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ABSTRACT

In this paper, we will continue our investigation on the new recently introduced («, 3)-metric
F=p8+ L{jﬁz in [12]; where o is a Riemannian metric; 3 is a 1-form, and a € (1, +00) is a real
positive scalar. We will investigate the deformation of this metric, and we will investigate its
properties.
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1. Introduction

Finsler metric is a generalization of the Riemannian metric, which depends on the position and direction.
The (o, §) metric is a fruitful branch of Finsler geometry which is introduced by M. Matsumoto [7]. It can be
expressed in the form F = a¢(s), s = g, where « is a Riemannian metric, 8 is a 1-form and ¢ is a smooth
positive function on the domain. («, §)-metrics are very significant since they are computable.

In [12], the authors introduced a new class of («, 3)-metric as F' = 5 + ‘w‘zi In this paper, we consider a
perturbation of this metric, given by

P +a(a+1)
—Leer

F(o, B) +e8 (1.1)
where € is a real parameter with |e| < 2y/a + 1, and we show that F, is also a («, 3)-metric. Some interesting
results on the theory of Finsler spaces and also of Lagrange spaces were obtained in the last years underlying
the importance for the study of this spaces. In this respect, please see ([2], [3], [4], [5], [9], [11], [13], [20])

The notion of dually flat metrics arises from information geometry on Riemannian manifolds [1]. In [14],
Z. Shen extends the notion of locally dually flat metrics to Finsler geometry. It plays a significant role in
considering the flat Finsler information structure. A Finsler metric on an n-dimensional manifold A is called
locally dually flat if at every point there is a coordinate system in which the spray coefficients are in the

following form
. 1 ..
G' = —ig”Hyj, (1.2)

where H = H(x,y) is a local scalar function on the tangent bundle 7'M of M.
In this paper, we want to extend the result of [12] to F.. In fact, we obtain the followings:

Theorem 1.1. Let F, = W +¢8 be the (o, B)-metric on an n-dimensional manifold M™, (n > 3), where
a = +/a;jy'yl is a Riemannian metric and 3 = b;(x)y’ # 0 is a 1-form on M. Then F. is a locally dually flat if and
only if o, B and ¢ = ¢(s), satisfy:

1. Si10 = %(591 - é)bl),
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2. ro0 =208+ [0+ 2(b*0 — 6,b")] 02 + 3 (3ks — 2 — 3k3b?)632,

3. GL =520+ (k1 — 2)08]y' + (0" — 70" )a? + JhaT 52V,

4. 7 [s(ky — k3s?) (09 — 5¢* = 5¢9") — (¢ + ¢9") + k16(d — 5¢)] =0,
where ki, ke, and ks are defined by (2.6), (2.7), and (2.8) in Section 2, T = 7(x) is a scalar function, 0 = 0;(z)y is a
1-form on M, 0! = a'™0,,.

Projectively flat metrics on &/ C R", where i is a convex subset of R™ are the solutions to the Hilbert’s Fourth
Problem. By Beltrami’s theorem, a Riemannian metric is locally projectively flat if and only if it is of constant

sectional curvature. Locally projectively flat Finsler metrics are much more complicated.
In this paper, we find the necessary condition for F, to be projectively flat.

Theorem 1.2. Let F, = W + €8 be the (o, 3)-metric on an n-dimensional manifold M™, (n > 3), where
a = +/ai;y'y’ is a Riemannian metric and B = bi(x)y' # 0 is a 1-form on M. Then F. is locally projectively flat if
and only if there is a scalar function 7 = 7(x) such that

2T
a+1

a2y,

by = {(a+1+b%)ay; —3(b;)(b;)}, Gl = &y

2(a+1)

2. Preliminaries

Let M be an n-dimensional, real, differentiable manifold and 7 : TM — M be the tangent bundle of M.

Definition 2.1. Let F': TM — {0} — R, be a Finsler metric. The Finsler space F" = (M, F'(z,y)), is endowed
with an (¢, 8)-metric, if the fundamental function F, can be written as follows: F(x,y) = F (a(x,y), 8(z,v)),
where o = \/a;;(z)y'ys with a;; a Riemannian metric and 3 = b;(z)y’ is a 1-form field on TM.

Let M be an n-dimensional C*>° manifold. Denote by T, M the tangent space at z € M, by TM = U T.M

zeM
the tangent bundle of M, and by TM, = TM \ {0} the slit tangent bundle on M. A Finsler metric on M is a

function F' : TM — [0, 00) which has the following properties:

(i) Fis C*° on T My;

(ii) F is positively 1-homogeneous on the fibers of tangent bundle 7'M ;

(iii) for each y € T, M, the following quadratic form g, on T, M is positive definite,

1 02
gy (u,v) == 2901 [FZ(y + su + tv)] |s,t=0,u, v € T M.

The following notion can be found in [8]:

Definition 2.2. A Lagrange space is a pair L™ = (M, L(z, y)) formed by a smooth real, n-dimensional manifold
M and a regular differentiable Lagrangian L(z,y), for which the d-tensor field g;; has a constant signature over

the manifold 7M.

As we know from [18] and [10], Finsler spaces endowed with («, 8)-metrics were applied successfully to the
study of gravitational magnetic fields. Other important results from [8] are presented as follows:

Let F" = (M, F(z,y)) be a Finsler space. It has an («, §)-metric if the fundamental function can be expressed
in the following form: F(z,y) = F (a(z,y), B(z,y)), where F is a differentiable function of two variables with:
o?(x,y) = ai;(2)y'y’; B(x,y) = bi(x)y". In fact, a;;(x)dz'dz’ is a Riemannian metric on the base manifold M and

b;(x)dz’ is the electromagnetic 1-form on M. As we know from [8], if we denote by L™ = (M, L) a Lagrange
1_9°L

space; the fundamental tensor g;;(z,y) of L™ is: gij = 55,75, and this tensor can be written as follows for

(o, B)-Lagrangians:
9ij = paij + pobibj + p—1 (0:Y; +0;Vi) + p-2YiY;

da
oyt

where b; = %ﬁ, Vi = aijy’ = a22 and p, po, p—1, p—2 are invariants of the space L™ and given by (see [8]):

1 1
:7Lou :7La
P % Po o BB
1 1 1
= —Lag, po=—={Low—~La). 2.1
p-1=g-Lap, p-2 2a2( - > 2.1)
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. > ) )
whete L = 3%, Ly — 95, Lon = ok, Ly — ok, and Ly — 2.
Shimada and Sabau in [17], have proved that the system of covectors {b;,);} is independent. The following

formulas hold (see [8]):

10L 1

i =55 = Pibi i =S Lg,
Vi= 55y ~ M +pY p1=5Ls
0 0

api = pobi + p-1Yi, p7 =p-1bi + p_2Yi

Y Ay
dpo 0p—1

oyl =r_1b; +r_2);, oy =7r_ob; +7r_3); (2.2)
Op_

gyiz =r_gb; + 14

where

1 1
==L o=—1
r-1=5Lgss, T-2= 5 Lsps,

1 1 1 3 3
r-3 = ﬁ <Lo¢oc,3 - aLaﬂ> y T—4 = ﬁ <Laaa - aLaa + azLa) .

By [6], we have the following:
Remark 2.1. The function F' = a¢(s) is a Finsler function if and only if three conditions are satisfied:

1. ¢(s) >0,
2. ¢(s) —s¢'(s) >0,
3. [¢(s) — s¢'(s)] + (b° — s*)¢"(s) > 0.

Now, let us consider the (a, §)-metric F = § + ““Zj where « is a Riemannian metric; 3 is a 1-form and
a € (%, 400) is a real positive scalar. We will consider a perturbation of this metric, given by

P +a(a+1)
L

Fe(a,B) + € (2.3)

where ¢ is a real parameter with |e| < 2v/a + 1.
Let us first observe the following:

Remark 2.2. The metric F, is also an («, §)-metric since it can be rewritten in the following form:

F.(a,B) = ad(s)

where
H(s)=s>+es+a+1 (2.4)
Also, it is easy to compute
d'(s)=2s+¢ ¢'(s)=2. (2.5)
Let
R 26)
_ 1 " / _ 2 _ "
ks = s B OI0) ~ 610 — Q)T (0)]. 27)
B ¢I B ¢/2 + ¢¢//
== T —se) @8

An important result obtained in [19], is the following:

Theorem 2.1. ([19]) Let F = a¢(s), s = g be an (o, B)-metric on an n-dimensional manifold M™, (n > 3), where
a = +/a;jy'yi is a Riemannian metric and 3 = b;(z)y* # 0 is a 1-form on M. Suppose that ¢/(s) # 0, ¢'(0) # 0. Then
F is a locally dually flat on M if and only if o, 8 and ¢ = ¢(s), satisfy:
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1. Slo = %(501 — Gbl),

2. rop = 208+ [0+ 2(b%0 — 0,b")] o® + 1 (3ky — 2 — 3k3b?)032,

3. GL, =120+ (3k1 — 2)08] y' + (0" — 70" )a® + LksT %Y,

4. 7 [s(kz — k3s?) (99 — 59 — 599") — (8" + ¢¢") + k1p(é — s¢)] = 0,

where ki, ko, and ks are defined by (2.6), (2.7), and (2.8), 7 = 7(z) is a scalar function, § = 6,(z)y" is a 1-form on M,
gl = almgm’

By [16], for a projectively flat («, §)-metric, we have:
Theorem 2.2. [16] For an («, B)-metric, if ¢ satisfies
O(s) — 59/ (s) = (p + )" (5) (2.9)
where p # 0, are constants, then it satisfies
{1+ (my +mas®)s® + mas®} ¢ (s) = (m1 +mas){6(s) — s/ (s)}, (2.10)
with my = %,mg =0, and m3 = % Then F = a¢(s) is projectively flat if and only if there is a scalar function

7 = 7(x) such that

2T ] o ‘
by = o+ b)as; + (r — 1)bb; }, Gi = £y15a2bl

3. Main Results

Using Remark 2.2, we can give now the following theorem:

Theorem 3.1. The function F.=a¢(s) is a Finsler function as defined in (1.1) if and only if |s| <
min{va + 1, 2b2§“+1}.

Proof. First, note that due to ||¢|| < 2v/a + 1, we have ¢(s) > 0. Itis easy to see that two conditions ¢(s) — s¢'(s) >
0 and ¢(s) — s¢'(s) + (b* — s*)¢" (s) > 0 are equivalent to —s®> + a+1 >0 and 3s> < 2b> + a + 1, respectively.

From which, we get the result. O
Proof of Theorem 1.1:
By using Theorem 2.1 and Maple program we have
) € +2+2a _ 4+44a®
1= (1+G/)2 ) 2_(1+a)27
1
ky = ——————|12a® + (12€° + 6¢ + 36)a® + (€* + 4€® + 20e + 34)a + € + 6¢* — 4e® + 6 + 12
3¢2(1+a)
2s+e¢ —€3 — 6e?s — 6es® — 2ae + 4e + 125
Q)= —(m———= M) =—3 —
s24+a+1 (s2+se+a+1)(—s>+a+1)
By substituting the above equations, we obtain Theorem 1.1. O

Now we will compute the following quantities:

1 ¢(s)¢'(s) = s((5)9" (s) + (¢'(5)))
O(s) = 2 6(3)((s) — 59/ (s) + (b2 — s2)¢"(s)) (3.1)
_1 ¢"(s)
Y=y o(s) — s¢/(s) + (b2 — 2)¢"(s) (3.2)
By computing these quantities for F., one obtains:
1 —4s% — 3s*e+ac+ e
9(5):5(32+se+a+1)(—382+a+1+2b2)’ (3.3)
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and
U(s)=(-3s>+a+1+ 21)2)71

Suppose that F = a¢(s), s = 2 be an («, 8)-metric, satisfying |||, < bo, V& € M. Let V3 = b; ;dz’ ® da? be the
covariant derivative of 3 with respect to a By [15], the relation between the geodesic coefficients G* of F and
the geodesic coefficients G, of « is given by:

G' = Gh + aQ(s)sh + {—2Q(s)aso + oo} { U(s)b" + O(s)a"y' } . (3.4)
By using (3.4), we have the followings:

Theorem 3.2. The relation between the geodesic coefficients G* of the metric F. and the geodesic coefficients Gt of o is
given by:

i i 25 te i

25+ ¢ —1,,; 1
+{2<_52—i_a_|_1>a50+7'00}{((352+a+1+2b2) )b +@(S)O{ ly}

where ©(s) is given by (3.3).

Proof. The proof can be obtained directly using the above results. O

Now, we consider a Finsler space endowed with the fundamental function L = F? = (B tap €+?2(“+1))2 .

To determine the fundamental tensor g;;(z, y), of a Finsler space F,, we compute the following invariants:

a’at 4+ ac®Pe + 2aat + o?Be — aB3e + ot — B*

p= o=

2a at ’
B L B 632 + 6ea3 + 202 + a?e® + 202a
Po = 9 BB — a2 ’
1 acle + a’e — 3af%e — 443
p-1= 5—Lag = 4 ’
2a «
P 1 Lo — iLa _ _B(aa?’e +ade — 3aB%e — 433) 7
202 ab
1 acde + a?Be? + 2aa?B + ale + 3aB%e + 2228 + 283
p1=5Ls= 2 ’
2 o
2 2 2
where Lo = 55, Ly = §%, Laa = 555, Lgp = %, and L = g2as-

Using all invariants p, p_1, p_2, p1, po, Wwe can now compute the fundamental tensor for the perturbed metric.
9ij = Paij + pobibj + p-1(bipj + b+ jpi) + p-2pip;,
where p; = a§% = a;;47.

Proof of Theorem 1.2:
Using (2.4) and (2.5), we have

(p—s¢)=a+1—s? (3.6)
By comparing (3.6) and (2.9), one concludes that p = ¢! and r = — 3. Then by Theorem 2.2, we have
2 o 3
ml*a_i_l; mo = U, m3 = a+1a

which concludes that (2.10) is correct. Hence F, is projectively flat if and only if

r
A 1 2\ .. _ab.h. i 2
biy; St 1){(a+ +0%)ai; — 3bib;},  Gh =&y’ o 1a b,

which complete the proof. O
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4. Conclusion

In this paper, we have continued the investigations on the new introduced (¢, §)-metric ' = 5 + ‘w‘ZaiJFBZ
where « is a Riemannian metric, 3 is a 1-form, and a € (,+00) is a real positive scalar. We investigate the
perturbation of this metric.

Remark 4.1. In this paper, we used the Maple 13 program for computations.

Acknowledgments

The authors express their sincere thanks to referees for their valuable suggestions and comments.

References

[1] Amari S.I. and Nagaoka H.: Method of Information Geometry. AMS translation of Math., Monograph., Oxford Univ. Press, (2000).
[2] Bucdtaru I.: Nonholonomic frames for Finsler spaces with («, 3)-metrics. Proceedings of the conference on Finsler and Lagrange
geometries, lasi, August 2001, Kluwer Acad. Publ. pp.69-78, (2003).
[3] Cheng X., Shen Z. and Zhou Y.: On a class of locally dually flat Finsler metrics. International J. Math. 21(11), pp. 1-13 (2010).
[4] Cheng X. and Tian Y.: Locally dually flat Finsler metrics with special curvature properties. Differential Geometry and its Applications. 29(1),
Pages 598-5106 (2011).
[5] Crasmareanu M.: Lagrange spaces with indicatrices as constant mean curvature surfaces or minimal surfaces. An. $t. Univ. Ovidius Constanta.
10(1), 63-72 (2002).
Constantinescu O. and Crasmareanu M.: Examples of connics arrising in Finsler and Lagrangian geometries. Anal. Stiint. ale Univ. Ovidius
Constanta. 17(2), pp. 45-60 (2009).
[7] Matsumoto M.: Foundations of Finsler Geometry and Special Finsler Spaces. Kaiseisha Press, Otsu, (1986).
[8] Miron R.: Finsler- Lagrange spaces with (c, B)-metrics and Ingarden spaces. Reports on Mathematical Physics. 58 (1), pp. 417-431 (2006).
[91 Miron R.: Variational problem in Finsler spaces with (c, 3)-metrics. Algebras, Groups and Geometries, Hadronic Press. Vol. 20, pp. 285-300
(2003).
[10] Miron R. and Tavakol R.: Geometry of Space-Time and Generalized-Lagrange Spaces. Publicationes Mathematicae. 44 (1-2), pp.167-174 (1994).
[11] Nicolaescu B.: The variational problem in Lagrange spaces endowed with (c, B)-metrics. Proceedings of the 3-rd international colloquium
"Mathematics and numerical physics", pp.202-207, (2004).
[12] Piscoran L.I. and Mishra V.N.: Projectivelly flatness of a new class of («t, 3)-metrics. Georgian Mathematical Journal. 26 (1), 133-139 (2019).
[13] Piscoran L.I. and Mishra V.N.: S-curvature for a new class of (o, 8)-metrics. RACSAM. doi:10.1007 /s13398-016-0358-3, (2017).
[14] Shen Z.: Finsler geometry with applications to information geometry. Chin. Ann. Math. 27(81), pp.73-94 (2006).
[15] ChenS.S. and Shen Z.: Riemann-Finsler geometry. Singapore: World Scientific, (2005).
[16] Shen Z.: On projectively flat (c, B)-metrics. Can. Math. Bull. 52(1), pp. 132-144 (2009).
[17] Shimada H. and Sabdu S.: Remarkable classes of (c, 8)-metric space. Rep. Math. Phys. 47, pp. 31-48 (2001).
[18] Vacaru S.I.: Finsler and Lagrange geometries in Einstein and string gravity. Int. J. Geom. Methods Mod. Phys. 5,No. 4 , 473-511 (2008).
[19] Xia Q.: On locally dually flat (v, B)-metrics. Diff. Geom. Appl. 29(2), pp. 233-243 (2011).
[20] Tayebi A., Sadeghi H. and Peyghan H.: On Finsler metrics with vanishing S-curvature. Turkish J. Math. 38, pp.154-165 (2014).

[6

—_

Affiliations

PISCORAN LAURIAN-IOAN

ADDRESS: Technical University of Cluj Napoca, North University Center of Baia Mare, Department of
Mathematics and Computer Science, Victoriei 76, 430122 Baia Mare, Romania.

E-MAIL: plaurian@yahoo.com

ORCID ID: 0000-0003-2269-718X

BEHZAD NAJAFI

ADDRESS: Amirkabir University (Polytechnic of Tehran), Department of Mathematics and Computer Science,
Tehran, Iran.

E-MAIL: behzad.najafi@aut.ac.ir

ORCID ID:0000-0003-4405-2956

www.iejgeo.com 172


http://www.iej.geo.com

P. Laurian-Ioan, B. Najafi, B. Citilin & T. Tabatabaeifar

BARBU CATALIN

ADDRESS: "Vasile Alecsandri" National College, str. Vasile Alecsandri nr. 37, Bacdu, Romania.
E-MAIL: kafka_mate@yahoo.com

ORCID ID:0000-0002-2094-1938

TAYEBEH TABATABAEIFAR

ADDRESS: Amirkabir University (Polytechnic of Tehran), Department of Mathematics and Computer Science,
Tehran, Iran.

E-MAIL: t.tabaee@gmail.com

ORCID ID:0000-0002-5334-0135

173 www.iejgeo.com


http://www.iej.geo.com

	1 Introduction
	2 Preliminaries
	3 Main Results
	4 Conclusion

