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1 Introduction and Background

Throughout the paper, N and R denote the set of all positive integers and the set of all real numbers, respectively. The concept of convergence
of real sequences has been extended to statistical convergence independently by Fast [16] and Schoenberg [32]. This concept was extended to
the double sequences by Mursaleen and Edely [19].

The idea of Z-convergence was introduced by Kostyrko et al. [17] as a generalization of statistical convergence. Das et al. [3] introduced
the concept of Z-convergence of double sequences in a metric space and studied some properties of this convergence. Tripathy and Tripathy
[34] studied on Z-convergent and regularly Z-convergent double sequences. Diindar and Altay [5] introduced Zs-convergence and regularly
T-convergence of double sequences. Also, Diindar [? ] introduced regularly Z-convergence and regularly Z-Cauchy double sequences of
functions. Recently, Diindar and P. Akin [15] introduced the notions of R(Zyy, , Zy )-convergence, R(Zyy, , Iyy )-convergence, R(Zw,, Zwy )-
Cauchy and R(ICV2 , Iy )-Cauchy double sequence of sets and investigate the relationship among them. A lot of development have been made
in this area after the works of [6-8, 11, 18, 23, 25? ].

Several authors have studied invariant convergent sequences (see, [2, 20-22, 26, 28-31, 35]). Recently, the concepts of o-uniform density
of the set A C N, Z,-convergence and Z;-convergence of sequences of real numbers were defined by Nuray et al. [26]. The concept of o-
convergence of double sequences was studied by Cakan et al. [2] and the concept of o-uniform density of A C N x N was defined by Tortop
and Diindar [35]. Diindar et al. [13] studied ideal invariant convergence of double sequences and some properties.

Now, we recall the basic definitions and concepts (See [1-3, 5-11, 14, 17, 18, 23, 25, 27, 34? ? , 35]).

A double sequence = (Thj)k,jeN of real numbers is said to be convergent to
L € R in Pringsheim’s sense if for any € > 0, there exists Ne € N such that |z3; — L| < &, whenever k,j > N. In this case, we write
P— lim xp; = lim xf; = L.
k,j—o0 ki k,j—o0 ki

A family of sets Z C 2N is called an ideal if and only if

(i) 0 € Z, (it) Foreach A, B € T we have AU B € Z, (4ii) For each A € Z and each B C A we have B € T.

An ideal is called non-trivial if N ¢ 7 and non-trivial ideal is called admissible if {n} € Z for each n € N.

Throughout the paper we take Z as an admissible ideal in N.

A nontrivial ideal Zy of N x N is called strongly admissible ideal if {¢} x N and N x {i} belong to Z for each i € N.

It is evident that a strongly admissible ideal is admissible also.

Throughout the paper we take 75 as a strongly admissible ideal in N x N.

79 = {ACNxN:(3Im(A) € N)(i,j > m(A) = (i,j) € A)}. Then, 79 is a strongly admissible ideal and clearly an ideal Zy is
strongly admissible if and only if IS C Io.

Let o be a mapping of the positive integers into themselves. A continuous linear functional ¢ on £, the space of real bounded sequences,
is said to be an invariant mean or a o-mean if it satisfies following conditions:

1. ¢(z) > 0, when the sequence © = () has z,, > 0, for all n,
2. ¢(e) =1, wheree = (1,1,1,...) and
3. $(To(n)) = (zn), forall z € loo.

The mappings o are assumed to be one-to-one and such that " (n) # n, for all positive integers n and m, where o™ (n) denotes the m th
iterate of the mapping o at n. Thus, ¢ extends the limit functional on ¢, the space of convergent sequences, in the sense that ¢(z) = lim z, for
allzx € c.
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In the case o is translation mappings o(n) = n + 1, the o-mean is often called a Banach limit and the space V5, the set of bounded sequences
all of whose invariant means are equal, is the set of almost convergent sequences ¢.
It can be shown that

Vo = {x = (zn) € boo : lim Z Toh(pn) = L, uniformly in n}

m—o0 m -
Let A C Nand
sm =min |[AN {o(n),0>(n),- -, o™ (n)}|
n
and
Sm = max }Aﬂ {a(n),az(n),u- , o™ (n)}].
n

If the limits V(A) = lim 2m V(A) = lim Sﬁm exist, then they are called a lower and upper o-uniform density of the set A, respectively.

7 m—00 m—oo
If V(A) = V(A), then V(A) = V(A) = V(A) is called o-uniform density of A.
Denote by Z the class of all A C N with V(A4) = 0.
Let T, c 2N be an admissible ideal. A sequence z = (zp) is said to be
Z,-convergent to the number L, if forevery e > 0 Ae = {k : |z, — L| > €} € Ly, thatis, V(A:) = 0. In this case, we write Zo, — limg, = L.
Let A C N x Nand

smn = min |40 { (o(k), 0(7)), (o (8), 6° () - (07" (), 0" () } |

and
Smn = max ’A N { 02(16)7 02(]'))7 s (Um(k),an(j))} ’
If the limits exists V2(A) = m717iL§ - Zmn E(A) = lrllrg ‘5;#? exist, then they are called a lower and an upper o-uniform density of the

set A, respectively. If Vo(A) = Va(A), then Va(A) = Vo(A) = Va(A) is called the o-uniform density of A.

Denote by Z3 the class of all A C N x N with V5(A4) = 0.

Throughout the paper we let Z§ C 2NN pe g strongly admissible ideal.

A double sequence = = (z},;) is said to be Za-invariant convergent or Z -convergent to L, if for every ¢ > 0 A(e) = { (k,j) : lzg; — L] >
e} € I3 thatis, Va2 (A(e)) = 0. In this case, we write Z§ — limz = L or z; — L(Z3).

A double sequence = = (x1;) is said to be regularly (Z2, Z)-convergent (r(Z2, Z)-convergent) if it is Zo-convergent in Pringsheim’s sense
and for every € > 0, the followings hold:

{keN:|xy; — Lj| > e} €Z, forsome L; € X and each j € N,

{j €N |zy; — M| > e} € Z, for some Mj, € X and each k € N.

Theorem 1. [13] Suppose that = = (x;) is a bounded double sequence. If x = (x1,;) is I3 -convergent to L, then x = () is invariant
convergent to L.

Theorem 2. [/3] Let 0 < p < <.

(i) If x1; — L([VF]p), then xy; — L(Z9).
(it) If (wy;) € 2, and xj; — L(Ig), then xy; — L([Vf]p).
(iii) If (zy;) € 02, then xy; — L(Z3) if and only if m1,; — L([Voz]p).

1.1  Main Results

Definition 1. A double sequence x = (x},;) is said to be regularly invariant convergent (r(o, o2)-convergent) if it is invariant convergent in
Pringsheim’s sense and the following limits hold:

mlgnOO E Z Tk (s),0d( L, uniformly in s,
for some L; € X and each j € N and

nli)moo o Z Lok (s),09 (L) = Mj,, uniformly int,

for some My, € X and each k € N. Note that if x = (xkj) is v(o, 02)-convergent to L, the following limits hold:

lim lim —ZZm k(s),09(t) = Ly uniformly in s,t

m—00 Nn—00 Mn
k=075=0
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and

lim lim Z Z Tok(s),0i(t) = L, uniformlyin s, t.

n—o00 m—o00 mn
7=0k=0

In this case, we write

r(o,02)

r(o,02) mlyllrgoozz:a: k(s),0i(t) = Lorag; —" L, uniformlyin s,t.
k=03=0

Definition 2. A double sequence x = (x,;) is said to be regularly strongly invariant convergent (r[o, o2]-convergent) if it is strongly invariant

convergent in Pringsheim’s sense and the following limits hold:

lim Z |Tgk (s),09(t) — Ljl =0, uniformlyin s,

m—o0 M

for some L; € X and each j € N and
nl;mm - Z 1T ok (5),09 () — Mk| =0, uniformly in t,

for some M, € X and each k € N.
Note that if x = (x1,5) is v[o, 02]-convergent to L, the following limits hold:

mlg]aOo nhﬁmoo % kZ ZO|Z’O.k( s),09(t) — L| = 0, uniformly in s, t
0j

and

Jimlim - —— . Z;)kz: [T ok (5),09(¢) — LI = 0, uniformly in s,t.
7 0

In this case, we write

n
. _ r(o,02]
rlo, 03] — m}}fgm ké . E . |Tok (s),09(t) — LI =0o0rag; —" L, uniformly in s,t.
—0j=

Definition 3. Let 0 < p < oo. A double sequence x = (xy,;) is said to be regularly p-strongly invariant convergent (r[o, o2]p-convergent), if
it is p-strongly invariant convergent in Pringsheim’s sense and the following limits hold:

lim Z [Tk (),09 (1) — Ljl” = 0, uniformly in s,

m—oo M

for some L; € X each j € N and

nl;moo -~ Z T ok (5),09 (£) — My, |P =0, uniformly in't,
=0

for some My, € X each k € N.
Note that if x = (x1,5) is r[o, 02]p-convergent to L, the following limits hold:

1 P . .
mlgnoo nhﬁmoo — ];) Z% 1T ok (5),09(¢) — LI” =0, uniformly in s,
J

and

lim lim Z Z [T ok (s),09(t) — LIP =0, uniformly in s,t.

n—00 M—00 Mn
7j=0k=0

In this case, we write

rlo,o2]p

m n
r(o, o2]p — mlrilgoo Z Z [T ok (s),09(t) — LI = 0o0rzy; "—" L, uniformly in s,t.

k=03=0
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Definition 4. A double sequence x = (x},;) is said to be regularly ideal invariant convergent (r(Zo, I3 )-convergent) if it is ideal invariant
convergent in Pringsheim’s sense and for every € > 0 the followings hold:

{kGN:|1‘kj—Lj| ZE}GIO-
for some L; € X each j € N and
{jENZ ‘xkj_Mk| Z&‘}EIO-

for some My, € X each k € N.
Note that if © = (x1,;) is (L5, L3 )-convergent to L, then we write

r(Zs,23)

r(Zo,23) — limz = L or xy; L

Theorem 3. Suppose that x = (xy,;) is a bounded double sequence. If x = (xy;) is 7(Zo, I3 )-convergent, then x = (xy;) is (0, 02)-
convergent.

Theorem 4. Let 0 < p < oo.

(i) If (z5) is v[o, o2]p-convergent, then () is r(Zy, I3 )-convergent.
(it) If (wy;) € 2, and (xk;) is (Lo, I3 )-convergent, then () is 7o, o2]p-convergent.
(iii) If (wpj) € 02, then (wk;) is v[o, oo]p-convergent if and only if (xy;) is r(Zs, 13 ) is convergent.
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