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Abstract: In this study, evolute-involute curves are researched. Characterization of evolute-involute

curves lying on the surface are examined according to Darboux frame and some curves are obtained.
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1. Introduction

The interest of special curves has increased recently. Some of these are associated curves. They
are curves where one of the Frenet vectors at opposite points is linearly dependent to the other
curve. One of the best examples of these curves is the evolute-involute partner curves.

An involute thought known to have been used in his optical work came up in 1658 by C.
Huygens. C. Huygens discovered involute curves while trying to make more accurate measurement
studies [5].

Many researches have been conducted about evolute-involute partner curves. Some of them
conducted recently are Bilici and Caliskan [4], Ozyillmaz and Yilmaz [9], As and Sarioglugil [2].
Bektag and Yiice consider the notion of the involute-evolute curves lying on the surfaces for a
special situation. They determine the special involute-evolute partner D—curves in E>. By using

the Darboux frame of the curves they obtain the necessary and sufficient conditions between &g,

*

Tg, Kn and k;, for a curve to be the special involute partner D— curve. Ky

and 7, of this special
involute partner D—curve are found, here kg4, 74, K, are the coefficients in the derivative changes
of the Darboux frame [3]. Almaz and Kiilahgi consider the notion of the involute-evolute curves in

Minkowski 3—space Ef. They give the representation formulae for spacelike curves in Minkowski

3—space E}. By using the Darboux frame of the curves they obtain the necessary and sufficient
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conditions between the coefficients in the derivative changes of the Darboux frame, [1].
In this study, we review the basic notions and information in Section 2. In Section 3, we
analyze evolute-involute partner curves by using Darboux frame, next we research the states of

geodesic curve, asymptotic curve and principle line of them.

2. Preliminaries
Let the curve of a: I CR — E® be a regular curve specified by arc parameter s. The

triadic {T', N, B} obtained as indicated below by means of this curve is called as Frenet vector

field at the a(s) point of the curve «,

, o’ (5
T(s)=a'(s), N(s)=-— 57  B(s)=T(s) x N(s)
[l (s)]
s : IR s 3 / dOé
In this point, “x” indicates vector product on E* and o'(s) = T

These vectors form is an orthogonal vector system. In that point, whereas T is called as
tangent vector field, N and B are called as principles normal vector field and binormal vector

field, respectively. Frenet formulas could be given such as

T 0 k 0 T
N | =|-x 0 71 N
B’ 0 —7 0 B

Here k and 7 are called as curvature and torsion of the curve «, respectively.

If the curve a is over a surface S, another frame which is called as Darboux frame and
showed with {7, g,n}, could be found. In this frame, T is tangent vector of the curve a, n is unit
normal vector field of the surface S and finally ¢ is another vector field written with g =n x T'.

Relation between the Frenet and the Darboux frames could be given such as

T 1 0 0 T
N [ =10 cosf —sind g |- (1)
B 0 sinf cosf n

Here 0 is the angle between g and N. Derivative change of Darboux frames is as shown below:

T 0 Kg  Kn T
g |=1-ky 0 7 g
n' —kn —Tg O n

Here, kg , kn and 74 in the equation above are called as geodesic curvature, normal curvature
and geodesic torsion of the curve «, respectively. The relationship between geodesic curvature,

normal curvature, geodesic torsion and x, 7 are given such as

J— — I _ !
kg = Kcosf, Kn = KSin6, Tg=T+0"
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For the curve a in surface S, we can say the followings [8]:
(i) o is a geodesic curve if and only if kg =0,
(ii) « is an asymptotic line if and only if x,, =0,

(iii) « is a principle curvature line if and only if 7, = 0.

Definition 2.1 [7] Let E? be the 3-dimensional Euclidean space with the standard inner product.
Let two regular and unite speed curves be (o, a*) in E* and also the Frenet vectors of the curves

a and o be {T,N,B} and {T*,N*, B*}, respectively. If
<T,T* >=0,

in that case the curve a is called the evolute curve of the curve o* and the curve o is called the

involute curve of the curve o (See Figure 1.).

Figure 1: Evolute-involute partner curves

In this study, we are going to use {T, N, B, k, T, s} as Frenet elements of the curve « and
{T*,N*,B*,k*,7*,s*} as Frenet elements of the curve a*. In this point, s and s* are arc

parameter of the curve a and arc parameter of the curve a*, respectively.

Theorem 2.2 [10] Let (o, ) be evolute-involute partner curves. There is equilibrium indicated

below between those partner curves
a*(s*) = a(s) + A(s)T(s). (2)
Here A(s) =c¢— s and ¢ is a constant in the equation.

Theorem 2.3 [10] Let (o, a*) be evolute-involute partner curves. The distance between «(s) and
a*(s*) is
d(a(s),a”(s")) = lc—s|.

*
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Theorem 2.4 [6] Let (o, a*) be evolute-involute partner curves. We could write the followings:
(i) T* = £N.

(ii) Let two points which is corresponding to the point P of two different evolute curves of the

curve a be Py and Py. The angle £ (P PPs) is constant. Here P on «.

(#ii) If the curve « is a circular heliz, then all involute curves of its are planar curves and the

planes of these curves are perpendicular to the azis of the cylinder.

2 2 I d
AT 5 and 7" = RT TR . Here 7' = 2.
k(K2+72)(c—s) ds

(iv) ()" =

K2 (c—s)

(v) Let the Frenet vectors of curve a be {T, N, B} and its Darboux vector be

W =7+T + kB.

Tangent indicatriz, binormal indicatriz and Darbouzx indicatriz of the curve a be ar, ap

and aw , respectively. ar, ap and aw are involute curves.

Theorem 2.5 [10] Let (o, a*) be evolute-involute partner curves. The following equations exist:

T 0 1 0 T
N* | = | cosyp 0 sin®g N
B* —siny 0 cosvy B

In this equation, 1 is angle between vectors T and N*.

3. Evolute-Involute Curves According to Darboux Frame in E3

In this part, we are going to present the characterization of evolute-involute partner curves by

paying into consideration of Darboux frame.

Definition 3.1 Let S and S* be directed two surface in E* and also the curves of o and o* be
given on the surface of S and S*, respectively. If the curves a and o™ are evolute-involute curves,
these two curves are called as evolute-involute pair curves in accordance with the surfaces of S
and S*. They are indicated as (Sy,Sk.). We are going to show Darboux elements of the curve «
as {T,g,n, kg, kn, Ty, 8} and Darbouzr elements of the curve o* as {T*,g*,n*, Ky, Ky, 7;,s"} for
(Sa, Si-) evolute-involute pair. Here Ky, Ky, Ty and Kyy ks Ty are geodesic curvature, normal

curvature, torsion curvature of the curves o and o , respectively. At the same time s and s* are

arc elements of the curves a and o, respectively.
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Taking the derivative of the equation (2) with respect to s and use the Darboux frame, we

find the equation below:

*

ds
ds

T* = Akgg + Akpn. (3)

If we take the norm of the equation (3), we obtain

ds*
= || Hg + k2 = || k. (4)

Theorem 3.2 Evolute-involute partner curves (Su,Sk«) are given. Relation between Darbouz

frames are as like stated below:

T 0 cos 7y —sin~y T
g | = |cosf sinfsiny sinfcosy gt . (5)
n 0 cos@siny cosfcosy n*

Here the angle v is 1460 . 1 is the angle between the vectors T and N . Angles 60 and 60* are the

angle between the vectors g with N and the angle between the vectors g* with N*, respectively.

Proof We have given the equation (1) that the relation of the curve a between the Frenet frame

and the Darboux frame is

T 1 0 0 T
N | = ({0 cosf —sinf g
B 0 sinf cosé n

The relation of the curve a* between the Frenet frame and the Darboux frame is

T 1 0 0 T
N* | = |0 cosf* —sing* gt |- (6)
B* 0 sinf* cosf* n*

On the other side, the relation of the curves o and a* between their Frenet frames is

T* cosyy 0 sing T
N* | = 0 1 0 N |. (7)
B* —siny 0 cosvy B

If we use the equation (7) in the equation (6), we obtain the equation below:

T 0 cos(yp+6*) —sin(yp+6%) T*
N | =1 0 0 g |- (8)
B 0 sin(y+0%) cos (v + 0%) n*

Finally, taking v = ¢ + 6* and if we use the equation (6) in the equation (8), we could finish the

proof of the theorem. a
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Theorem 3.3 The relationship of evolute-involute partner curves (Su,Sk.) between their curva-

tures are
1
Ky = —Xcosv+£—)\sin7, (9)
1
S Xsinv—l—écosv. (10)

Proof We have given Teorem 2.4 that
T = +N. (11)

If we take the derivative of the equation (11) with respect to s and use the equation (4), we find

the equation below:

1 T
Kyg™ + Kn' = XT + EB' (12)

If we multiply both sides of the equation (12) by ¢* and use in the equation (5), we obtain the
equation (9), and If we multiply both sides of the equation (12) by n* and use in the equation (5),

we obtain the equation (10). O

When we consider Theorem 3.3, we could find the corollary below:

Corollary 3.4 Let evolute-involute partner curves (Sy,Sk.) be specified. Then

1 2
=t

Theorem 3.5 Let evolute-involute partner curves (S, Sk.) be specified. There is equation below:

—Kgcosf + Ky sinf

Ky €COSY — Ky siny = (13)
A/ K2+ K2
Proof We know the equation (11) that T* = £N. Then we can write
N = cosfg — sinfn
and
T* =+ (cosfg —sindn) . (14)

If we take the derivative of the equation (14) with respect to s and use the Darboux frame, we

find the equation below:

d *
(KZQ* + Kpn’*) dS = £ (—Kgc080+ K,sind) T
: s

+sinf (1, —0") g+ cosb (1, — 6')n. (15)
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If we multiply both sides of the equation (15) by 7 and use in the equation (5), we obtain

*

(KJZ cosy — K, sinvy) e + (—rgcosb + Ky sinb). (16)
s

If we use the equation (4) in the equation (16), we could finish the proof of the theorem. |

If the Theorem 3.5 is paid attention, we could find the corollaries below:

Corollary 3.6 Let evolute-involute partner curves (Su,S%.) be specified. Then

(i) If both of the curves o and a* are geodesic,

o sin 6
" Asin vy

(ii) If both of the curves o and o* are asymptotic curves,

cos

*

9= Acosy’

R

(iii) If the curve « is an asymptotic curve and the curve a* is a geodesic curve,

0
o* 4 Cos

n

Asiny’

(iv) f the curve « is a geodesic curve and the curve o* is an asymptotic curve,

(1]

2]

(4]

(5]

N sin 6
ki = .
g Acosy

Let us remind again; A(s) = ¢ — s and ¢ is a constant in the above equations.
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