. Since L(¢*, H) = II; (¢}, H) by a result of the Grothendieck’s Theorem,
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we obtain T is a 1-summing operator and thus, B satisfies the inequality given in
statement (ii).

ii) = iii) The integral domination given in the third statement is clearly obtained
by Pietsch Domination Theorem (see [9, Theorem 2.12]).

ili) = 1) If the map B has the integral domination then it is seen that B(z1, ..., )
= 0 whenever z; @ x; = 0 for some different k,1 € {1,...,n}. Thus, B is zero ©-
preserving and it is ®-factorable by the main theorem of the paper. ([l

We obtain a weaker result by considering some cotype-related properties. It is
known that cotype 2 for a Banach space implies the Orlicz property (see [8, Section
8.9]). Assume that Y has Orlicz property and let > -, p =1for 1 <p; < o for
i1 =1,...,n. The following domination inequality holds for an n-linear ®-factorable

mapB.x?:ﬁ’laY
2 1/2
1)< s [ esto0n

(|3,
j=1 ej={-1,1}
for all finite sets {x%,...,20,} C Pi (i =1,...,n).
Lastly, we will give some results for ®-factorable maps that are ¢P-space valued.
We will use Littlewood inequality that states £(¢*,¢4/3) = H4/3’1(€1,€4/3) (see [8L
Section 34.12]): if B is defined on x!_, /P to £*/3 then

4/3\ 3/4 m L
(ZHB 0 ‘4/3) <k sup ;Kxj@ ®:cj,zl>

for all finite sets {’}7, C 71 (i =1,...,n).

5. A GENERALIZATION OF THE (®O-FACTORABLE OPERATORS

Let >0, z% =1 for1 <rp <oo(i=1,..n). Consider n Banach spaces
X; (i =1,...,n) that are isomorphic to ¢?* by the isomorphisms P; : X; — (Pi. Let
us define the product Oxr Pt Xj Xi — " by

_1Pz(f177fn):P1(f1)®QPTL(fn)v fZGXZ

This product can be illustrated by the following diagram,;

@x? 1 Pi
X —
7
n_gpi
><L:1€ i

We will call a multilinear map B : X7 1 X; — Y is zero Ox»_ p,—preserving if

B(f1,..., fn) = 0 whenever @kapl(fk,fl) P.(fr) © P(fi) = 0 for some k,[ €
{1,...,n} such that k # [.
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Theorem 9. Let > ., i =1 for1 <rp < oo (i =1,.,n). Consider the
Banach spaces X; (i = 1,...,n) that are isomorphic to ¢Pi by means of the iso-
morphisms P; : X; — (P, For an n-linear map B : x] 1 X; — Y, the following
statements are equivalent.
(1) The operator B is zero Oxn_ p,—preserving.
(2) The map B is ©xr_ p,—factorable. That is, there is a linear operator T :
" =Y such that B:=T o ®xn_ p,.
(3) There exists a K > 0 such that the inequality below holds for every finite
sets {fi,...fi} C X;(i=1,.,n);

|3 B ) < K| SR 06 Pal)
j=1 j=1

If one of the aboves is satisfied, then B admits the following factorization;

(s

X?:1Xi—>3(
><L1Pi§ T
v
w9 i

Proof. (1) = (2) Let us assume that B is zero ©xn»  p,—preserving and define the
map B = Bo x}?_, P! : x_ /"' — Y. For the sequences z; € P (i € {1,...,n}),
it is seen that B(z1,..,7,) = B o X! P, Y (Pi(f1), ..., Pu(fn)), where Pi(f;) = x;
for f; € X;. Since B is zero Oxn_ p,—preserving, it is obtained that B(z1,..,m,) =
B(f1,..., fn) = 0 whenever z;, ® x; = Py(fx) © P/(f;) = 0 for some k,l € {1,...,n}.
This shows zero ®-preservation of the map B and therefore B is ®-factorable by
Theorem [3] So we have that there is a linear operator T : " — Y such that
B = To®. By the definition of B, we obtain B = Bo(x[_1F;) = To®o(x 1 F;) =
T o®xr_ p,, the desired factorization.

(2) = (3) If the map B is ©®xn_ p,—factorable then the map B = Bo xn Pt
Xi_fPt — Y is O-factorable. Indeed, for the ®x» p, —factorable map B, there is
a linear operator T : /" — Y such that B:=T o Oxr, P, Thus, B=To Oxr P, 0
x?zlP[l. For the elements f; € X; that are P;(f;) = x; € ¢Pi, we get

B(zy,...zn) =To Oxn_ P, O x?:IPi_l(ajl, ey Tp)
=To QX?ZIPi(Pl_l(xl)a "'7Pn_1(x’ﬂ))
=T(P,P; (21) ® ... © PP (2))
=T(x1 ® ... O xy).

This shows, B is ®-factorable. By Lemma 2.3 given in [12] and Theorem |3, the
inequality given in the statement (3) is obtained.
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(3) = (1) It is clear that B is zero ©xn_ p,—preserving under the assumption of
the statement (3). O

6. APPLICATION: REPRESENTATION AS n-HOMOGENEOUS POLYNOMIAL
Recall that an n-linear map B : x"X — Y is called symmetric if
B(xy,...,wn) = B(To(1), o, To(n)) (21, Tn € X)

for any permutation o of the first n natural numbers. L7(x"X,Y) denotes the
space of symmetric multilinear operators defined on X to Y.

Remark 10. Let p > n. It is easily seen that any O-factorable n-linear map
B : x™P — 'Y is symmetric. Indeed, the map B factors through the linear map
T :P/™ =Y and thus

B(zla axn) = T(xl ©...O xn) = T(xa(l) ©.0 xo(n)) = B(:L'U(l), '“,xo(n))

for all x1,...,x, € P by the commutativity of the product ©.

In addition to this, a symmetry is obtained for the general version. Let X be iso-
morphic to the space £P by the isomorphism P : X — (P. Then any @ x» p—factorable
n-linear map B : x"X —'Y 1is symmetric.

Therefore, the following inclusions hold;

o LT(X™P)Y)C LY(x™MPY),
o LT(X"X,Y) C LM X"X,)Y) if X = (7.

We will give a counterexample to show that the symmetry does not imply zero
©-preservation. Consider a bilinear map B : P x (P — R defined by B(x1,x2) =
22:1 xt(k) - 22(k). It is seen that B is symmetric. For the sequences 11 =
(1,1,0,1,0,-1,-1,0,0,...) and z2 = (1,1,1,0,1,1,1,0,0,...) in £P, it is obtained
that x1 ©® x2 = 0 but B(x1,x2) = 2, thus B is not zero ®-preserving.

A map P : X — Y is called n-homogeneous polynomial if it is associated with
an n-linear symmetric map B : X"X — Y such that P(z) = B(z,...,x) for all
x € X. The class of n-homogeneous polynomials is a Banach space under the norm
[P|| = supjzy=1 [|P(x)[]. It will be denoted by P("X,Y). We refer the book [10]
for more information about polynomials.

An n-homogeneous polynomial defined on the Banach algebra X is called or-
thogonally additive if P(x +y) = P(z) + P(y) whenever zy = 0 for z,y € X.
Similarly we will call an n-homogeneous polynomial defined on the Banach space
X orthogonally additive if P(z+y) = P(z)+ P(y) whenever z®y = 0 for z,y € X
and an n.p. product ® We denote by Py("X,Y) the space of n-homogeneous
orthogonally additive polynomials from X to Y. We will write Py("X) for Y = R.

The Banach space of n-homogeneous orthogonally additive polynomials is closely
related to the zero product preserving n-linear operators and several papers can be
found in this direction in the literature (see [3,/5,/12}/15,/16] and references therein).
Now we will give a generalization of the isomorphisms between orthogonally additive
n-homogeneous polynomial forms and sequences given in the papers |15] and [16].
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Theorem 11. Let 1 < n < p < co. There is an onto isometry between the spaces
L(P/™ YY) and Po(™¢?,Y). Particularly, Po("4?) = ((P/™)* for a scalar field range.

Proof. Consider a linear continuous operator T € L(¢?/™,Y). It is seen that T gives
a O-factorable n-linear map Brp : X™? — Y defined by T(z) = T(z1 ® ... ® ) =
B(z1,...,x,) for all z; € (i = 1,...,n) such that 2, ® ... ® z, = = € P/
Due to the symmetry of the ®-factorable map Br, an n-homogeneous polynomial
Pp, : P — Y is obtained such that it is orthogonally additive. Indeed, for all
x,y € 0P

PBT(x+y) = BT(:c+y,,x+y)

= Z (Z) BT(‘T7 k7 z,Y, n:'ka y)
k=0

= BT(‘ra n’x) + BT(ya n’y)
= PBT(x) + PBT(y)‘

whenever z ® y = 0, thus Pp,. is orthogonally additive. Thus the linear correspon-
dence T" — Pp,. defines an orthogonally additive n-homogeneous polynomial Pg,.
for every T by T'(z™) = Pp,(x), where 2™ =2 ® ™ ® x . Let us show the isometry
now.

ITl = sup |Tall= sup |IP@"")|= sup [|P(y)ll=]P].
lellp/n <1 lzt/m |, <1 lyll<1

For the surjectivity, let us consider an orthogonally additive n-homogeneous polyno-
mial P € Py("¢P,Y). This polynomial defines a 1-homogeneous map T by T'(z) =
P(zt/™) for all x = {x(k)}52, € /™ where x1/" = {|z(k)|*/"sign(z(k))}3<, such
that = = {|z(k)|Y/"sign(z(k))- ™ |z (k)|V/ " sign(z(k))}32, = 2 /" oozt € v/,
The map 7 is linear. Indeed, to see this consider the sequences z} = >7" | x'(k) -
Xy and b = >0 @?(k) - x4y defined by the sequences x1, 23 € el

Since (2} + @)™ = 31 (¢ (k) + 2%(k))/™ - X (4}, by using the n-homogenity
and orthogonally additivity of the polynomial P, we get that

T(a} +ah) = P((ah +25)"/") = P(3 (2 (k) + 22 (k)" - x 13
k=1

=D P (k) + 2 (k)Y xpy) = D (' (k) + 22 (k) Pxay)
k=1
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Since 1 = limy, oo Dy ' (k) - xqpp and zg = limp, oo D50y 22(K) - X gy, it 1
obtained that
T(xy+w2) =T( lim 2y + lim a5)
~ lim T(a} +}) = lim (T(a}) + T(a})
=T(z1 + z2).

Thus, every orthogonally additive n-homogeneous polynomial P defines a linear
map T € L(P/™,Y). We can illustrate this isometry by the following diagram;

/P

Pp.
T A,
ya

NG/

" @ /
N T

¢pin

where A,, is the canonical embedding called diagonal mapping from (P to x™¢P
used to define the n-homogeneous polynomials.

Particularly, every n-homogeneous polynomial form P in Py("¢P) is represented
by a sequence in the space ¢#/ (=) 0

Corollary 12. L(/1,Y) = Po("€",Y) and every orthogonally additive n-homogenous
polynomial P : £ — R is represented by a bounded scalar valued sequence.

From Corollary [f] Theorem [T and Corollary [T2] we get the following isometries;
* LO(X™PY) =Po("¢P,Y), where p > n.
* Lo(x™",Y) =Po("™0™,Y)
* Lo (x™P) = Po(")
x LR(x™m) = Po("").

We can give some isomorphisms for the ®«» p—factorable maps as follows;

Corollary 13. Let1 <n <p< oo and P: E — (P is an isomorphism. There is an
isomorphism between the spaces L(P/™Y) and Po("E,Y). Particularly, Po("E) =
(eP/™)* for a scalar field range.

Let us finish the paper with an example.

Example 14. Let > | i = % for 1 <rp; < oo fori=1,..,n. Recall that a
multilinear form B : x?_Pi — C defined by B(x1, ..., Tpn) = Y poy Ok Tp e TF 08
called diagonal operator, where {ay} is a bounded sequence. Clearly, it is seen by the
definition that B(z1,...,x,) = 0 whenever x, ® ; = 0 for some k, 1 € {1,2,...,n}.
Therefore, it is zero product preserving and there is a linear form T : {7 — C such
that B(x1,...,x,) = T(z), where 1 ® .... ® &, = x. Besides, if we consider p; =
... = pp = p, then we obtain that the zero product preserving map B : x"f? — C
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has a factorization through the linear form T : ¢P/™ — C. Since this gives the
symmetry of the form B : x™? — C, we get the diagonal map B is associated with
an orthogonally additive n-homogeneous diagonal polynomial form P : ¢ — C.

REFERENCES

[1] Alaminos, J., Bresar, M., Extremera, J., Villena, A. R., Maps preserving zero products,
Studia Math., 193 (2) (2009), 131-159.

[2] Alaminos, J., Bresar, M., Spenko, S., Villena A. R., Orthogonally additive polynomials and
orthosymmetric maps in Banach algebras with properties A and B, Proceedings of the Edin-
burgh Mathematical Society, 59 (3) (2016), 559-568.

[3] Alaminos, J., Extremera, J., Godoy, M. L. C., Villena, A. R., Orthogonally additive polyno-
mials on convolution algebras associated with a compact group, J Math Anal Appl., 472 (1)
(2019),285-302.

[4] Ben Amor, F., On orthosymmetric bilinear maps, Positivity, 14 (2010), 123-134.

[5] Benyamini, Y., Lassalle, S., Llavona, J. G., Homogeneous orthogonally additive polynomials
on Banach lattices, Bull Lond Math Soc., 383 (2006), 459-469.

[6] Boulabiar, K., Buskes, G., Vector lattice powers: f-algebras and functional calculus, Comm
Algebra., 344 (2006), 1435-1442.

[7] Bu, Q., Buskes, G., Kusraev, A. G., Bilinear Maps on Products of Vector Lattices: A Survey,
In: Boulabiar K., Buskes G., Triki A. (eds) Positivity. Trends in Mathematics, (2007), 97—
126.

[8] Defant, A., Floret, K., Tensor norms and operator ideals, North-Holland Math. Stud. Vol.
176, North-Holland, Amsterdam, Elsevier, 1993.

[9] Diestel, J., Jarchow H., Tonge, A., Absolutely Summing Operators, Vol. 43. Cambridge
University Press, 1995.

[10] Dineen, S., Complex Analysis on Infinite Dimensional Spaces, Springer-Verlag, London, 1999.

[11] Erdogan, E., Calabuig, J. M., Sdnchez Pérez, E. A., Convolution-continuous bilinear operators
acting in Hilbert spaces of integrable functions, Ann. Funct. Anal., 9 (2) (2018), 166-179.

[12] Erdogan, E., Factorization of multilinear operators defined on products of function spaces,
Linear and Multilinear Algebra, (2020), https://dx.doi.org/10.1080/03081087.2020.1715334

[13] Erdogan, E., Gok, O., Convolution Factorability of Bilinear Maps and Integral Representa-
tions, Indag. Math., 29 (5) (2018), 1334-1349.

[14] Erdogan, E., Sanchez Pérez, E. A., Gok, O., Product factorability of integral bilinear opera-
tors on Banach function spaces, Positivity, 23 (3) (2019), 671-696.

[15] Ibort, A., Linares, P., Llavona, J.G., A representation theorem for orthogonally additive
polynomials on Riesz spaces, Rev Mat Complut., 251 (2012), 21-30.

[16] Sundaresan, K., Geometry of spaces of polynomials on Banach lattices in: Applied Geometry
and Discrete Mathematics, DIMACS Ser. Discrete Math. Theoret. Comput. Sci., Amer.
Math. Soc., Providence RI, vol 4 (1991), pp 571-586.



	1. Introduction
	2. Norm Preserving Products and Product Factorability
	3. Product Factorability of Multilinear Maps acting in Sequence Spaces
	4. Compactness and Summability Inquiries for -Factorable Maps
	4.1. Compactness of -Factorable operators
	4.2. Summability Properties of -Factorable Operators

	5. A Generalization of the -Factorable Operators
	6. Application: Representation As n-homogeneous Polynomial
	References

