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Abstract

By employing the Saigo k-fractional integral operators, some new inequalities for the Chebyshev functional
are formulated for two synchronous functions in this article. Further generalisations of these inequalities,
including three monotonous functions, are also mentioned. In addition, as special cases of our key results,
inequalities for the Chebyshev functional about Saigo fractional integrals are obtained. The main results are
of a general nature and, as a special case, give rise to integral inequalities describing the Saigo’s, Riemann-
Liouville and Erdélyi-Kober fractional integral operators referred to the literature.
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1. Introduction and Preliminaries

Fractional integral inequalities become important in determining the validity of solutions for certain par-
tial differential fractional equations. They often describe upper and lower limits for the solutions to problems
with fractional boundary value. These implications, involving fractional calculus operators, have directed
numerous studies in the context of integral inequalities to investigate other extensions and generalizations
[12], 18, 19, 20} 22, 26]. For a comprehensive overview of the different applications of fractional integral
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inequalities, attention can be made to |1}, 2 [3, 5], 6, 10, 14] 15 16, 17, 28] as well as the references listed in
it.

Chebyshev [§] introduced and defined a functional for two functions F and G, which are synchronous and
integrable on the interval [m, n| as follows:

T(F, G) = — / " F0)G(w)dw

n—m J,
1

(2 [ Fae) (2 [ gras). n

where, functions F and G are synchronous, if for any ¢,n € [0,00) the following inequality holds:

{(F () = Fm) (G([) =G} = 0. (2)

The Chebyshev functional has been widely used in the theory of fractional integral inequalities, science
and engineering fields. Therefore, it has attracted the attention of many researchers [7), 13, 23]. Before
describing the main results, we recollect a few definitions and results of fractional calculus available in the
literature.

Recently, Gupta and Parihar [11] introduced and defined Saigo k-fractional integral involving k-hypergeometric
function for x € RT, w,&,v € C, R(w) > 0 and k > 0 as:

—w—¢ =
I“)’Evﬁ/ — T k / —_ E)_l
(5577) Kon() J, @O

<2 (04 €0, (s (o (1= 2) ) 7o) 3)

X

and

(If:%7f> T = kl“kl(w) /:O(t _ )il s
X 2F1k <(‘*’ +&k), (=7, k); (w, k); (1 - %)) F(t) dt, (@)

where, the k-hypergeometric function 2F  ((w, k), (§,k); (7, k); z) is defined in series as well as in integral
form under the same set of conditions setout in [21] as follows:

. ) — — (@)1 k(O k2
2F1,k: ((w> k)’ (57 k‘), (77 k)v ) - ; (7)1,1@ ! (5)

_ L'r(v)
kLk(§)T(y =€

and k-gamma function [9], T'x(z), is given as:

) /Olti—la )N — kat) R (6)

o0 tk
Ti(z) = /0 t*"le~®dt, zeC. (7)

The generalized k-fractional calculus operators have benefit that they generalizes Saigo’s fractional integral
and derivative operators, therefore number authors labeled this as a general operator. For recent work,
one can see [27]. Further, it is interesting to note that for £ = 1, equations to reduce into Saigo’s
fractional order integral operators [25], equations (5)) to @ reduce into hypergeometric function and equation
reduces into gamma function.

The below stated Lemma is a well known result [I1], it will be utilized in the consequent theorems.
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Lemma 1.1. Let w,&,v € C and R(w) > 0, k € RT(0,00) such that R(9) > maz [0, R(€ — )], then

oy K TR0 —€47)2's L
(150 = Zrkw TR0 +w+7) a

The purpose of this analysis is to obtain some integral inequalities of the Chebyshev form associated with
the Saigo k-fractional integral operators.

2. Main Results

Here, the Chebyshev type inequalities associated with the Saigo k-fractional integral operator are defined.
Throughout the paper we considered F and G as synchronous functions defined on the interval [0, c0).

Theorem 2.1. Ifz >0, w > maz {0,—&}, E <k and £ — k <~ <0, then

(507 0) @ane) > (157) @) (1559) @), 9)

ey

o0

B E' Tk —E+~)a™h
where, Ay(x) = ;}Fk(k Ok +w+ 7)'

Proof. The inequality yields that

FOGEQ) +FmGn) = F(QG(n) + Fm)G(C)- (10)
Counsider
x%ﬁg xr — %_1
F(a. () k(rk@f) x 2Fy 1 <(w €, k), (=, k); (w, k); (1 - i))
L @=Qf ! @+ @ - QF
Rlp(w) o 55 kDp(w + k) =k
(W+W+E+R) (=) (=7 +k) (@ = OF "
* kT (w + 2K) of e+ T (11)

Note that the function F(x, () stays positive, for all ¢ € (0,z) (x > 0) considering the conditions stated in
Theorem 2.1l
Now, multiply by F(z,¢) (given in (11)) and integrating from 0 to = with respect to ¢, with the help

of , we get

(5207 6) () + Fatn) (B (@) =

Gn) (1557 F) (@) + F) (15579) (@). (12)
Next, multiply by F(z,n) (n € (0,z), x > 0) and integrating with respect to n from 0 to z, and using
formula (8)(when ¥ = k), we obtain the result (9). O

Theorem 2.2. If x > 0, a > maz {0,—8}, w > maz {0, ¢}, B, <k, f—k<n<0and{—k<~vy<O0,
then

(Igf’z ) () Br(z) + ( I F ) (2)Ag(x) >
(157507) @ (15:509) @) + (1550 F) @) (15509) (@), 13)

oo B
E

B k' Tk —B+mn)a”
where, By,(x) = ;Fk(k‘ — B)lk(k + o+

] and Ay (z) is defined in Theorem .
n
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Proof. Multiply both sides of by

lfl“:;:) (x—n)F ! x oI 1, ((a + 6, k), (=, k); (a, k); (1 - g)) ) (14)

Function given by above equation stays positive in the light of the above claims in the proof of Theorem
and stated conditions in Theorem Next, integrate the resulting inequality from 0 to x with respect
to 7, we get

(550) @) (L5 F 6) @) + (1501) @) (1670 F 6) (@) =

(1550 F) @) (15779) @) + (15750 F) () (15579 (@), (15)
which on using the result (8)(when ¥ = k) gives the result (14). O

Remark 2.1. By substituting o = w, =& and n =~ in Theorem it reduces into Theorem [2.1]
Theorem 2.3. Ifz >0, w > maz {0,—&}, £ <k and £ — k <~ <0, then

( I Hf ) =11 (1557 m) @), (16)
where, Ay (x) is defined in Theorem [2.1]
Proof. We will prove this with the help of induction. Obviously, we have for n = 1 in (|16)

(Igjf’,;’]-'l(t)) (z) > <Igfgf1(t)) (z) (z > 0,w > 0).

Next, for n = 2, in (16, we get

Dyl .
Zkr Tk kﬁ Fk(gkttg ¢ (ERAROR) @

> (150 A0) @) (55 F0) @),

that holds the Theorem in view of @
By the theory of induction we assume the inequality

n—2
. Lr(k—E&+7) _£ Wi,
!Z’f Th(k— EFk(kz+w+7)x ] <0+’3HF >

1

Ead

n

> [1 (550 70) @), a7
i=1
holds true for n > 2.
n
Now, H.E-(t) is an increasing function as F; (i = 1,--- ,n) are increasing functions. We then add the
= n—1
Theorem ’s inequality to the H]—",(t) = g and F,, = f functions in order to get
i=1

n—1
r Fkk £+’Y) —% w,&y -
[Zk ok — gl“k(k+w+’y)x ] <I EF’ )
n—1

> [T (55070) @) (55 7.0) @), as)

i=1
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provided that x > 0, w > max {0, —¢}, £ <k, £ —k <~y <O.
Using in , we land the inequality . O

Remark 2.2. If we substitute k = 1 into Theorems to then theorems reduced into the Chebyshev
type inequalities involving Saigo fractional integral operator (see, Purohit and Raina [23]).

Theorem 2.4. If x >0, w > maz {0, =&}, E <k, £ —k <~y <0 and H >0, then
(1250 F GH) @A) > (155 F) (@) (18576 H) (2)
+ (15509) @) (57 1) @) = (15571) (@) (1557 7 9) (@), (19)
where, Ay(x) defined in Theorem [2.1]
Proof. Given H > 0, for all {,n > 0, using (2)), we obtain

{(F(Q) = Fm) (G(C) —G(n) (H(C) +H(n)} >0,
which refer that

FQOGOHC) + F)GmH(n) = F(OGm)H ) + F(n)G()H(C)
+G(OF (mH(n) + G(n) F(OH(C )—H(C)f(n)g(n) — H(n)F(G(C)- (20)
)

Now, multlply. by F(z,(
we get

(F£07 1) @) + Fipgpn) (1557 1) (@)
Gy ) (I57F) (@) + Fn) (15570 M) ()
+FHM) (15579) @) + 90 (1557 F ) (@)

(given in (11)) and integrating from 0 to x with respect to ¢, and using (3],

~Fmgn) (M) (@) - 1) (F5FG) (@), (21)
Next, multiply by F(z,n) (n € (0,z), 2 > 0) (defined in (11))) and then integrate with respect to 7 from
0 to z, and using formula (8)(when ¢ = k), we get the desired result (19). O

Theorem 2.5. If x > 0, a > maz {0,—8}, w > maz {0, ¢}, B, <k, B—k<n<0,§—k<~vy<0 and
H >0, then

(15577 G 1) (@)By(@) + (570 F GH) (@) Ag(w) =
(1550 7) @) ( ofk? ) (2)+ (1557 F) @) (1570 1) (@)
+ (15709) @) (B51F ) (@) + (15579 @) (157507 ) (@)
— (1850m) @) (18507 9) @) = (15 @) (16707 6) (), (22)
where, Ay(z) and By(x) are defined in Theorems [2.1) and 2.3, respectively,

Proof. Multiply by which stays positive under the conditions setout in Theorem Next, integrate
the derived inequality with respect to n from 0 to x, we obtain

(5250) (@) (G50 F o) @) + (15501) (@) (50 F 6 1) (@)
(I(‘)Uf,’/:f) (2) ( 155G H) ( Ofi:n]:) ( G ) ()
+<150f’13 ) z ((()Jfkn]:H) (Ofkn ) (05’13}-7'[) (z)

- () @) (18507 6) @) - (150) @) (157 6) (@), (23
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which on using the result (8)(when ¥ = k) yields the desired result (22)). O

Theorem 2.6. Let monotonic functions F, G and H defined on [0,00) satisfy the inequality
{(F(Q) = Fm) (G(¢) = G(n)) (H(C) = H(n)} =0, (24)

and if x > 0, a > maz {0, -5}, w > maz {0, ¢}, B, <k, f—k<n<0,and { —k <~ <0, then
( W EG H) (2)By () — ( eI G 7—[) (2) Ap(z) >
(5250 F) @) (I576 1) @) - (150 F) @) (5506 ) (@)
+(7106) @) (B F 1) @) - (5526) @) (50 F #) ()
+ (1370w ) (15577 6) @) - (12577 @) (18707 6) (@), (25)
where, Ay(x) and By(x) are defined in Theorems[2.1] and 2.9, respectively.

Proof. Equation implies that

FOGQH) = FmG(n)H(n) = F(n)G(H(C) — F(OG(n)H(n)
+G()F(OHC) = G(OF () H(n) + H(n)F(QG(C) — H(OF(n)G(n). (26)

Now, Multiply by F(z,() (defined in (11))) and then integrate with respect to ¢ from 0 to z, and using
, we obtain

(507 GH) (0) = Fopg () (Tei 1) (@) >
Fo) (576 H1) () = Gy (155 F) @)
+6(n) (157 F M) (2) = FiyHn) (15579) (2)
1) (I35 F G) (2) = Flg(n) (I557#) (). (27)

Next, Multiply . by (|14)) which stays positive by virtue of the conditions setout in Theorem Integrate
the resulting inequality so obtained with respect to i from 0 to =, we obtain

(1525m) @) (15577 6 #) (@) — (15501) () (170 F G ) () >

(16707) @) (559 M) @) = (550 7) @) (BP9 M) (@)

( Of’k’?g) < ) (IS0 F H) ( 15506 ) T ( ) (1550 F 7'[) ()

+ () @) (5 F ) (@)~ (I55m) @) (157707 ) o (28)
which on using the result (8)(when ¢ = k) yields the desired result (25). O

Remark 2.3. Again, if we substitute k = 1 into Theorems to then theorems reduced into the
inequalities involving Saigo fractional integral operators (see, Purohit, Ucar and Yadav [Z])]).
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3. Concluding Remark

Here, we have described some inequalities involving Saigo k-fractional integrals. The inequalities have
been derived by taking account of the Chebyshev functional. Further generalizations of these inequalities
are often mentioned, containing three monotonic functions. We have also find the results associated with
the inequalities involve Saigo fractional integral as particular cases. The generalized operators of k-fractional
calculus have the benefit of generalizing Saigo’s, Riemann-Liouville and Erdélyi-Kober fractional integral
and derivative operators, so several researchers term this a general operator. We summarize this study by
stressing that several other fascinating integral inequalities can be obtained from our leading findings as the
particular cases.

Declarations

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Funding
None

Author’s contributions
All authors contributed equally to the writing of this paper. All authors read and approved the final
manuscript.

Acknowledgements
The authors would like to express their appreciation to the referees and editor for their valuable suggestions,
which helped to achieve better presentation of this paper.

References

[1] T. Abdeljawad, Q.M. Al-Mdallal and F. Jarad, Fractional logistic models in the frame of fractional operators generated by
conformable derivatives, Chaos, Solitons and Fractals, 119(4), (2019), 94-101.
[2] T. Abdeljawad, M.A. Hajji, Q. Al-Mdallal and F. Jarad, Analysis of some generalized ABC-Fractional logistic models,
Alexandria Engineering Journal, 59(4), (2020), 2141-2148.
[3] M.A. Alqudah, T. Abdeljawad, Eiman, K. Shah, F. Jarad and Q. Al-Mdalla, Existence theory and approximate solution
to prey-predator coupled system involving nonsingular kernel type derivative, Adv. Difference Equ., 2020 (2020): 520.
[4] Ritu Agarwal, M.P. Yadav, D. Baleanu, S.D. Purohit, Existence and uniqueness of miscible flow equation through porous
media with a nonsingular fractional derivative, AIMS Mathematics, 5(2) (2020), 1062-1073.
[5] A. Alshabanat, M. Jleli, S. Kumar and B. Samet, Generalization of Caputo-Fabrizio fractional derivative and applications
to electrical circuits, Front. Phys., 8 (2020), Art. 64.
[6] G.A. Anastassiou, Advances on Fractional Inequalities, Springer Briefs in Mathematics; Springer: New York, NY, USA,
2011.
[7] S. Belarbi and Z. Dahmani, On some new fractional integral inequalities, J. Inequal. Pure Appl. Math., 10(3) (2009), Art.
86, 5 pp (electronic).
[8] P.L. Chebyshev, Sur les expressions approximatives des integrales definies par les autres prises entre les me mes limites,
Proc. Math. Soc. Charkov., 2 (1882), 93-98.
[9] R. Diaz and E. Pariguan, On hypergeometric functions and Pochhammer k-symbol, Divulg. Mat., 15 (2007), 179-192.
[10] B. Ghanbari, S. Kumar and R. Kumar, A study of behaviour for immune and tumor cells in immunogenetic tumour model
with non-singular fractional derivative, Chaos Solit Fract., 133 (2020), Art. 109619.
[11] A. Gupta and C.L. Parihar, Saigo’s k-fractional calculus operators, Malaya J. Mat., 5 (2017), 494-504.
[12] S. Joshi, E. Mittal, R.M. Pandey and S.D. Purohit, Some Gruss type inequalities involving generalized fractional integral
operator, Bull. Transilv. Univ. Bragov, Ser. III, Math. Inform. Phys., 12(61) 1 (2019), 41-52.
[13] S.L. Kalla and A. Rao, On Griiss type inequality for hypergeometric fractional integrals, Le Matematiche, 66(1) (2011),
57-64.
[14] D. Kumar, J. Singh, S.D. Purohit and R. Swroop, A hybrid analytic algorithm for nonlinear wave-like equations, Math.
Model. Nat. Phenom., 14 (2019) Art. 304.



K. Jangid et al., Adv. Theory Nonlinear Anal. Appl. 4 (2020), 252-259. 259

[15]
[16]
[17]
18]
[19]
[20]
[21]
122]
[23]
[24]
125]
[26]
[27]

28]

A. Kumar and S. Kumar, A modified analytical approach for fractional discrete KdV equations arising in particle vibrations,
Proc. Natl. Acad. Sci. India, Sect. A, Phys. Sci., 88 (2018), 95-106.

S. Kumar, A new fractional modeling arising in engineering sciences and its analytical approximate solution, Alex. Engg.
Journal, 52(4) (2013), 813-819.

S. Kumar, A. Kumar, S. Abbas, M.A. Qurashi and D. Baleanu, A modified analytical approach with existence and
uniqueness for fractional Cauchy reaction-diffusion equations, Adv. Differ. Equ., 2020 (2020), Art. 28.

A .M. Mishra, D. Baleanu, F. Tchier and S.D. Purohit, Certain results comprising the weighted Chebyshev functional using
Pathway fractional integrals, Mathematics, 7(10) (2019), Art. 896.

A .M. Mishra, D. Kumar and S.D. Purohit, Unified integral inequalities comprising pathway operators, AIMS Mathematics,
5(1) (2020), 399-407.

N. Menaria, F. Ucar and S.D. Purohit, Certain new integral inequalities involving Erdelyi-Kober operators, Prog. Fract.
Diff. Appl., 3(2) (2017), 1-7.

S. Mubeen, G.M. Habibullah, An integral representation of some k-hypergeometric functions, Int. J. Contemp. Math. Sci.,
7 (2012), 203—-207.

S.D. Purohit, N. Jolly, M.K. Bansal, J. Singh and D. Kumar, Chebyshev type inequalities involving the fractional integral
operator containing multi-index Mittag-Leffler function in the kernel, Appl. Appl. Math. Spec. Issue 6 (2020), 29-38.
S.D. Purohit and R.K. Raina, Chebyshev type inequalities for the saigo fractional integrals and their g-analogues, J. Math.
Inequal., 7(2) (2013), 239-249.

S.D. Purohit, F. Ucar and R.K. Yadav, On fractional integral inequalities and their g-analogues, Revista Tecno-Cientifica
URU, 6 (2014), 53-66.

M. Saigo, A remark on integral operators involving the Gauss hypergeometric functions, Math. Rep. Kyushu Univ., 11
(1978) 135-143.

R.K. Saxena, S.D. Purohit and D. Kumar, Integral inequalities associated with Gauss hypergeometric function fractional
integral operator, Proc. Nat. Acad. Sci., India Sect. A Phys. Sci., 88(1) (2018), 27-31.

D.L. Suthar, D. Baleanu, S.D. Purohit and F. Ucar, Certain k-fractional calculus operators and image formulas of k-Struve
function, AIMS Mathematics, 5(8) (2020) 1706-1719.

I. Ullah, S. Ahmad, Q. Al-Mdallal, Z.A. Khan, H. Khan and A. Khan, Stability analysis of a dynamical model of tuberculosis
with incomplete treatment, Adv. Difference Equ., 2020 (2020): 499.



	1 Introduction and Preliminaries
	2 Main Results
	3 Concluding Remark

