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Keywords Abstract
Riemannian Solution The object of the present paper is to study the Riemannian solitons on (LC'S),-
(LCS),,-manifold, manifolds and we observed in this case the Riemann soliton on M is shrinking, steady or

expanding according to o® — p being positive, zero or negative respectively. Here also we
discussed the Riemann solitons in (LC'S),,-manifold admitting (i) R-C = 0, R- K = 0,
E-C=0,E-K=0,G(i)R-R=0,R-P=0,R-E=0,R-P*=0,R- M =0,
RW;=0,RW=0,iv)E-R=0,E-P=0,E-E=0,E-P*=0,E- M =0,
E-W;=0and E- W} =0.(foralli =1,2,....9). We found that the Riemann soli-
ton on M is shrinking, steady or expanding according to the conditions (i) a? — p being
positive, zero or negative respectively, (i) [k(n—1) (n — 2) (1+a? — p) — kr —r] being
positive, zero or negative respectively and (iv) a? — p being negative, zero or positive.
But for the condition (iii) the Riemann soliton on M is always steady.

semi-symetric struc-
ture.

1. Introduction

In 1982, R. S. Hamilton [1] first introduced the notion of Ricci flow. This concept generalized to the idea of
Riemann flow ( [2], [3]). Keeping the tune with Ricci soliton, Hirica and Udriste [4] introduced and discussed
Riemann soliton. Recently various geometer like Venkatesha, Devaraja and Aruna ( [5] and [6]) have studied
Riemann soliton. The Ricci flow is an evolution equation for metrics on a Riemannian manifold defined ( [2], [3])
as follows

;’ta () = —2R(g(t)), telo,1], (1)

where G = % g ® g, ® is the Kularni-Nomizu product and R is the Riemann curvature tensor associated to the
metric g. For (0, 2)-tensors «v and (3, the kKulkarni-Nomizu product (« ® [3) is given by

(@ B)(Y,U,V,2) = a,V)B(U,2Z) + (U, 2)B(Y,V)
_a(lfa Z)ﬁ(U7 V) - O‘(Ua V)B(Y7 Z) (2)

The authors Stepanov and Tsyganok [7] characterize the Riemann soliton in terms of infinitesimal harmonic
transformation. The Riemann soliton is a smooth manifold M together with Riemannian metric g that satisfies

2R+ XNg®g)+ (g® £wg) =0, (3)

where W is a potential vector field, £y, denotes the Lie-derivative along the vector field W and A is a constant.
The Riemann soliton also corresponds to the Riemann flow as a fixed point, and on the space of Riemannian
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metric modulo diffeomorphism they can be seen as a dynamic system. A Riemann soliton is called expanding,
steady and shrinking when A > 0, A = 0 and A\ < 0O respectively.

Throughout our manuscript, we denote by (), S and r the Ricci operator, the Ricci curvature tensor and the
scalar curvature, respectively.

Definition 1 Let T and D be two tensors of type (0, 4). A Riemannian (or semi-Riemannian) manifold is said to
be D-semisymmetric type if T(X,Y) - D = 0 forall X, Y € x(M), the set all vector fields of the manifold M
where T'(X,Y) acts on D as derivation of tensor algebra. The above condition is often written as T - D = 0.
Especially, if we consider T' = D = R, then the manifold is called semisymmetric [8]. Details about the
semisymmetry and other conditions of semisymmetry type are available in : [9], [10], [11], [12], [13], [14] and
also references therein.

In 2013, Kundu and Shaikh [15] investigated the equivalency of various geometric structures. They have
established the following conditions:

i) R-C =0and R - K = 0 are equivalent and named such a class by C1;

ii) E-C =0and £ - K = 0 are equivalent and named such a class by Cy,

ipR-R=0R-P=0,R-E=0,R-PP=0,R-M=0,R-W; =0and R-W; = 0 (for all
i =1,2,...,9) are equivalent and named such a class by C's;

vwE-R=0FE-P=0,FE-FE=0,FE-P=0FE-M=0,E-W; =0and E- W = 0 (for
allt = 1,2, ...,9) are equivalent and named such a class by Cy; where the concircular curvature tensor F [16],
conformal curvature tensor C' [17], conharmonic curvature tensor K [18], projective curvature tensor P [16],
M-projective curvature tensor M [19], Wj-curvature tensor, ¢ = 1,2, ...,9( [19], [20], [21]) and W -curvature
tensor, ¢ = 1,2, ...,9 [19] are defined respectively by

BULV) = ROLV) = o (U1 V), 4)

C(ULV) = R(ULV) ~ (U1 Ay QVA) + (QUI A, TA)
oo Ve Wl 5)
K (U,Vh) = R(Ul,Vl)—m[(Ul/\gQW)+(QU1/\g%)], 6)
P(ULVI) = R(ULV)~ = (Ui As VA). ™
ML) = R0V = 5oy [0 4 QW) + (QUL A Vi), ®)
WUV = R(0LVA) = gy (U g QW) ©
Wi U ) = R(ULVD)+ ot (U g QW) (10)
Wi (UL V1) = R(Ul,Vl)—(nil)(Ul/\SVl), (11)
WEUL) = ROV + ot (U As V). (12)
Wa(Un Vi) = R(ULYA) = s (@U g ) (13

Wi (U1, V) = R(Ul,Vl)Jr(nil)[(QUl/\ng)

+ (U1 Ny QV1) — (U1 As V1), (14)
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Wi (UL Vi) = R(ULVI)— (nil)(vl A, QUYL)., (15)

Wi (U ) = R(0LVD)+ s (Vo Ay QUY), (16)

Ws (UL VA) = R(Ul,m—(nil)[(m Ay QV1) — (U1 As V2. (17

W (UL Vi) = RV + s (00 g QU) = (U As ), (18)

Wi (UL V) = R(Ul,vl)+(ni1)[<QU1 Ay V) — (U1 As V2] (19)

Wi (UL V) = ROV = g QUL Ag V) = (U As V), 0)

Wi (UL V) Z1 = R(ULVA)Zi - (nl_l)[g (U1, 2) QVi — g (U1, V1) Q7). @1

Wi V) 21 = RO 21+ oo la (U1 20) QVi - 0 (U0, 1) Q2] 2)

We (U1,V1)Z1 = R(Uy,V1) Zy — (nl—l)[s Vi, Z1) Uy — g (U1, V1) QZ4], (23)
where

(Uy Ap V1) Zy = B(V4, Z1)Uy — B(Uy, Z1) V1. 24)

The present paper is structured as follows. After introduction, in Section 2, we briefly recall some known re-
sults for (LC'S),,-manifolds. In section 3, we discussed Riemann solitons in (LC'S),-manifolds and we obtained
in this case the Riemann soliton on M is shrinking, steady or expanding according to a®> — p being positive, zero
or negative respectively. Here also we studied the Riemann solitons (LC'S),,-manifold admitting R - C' = 0,
R K=0FC=0FE-K=0R-R=0R-P=0,R-E=0,R-PP=0R- M=0,R-W; =0,
R-W/=0FE-R=0,E-P=0,F-E=0,F-PP=0,E-M=0,E-W;=0and E- W} =0.

2. Properties of (LC'S),-manifold

Let (M™, g) be a Lorentzian manifold admitting a unit timelike concircular vector field £, called the characteristic
vector field of the manifold. Then we have

9(&,¢) = -1 (25)
Since £ is a unit concircular vector field, there exists a non-zero 1-form 7 such that for
9(Ur,€) = n(Uh), (26)
the equation of the following form holds
(VuymVi = a[g(Ur, Vi) +n(U)n(V1)], 27)

for all vector fields Uy, V1, where V denotes the operator of covariant differentiation with respect to the Lorentzian
metric g and «v is a non-zero scalar function, which satisfies

Vu,a = (Ura) = da(Uy) = pn(Uy), (28)
p being a certain scalar function. If we put
Uy = élefy (29)
then from (27) and (29) we get
Ui = Ur +n(Uh)¢, (30)
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from which it follows that ¢ is a symmetric (1, 1) tensor field. Thus the Lorentzian manifold M" together with
the unit timelike concircular vector field &, its associated 1-form 7 and the (1, 1) tensor field ¢ is said to be a
Lorentzian concircular structure manifold, in brief, (LC'S),,-manifold. In an (LC'S),-manifold, the following

relations hold:

() =—-1, po&=0,
n(oU1) =0, g(¢U,¢V1) = g(Ur, Vi) + n(Ur)n(V1),
n(R(U1,V1)Z1) = (o® = p)lg(Vi, Z1)n(Uh) — g(Us, Z)n(Vh)],
R(UL, V)¢ = (a® = p)[n(Vi)Ur = n(U) VA,
R(E,Un)V1 = (a® = p)[g(U1, V)€ = n(Vi)UL],

S(U1,8) = (n—1)(a® — p)n(U),

for any vector fields Uy, Vi, Z1.
In view of (33), from (4), (5), (6), (7) and (24) one can easily bring out the followings:

9(C(U1,V1)Z1,€)
= n(C(U1,V1)Z1)
T 9 (n—1)
e e oy

9O Zn(V)] 5 [S(Va, Za)(h) — S(Oh, Zn(a)],

} lg(V1, Z1)n(Uy)

g(K (U1, V1)Z4,§)
= n(K(U1,V1)Z1))

_ o — o) — (n—1)
1

I [S(V1, Z1)n(Ur) — S(Ur, Z1)n(V1)],

] [9(V1, Z1)n(Ur) — g(Uy, Z1)n(V1)]

g(E(Uy,V1)Z1,€)
= n(EU,V1)Z1)
— |@-n-

s o 200w = gon, zonra)
g(P(U1,V1)Z1,€)
= n(P(Ulv‘/l)Zl)

(a® = p)lg(Vi, Z1)n(Ur) — g(Ux, Z1)n(V1))]

_ ﬁ[s(vl, ZV)n(Uh) — S(Uv, Z1)n(V1))].

€2y

(32)

(33)

(34)

(33)

(36)

(37

(38)

(39)

(40)

Definition 2 An n-dimensional (LC'S),,-manifold is said to be an n-Einstein manifold if the Ricci curvature tensor

S is of the form
S=ag+bn®mn,

where a and b are smooth functions on M"™ and 7 is a 1-form.

In particular, if b = 0, then M™ is said to be an Einstein manifold.
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3. Riemann solitons admitting semi-symmetric strucres in (LC'S),,-manifolds

In this section we consider a (LC'S),,-manifold (M™", g, ¢, £, ) admits an Riemann soliton. Then taking account
(2), into (3), we obtain

0
= 2R(Y1,U1, Vi, Z1) +2X[g (Y1,V1) g (U1, Z1) — g (Y1, Z1) g (U, V1))
+1g (Y1, V1) £eg (Ur, Z1) + g (Ur, Z1) £eg (Y1, V1) — g (Y1, Z1) £eg (U, Vi) — g (U1, V1) £eg (Y1, ZA))

Now, we express the Lie derivative along £ on M as follows:

(£eg) (Ur, 1)
Le (9 (U, V1)) — g (£eUr, Vi) — g (Ur, ££V1)
= Leg (U, V1) —g (6, U], V1) — g (Uy, [€, V1)) . (42)

Now using (29) in the foregoing equation we obtain
(Leg) (U, V1) = 2ag (¢U1, V1) . (43)
By using (43) into (41), we get

0
= 2R, U, V1, Z1) +2X[g (Y1, V1) g (Ur, Z1) — g (Y1, Z1) g (Up, Vi)
+[20ég (¢U17 Zl)g (Ylv ‘/1) + 20&9 <¢Y17 ‘/i)g (Ula Zl)
_2ag (d)Ul: Vvl)g (Yi, Zl) - 20[g <¢’Y17 Zl)g (Ula Vi)] (44)

By the suitable contraction of (45), we get

0
= SULV)+NA-n)+a2=n)]gU,V)+a-n)nlU)n V1), (45)

Taking U; = Vi = £ in (45), we obtain
A= —(a?® —p). (46)

Thus we can state

Theorem 1 If (g, ¢, &, 1) is a Riemann soliton on (LC'S),,-manifold, then it is shrinking, steady or expanding
according to the condition o> — p being positive, zero or negative respectively.

3.1. Riemann solitons on (LC'S),-manifolds admitting the class C';

Here, we consider (LC'S),,-manifolds admitting the condition
(R(U1,W1) - C)(X1,Y1)Z1 =0,
which implies

g(R(&,V1)C(X1,Y1)Z1,€) — g(C(R(E, V1) X1, Y1) 21, €)
—g(C (X1, R(§,V1)Y1) Z1,§) — g(C (X1, Y1) R(§, V1) Z1,§) = 0. (47)

Putting V; = X = e; in (47) and taking the summation over ¢, 1 < i < n, we get
Zg éaez e’u}/l Zla Zg faez ezyyl)Zlyg)

—Zg (i, R(E, €)Y1) 21, €) Zg (e1, YI)R(E, €0) 71, €) = 0. (48)
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In view of (31)-(36) and (37), (48) reduces to

(n+1)S(Y1, Z1)
= [r+(@=p)(n=1)(n-2)—(n—1)*] g1, Z1)

+r = (n = 1)(@* = p+n+ Dn(Y1)n(Z1). (49)
In view of (45), (49) takes the form
0
= [r+(@-p)n—1)n-2)—(n-1)+A(n+1)(1-n)+ n+1)a(2-n)g(Yi,Z)
+r—(n—-1D@®—p+n+1)+a®m+1)2—n)nY)n(Z). (50)
Replacing Y7, Z1 by & in (50), we get
AMn+1)=(@®—p+n+1)+(a*—p)(n—2)— (n—1)% (51)

Thus, we state the following theorem.

Theorem 2 If (g, ¢, & 1) is a Riemann soliton on (LCS),-manifold M™ admitting the class C4, then it is
shrinking, steady or expanding according to the condition [(a* — p+n+1) + (a? — p)(n —2) — (n — 1)?]
being negative, zero or positive respectively.
3.2. Riemann solitons on (LC'S),-manifolds admitting the class C,
Here, we consider (LC'S),,manifolds admitting the condition
(E(U1,V1) - K)(X1,Y1)Z1 = 0,
which implies

g(E(EV1)K(X1,Y1)Z1,8) — g(K(E(§, V1) X1, Y1) Z1,€6)
—g9(K(X1, E(§,V1)Y1)Z1,§) — g(K (X1, Y1)E(§,V1)Z1,6) = 0. (52)

Putting V; = X1 = e; in (52) and taking the summation over 7, 1 <17 < n, we get

Zg gaez 627Y1 Zla Zg £aez 617}/1)Z17£)

—Zg (es, B(§, €)Y1) 21, €) Zg (ei, Y1) E(E, €:) Z1,€) = 0. (53)
Using (31)-(36) and (38), (39), in (53), we obtain
g SR 21) = [ R = 3a(v1. )
= Fn—3)+kn— 1)1 +a— )~ " n(vin(2), 54)
where
b=(a? =) - )

In view of (45), (54) takes the form
A+ K —3) (n—2)] + (0~ DAL —n) + (2 n)]} g(¥i, Z)
= [F*(n—=3)(n—2)+k(n—-1)(n—-2)(1+a” - p) —kr +a(n—1)(2—n)nM1)n(Z). (55
Replacing Y7, Z; by £ in (55)
A(n—1)°
= —[k(n—=1)(n—-2)1+a®—p) —kr—r]. (56)

Thus, we state the following theorem.
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Theorem 3 If (g, ¢, & n) is a Riemann soliton on (LCS),-manifold M" admitting the class Cy, then it is
shrinking, steady or expanding according to the condition [k(n — 1) (n —2) (1 + o — p) — kr — r| being
positive, zero or negative respectively.

3.3. Riemann solitons on (LC'S),-manifolds admitting the class (5

Here, we consider (LC'S),,-manifolds admitting the condition
(R(Ula ‘/1) : R)(Xla Y'I)Zl = Oa
which implies

g(R(§, V1) R(X1,Y1)Z1,§) — g(R(R(E, V1) X1, Y1) 21, €)
—g9(R(X1, R(§,V1)Y1) 21, &) — g(R(X1, Y1) R(&, V1) Z1,€) = 0. (57)

Setting Vi = X3 = e; in (57), where {e1, €2, €3, ..., €51, €, = £} is an orthonormal basis of the tangent space
at each point of the manifold M™ and taking the summation over ¢, 1 < ¢ < n, we get

Zg (&, e:)R(ei, Y1) 21, €) Zg R(€, ei)ei, Y1) 21, )

—Zg (ei, R(E, €)Y1) 21, §) Zg (e, Y1) R(E, €) Z1,€) = 0. (58)

Using (31)-(36) in (58), finally we obtain
S(Y1,Z1) = =2(a® = p)lg(Y1, Z1) + n(Y1)n(Z1)). (9
In view of (45), (59) takes the form

0
= DA-n)+a@-n)-20*-p]g(¥1,2) + [a(2—n) —2(a* - p)]n(Y1)n(Z1). (©60)

Setting Y7 = Z7 = £ in (60), we get
A=0. (61)

Thus, we state the following theorem.

Theorem 4 If(g, ¢, £, n) is a Riemann soliton on (LC'S),,-manifold M™ admitting the class C's, then the Riemann
soliton on M is always steady.

3.4. Riemann solitons on (LC'S),-manifolds admitting the class C;

Here, we consider (LC'S),,-manifolds admitting the condition
(E(U1,V1) - R)(X1,Y1)Z, =0,
which implies

g(E(& V1) R(X1,Y1)Z1,8) — g(R(E(E, V1) X1, Y1) 21, €)
—g(R(X1, E(§,V1)Y1)Z1,§) — g(R(X1, Y1) E(§, V1) Z1,§) = 0. (62)

Setting V; = X7 = e; in (62) and taking the summation over i, 1 < i < n, we get
n
> 9(E(& e)R(ei Y1) 21, €) Zg E(&, ei)e;, Y1) Z1,€)
i=1

—> 9(R(ei, E(¢,e)Y1) 21, ) Zg (e, Y1) E(E, ) Z1,€) = 0. (63)
=1
78



Das et al. CUIJSE 18(2): 072-080 (2021)

Using (31)-(36) and (39) in (63), we obtain

S(Y1,21) = (n—1)(e” = p)g(Y1, Z1). (64)
In view of (45), (64) takes the form
0
= M1-n)+a@-n)+(n-1)(a®-p)] gV, Z1) +a(2—n)nU)n(V1). (65)
Replacing Y7, Z1 by £ in (65)
A= (a® —p). (66)

Thus, we state the following theorems.

Theorem 5 If (g, ¢, & 1) is a Riemann soliton on (LCS),,-manifold M™ admitting the class Cy, then it is
shrinking, steady or expanding according to the condition o — p being negative, zero or positive respectively.

4. Conclusion

As the semi-symmetric structures (i) R - C' = 0 and R - K = 0 are equivalent, (ii)) £ - C =0and £ - K = 0 are
equivalent, (iii) R- R=0,R-P=0,R-E=0,R-P"=0,R-M=0,R-W; =0and R-W; = 0 (for
alli =1,2,...,9) are equivalent, iv) E- R=0,F-P=0,FE-E=0,F-PP=0FE- M=0,E-W;, =0
and /- W' = 0 (forall : = 1,2,...,9) are equivalent, so in a single stroke the properties of Riemann solitons
admitting all the semi-symmetric structures have been discussed easily.
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