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Abstract
The eigenvalues and eigenvectors of (α, q)-Bernstein operators are unknown and not stud-
ied in the literature. As the main result of this article, the eigenvalues and eigenvectors of
(α, q)-Bernstein operators are obtained. Moreover, we will give the asymptotic behaviour
of these eigenvalues and eigenvectors for all q > 0. Some eigenvectors for various values of
α and q are depicted.
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1. Introduction
The well-known Weierstrass Approximation Theorem, proved by Karl Weierstrass in

1885, states that for any continuous function f defined in interval [a, b] and ϵ > 0, there
exists a polynomial P such that |f(x)−P (x)| < ϵ. Since the proof of the theorem is lengthy
and complicated, many researchers studied to find simple and effective proof. In 1912,
using probability theory, S.N. Bernstein developed Bernstein polynomials and published
rather simple and effective proof for Weierstrass Approximation Theorem [2].The short
proof given by Bernstein is mainly related to explicit form of sequence of polynomials
which converges uniformly to given functions. Consequently, many researchers began to
use and apply the Bernsteins proof especially in the field of probability theory. In 1987,
Lupaş has defined q-analogue of the Bernstein polynomials for rational functions [12].
However, in 1997, Phillips has developed q-analogue of polynomial functions such that
for q = 1, classical Bernstein operators are obtained [17]. After Lupaş and Phillips work,
positive linear operators and q-analog of Bernstein operators have become the main study
area of approximation theory. Two of the famous q-Bernstein operators are q-Durmayyer
and q-Kantorovic type operators. After, many researchers studied q-Bernstein operators
and with the help of these operator, q-analogues of many other operators are obtained
[9, 11,13–15,19,20].

Many researchers have studied the eigenstructure of the extensions of Bernstein and
q-Bernstein operators. See, for example, [6–8, 10, 21]. The present work is based on the

∗Corresponding Author.
Email addresses: koroglubulent3@gmail.com (B. Köroğlu), tasdelen@science.ankara.edu.tr (F. Taşdelen

Yeşildal)
Received: 12.08.2020; Accepted: 03.03.2021

https://orcid.org/0000-0002-7841-8234
https://orcid.org/0000-0002-6291-1649


1112 B. Köroğlu, F. Taşdelen Yeşildal

study by S. Cooper and S. Waldron in 2000 related to the eigenstructure of the classical
and multi-variable Bernstein operators [4, 5]. Eigenfunctions of the q-Bernstein operators
and their asymptotic behavior are investigated by S. Ostrovska and M. Turan in 2013 [16].
In this study, eigenvalues and eigenfunctions of the (α, q)-Bernstein operators introduced
by Qing-Bo Cai and Xiao-Wei Xu in [18] are found and their asymptotic behavior is
investigated. When q = 1, one obtains the eigenvalues and eigenfunctions of the α-
Bernstein operator introduced by Chen et. al [3].

2. Preliminaries
The definitions and notations used in this article are adopted from [1, Ch.10]. Let q > 0.

The q-integer is defined by
[n]q := 1 + q + q2 + · · · + qn−1, [0]q := 0 (n = 1, 2, . . . ), (2.1)

the q-factorial of n by
[n]q! := [1]q[2]q . . . [n]q, [0]q! := 1 (n = 1, 2, . . . ).

From (2.1), one can easily see that

[n − i]q = [n]q − [i]q
qi

, i = 0, 1, . . . , n, (2.2)

For integers k and n with 0 ≤ k ≤ n, the q-binomial coefficient is[
n

k

]
q

= [n]q!
[k]q![n − k]q!

The q-shifted product is defined by

(a; q)0 := 1, (a; q)k =
k−1∏
s=0

(1 − aqs), (a; q)∞ =
∞∏

s=0
(1 − aqs).

We also need the q-Stirling numbers of the second kind Sq(k, r) given by

Sq(k, r) = 1
[r]q! qr(r−1)/2

r∑
i=0

(−1)iq
i(i−1)

2

[
r

i

]
q

[r − i]kq (2.3)

Using induction on k, one can verify that
Sq(k + 1, r) = Sq(k, r − 1) + [r]qSq(k, r), k ≥ 0, r ≥ 1 (2.4)

with Sq(0, 0) = 1, Sq(k, 0) = 0 for k > 0 and Sq(k, r) = 0 for k < r.
The α-Bernstein polynomial of f : [0, 1] → R is introduced as in [3] as

Tn,α(f ; x) =
n∑

i=0
f

(
i

n

)
p

(α)
n,i (x) (2.5)

where p
(α)
n,i (x) are the α-Bernstein polynomials of degree n given by p

(α)
1,0 (x) = 1 − x,

p
(α)
1,1 (x) = x and for n ≥ 2,

p
(α)
n,i (x) =

[(
n − 2

i

)
(1 − α)x +

(
n − 2
i − 2

)
(1 − α)(1 − x) +

(
n

i

)
αx(1 − x)

]
xi−2(1 − x)n−1−i

The α-Bernstein operator Tn,α on C[0, 1] is given by
Tn,α : f → Tn,α(f ; ·).

Using the forward difference operator, (2.5) can also be written as

Tn,α(f ; x) =
n∑

r=0

[
(1 − α)

(
n − 1

r

)
∆rg0 + α

(
n

r

)
∆rf0

]
xr
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where
fi = f

(
i

n

)
, gi =

(
1 − i

n − 1

)
fi + i

n − 1
fi+1

and ∆0fi = fi, ∆rfi = ∆r−1fi+1 − ∆r−1fi for r ≥ 1.
Lemma 3.1 in [3] states that the higher-order forward difference of gi can be expressed

as
∆rgi =

(
1 − i

n − 1

)
∆rfi + i + r

n − 1
∆rfi+1,

The q-analogue of α-Bernstein operators, called (α, q)-Bernstein operators are defined in
[18] as Tn,q,α : f → Tn,q,α(f ; .) such that

Tn,q,α(f ; x) =
n∑

i=0
f

(
[i]q
[n]q

)
p

(α)
n,q,i(x),

where p
(α)
n,q,i(x) are the basis (α, q)-Bernstein polynomials of degree n given by p

(α)
1,q,0(x) =

1 − x, p
(α)
1,q,1(x) = x and, for n ≥ 2,

p
(α)
n,q,i(x) =

([
n − 2

i

]
q

(1 − α)x +
[

n − 2
i − 2

]
q

(1 − α)qn−i(1 − qn−i−1x) +
[n

i

]
q

αx(1 − qn−i−1x)

)
× xi−1(x; q)n−i−1.

Like α-Bernstein polynomials, the (α, q)-Bernstein polynomials have the representation
using the forward difference operators as

Tn,q,α(f ; x) =
n∑

r=0

(
(1 − α)

[
n − 1

r

]
q

∆r
qg0 + α

[
n

r

]
q

∆r
qf0

)
xr (2.6)

where ∆0
qfi = fi, ∆r

qfi = ∆r−1
q fi+1 − qr−1∆r−1

q fi for r ≥ 1. Also, the higher-order forward
difference of gi can be expressed as, see [18, Lemma 2.4],

∆r
qgi =

(
1 − qn−i−1[i]q

[n − 1]q

)
∆r

qfi + qn−i−1−r[i + r]q
[n − 1]q

∆r
qfi+1. (2.7)

3. Main results
Since the α-Bernstein polynomials are obtained from (α, q)-Bernstein polynomials as

q → 1, we will present only the results for the latter one. Similar results can be derived
for α-Bernstein polynomials by taking the limit as q → 1.

It is known that (α, q)-Bernstein polynomials possess some properties of q-Bernstein
polynomials. For example, see [3] and [18], they have the endpoint interpolation property:

Tn,q,α(f ; 0) = f(0), Tn,q,α(f ; 1) = f(1), n = 1, 2, . . . ,

and leave the linear functions invariant:

Tn,q,α(at + b; x) = ax + b, n = 1, 2, . . . .

Moreover, they are degree reducing on polynomials, that is, Tn,q,α(tk; x) is a polynomial of
degree min{n, k}. This implies that, for k ≤ n, the subspace Pk of polynomials of degree
at most k is invariant under Tn,q,α.

To be specific, it is known (see [18]) that

Tn,q,α(tk; x) = akxk + ak−1xk−1 + · · · + a1x,

where

ak = qk(k−1)/2[n − 2]q!
[n − k]q![n]kq

{(1 − α)[n − k]q[n − 1 + k]q + α[n]q[n − 1]q} .
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The above representation gives only an explicit formula for the leading coefficient. How-
ever, in our study, we need all coefficients explicitly which are given below.

Lemma 3.1. Let f(t) = tk. Then, for r ≤ k and i = 0, 1, . . . , n, one has

∆r
qfi = 1

[n]kq

r∑
s=0

(−1)sqs(s−1)/2
[

r

s

]
q

[i + r − s]kq . (3.1)

Proof. Take f(t) = tk in [17, formula (2.1)]. �
Lemma 3.2. For n ≥ k ≥ 1, one has

Tn,q,α(tk; x) =
k∑

r=0
a(r, k)xr

where

a(r, k) = q
r(r−1)

2 [n − 2]q!
[n]kq [n − r]q!

{
(1 − α)[n − r]q

(
[n + r − 1]qSq(k + 1, r + 1)

− [r + 1]q[n − 1]qSq(k, r + 1)
)

+ α[n]q[n − 1]qSq(k, r)
}

. (3.2)

Proof. From (2.6) one has

a(r, k) = (1 − α)
[

n − 1
r

]
q

∆r
qg0 + α

[
n

r

]
q

∆r
qf0.

For i = 0, (3.1) becomes

∆r
qf0 = 1

[n]kq

r∑
s=0

(−1)sqs(s−1)/2
[

r

s

]
q

[r − s]kq ,

and using (2.3), we get

∆r
qf0 = [r]q!qr(r−1)/2

[n]q!
Sq(k, r).

As ∆r+1
q f0 = ∆r

qf1 − qr∆r
qf0, we have

∆r
qf1 = ∆r+1

q f0 + qr∆r
qf0

= [r]q!qr(r+1)/2

[n]kq
([r + 1]qSq(k, r + 1) + Sq(k, r))

= [r]q!qr(r+1)/2

[n]kq
Sq(k + 1, r + 1)

Also, i = 0 in (2.7) results in

∆r
qg0 = ∆r

qf0 + qn−1−r[r]q
[n − 1]q

∆r
qf1

= [r]q!q
r(r−1)

2

[n]kq

(
Sq(k, r) + qn−1[r]q

[n − 1]q
Sq(k + 1, r + 1)

)
Therefore,

a(r, k) = [r]q!q
r(r−1)

2

[n]kq

{
(1 − α)

[
n − 1

r

]
q

(
Sq(k, r) + qn−1[r]q

[n − 1]q
Sq(k + 1, r + 1)

)
+ α

[
n

r

]
q

Sq(k, r)
}

= q
r(r−1)

2

[n]kq

{
(1 − α) [n − 1]q!

[n − r − 1]q!

(
Sq(k, r) + qn−1[r]q

[n − 1]q
Sq(k + 1, r + 1)

)
+ α

[n]q!
[n − r]q!

Sq(k, r)
}

.
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Using (2.4), the last equality becomes

a(r, k) = q
r(r−1)

2 [n − 2]q!
[n]kq [n − r]q!

{
(1 − α)[n − 1]q[n − r]q

(
Sq(k + 1, r + 1) − [r + 1]qSq(k, r + 1)

+ qn−1[r]q
[n − 1]q

Sq(k + 1, r + 1)
)

+ α[n]q[n − 1]qSq(k, r)
}

= q
r(r−1)

2 [n − 2]q!
[n]kq [n − r]q!

{(
(1 − α)[n − r]q

(
[n − 1]q + qn−1[r]q

)
Sq(k + 1, r + 1)

− [r + 1]q[n − 1]qSq(k, r + 1)
)

+ α[n]q[n − 1]qSq(k, r)
}

= q
r(r−1)

2 [n − 2]q!
[n]kq [n − r]q!

{
(1 − α)[n − r]q

(
[n + r − 1]qSq(k + 1, r + 1)

− [r + 1]q[n − 1]qSq(k, r + 1)
)

+ α[n]q[n − 1]qSq(k, r)
}

which is (3.2) as claimed. �

Lemma 3.3. The numbers

λ
(α,n)
k,q = q

k(k−1)
2 [n − 2]q!

[n − k]q![n]kq
((1 − α)[n − k]q[n − 1 + k]q + α[n]q[n − 1]q) , k = 1, 2, . . . , n

are distinct for α ∈ [0, 1].

Proof. One can write

λ
(α,n)
k,q =

(
α + (1 − α) [n − k]q[n + k − 1]q

[n]q[n − 1]q

)
k−1∏
m=1

(
1 − [m]q

[n]q

)
. (3.3)

Dividing (3.3) by λ
(α,n)
k−j,q for j = 1, 2, . . . , k − 1, we get

λ
(α,n)
k,q

λ
(α,n)
k−j,q

=
(

(1 − α)[n − k]q[n + k − 1]q + α[n]q[n − 1]q
(1 − α)[n − k + j]q[n + k − j − 1]q + α[n]q[n − 1]q

)
k−1∏

m=k−j

(
1 − [m]q

[n]q

)
.

Obviously
k−1∏

m=k−j

(
1 − [m]q

[n]q

)
< 1.

To complete the proof, note that

[n − k]q[n + k − 1]q ≤ [n − k + j]q[n + k − j − 1]q
⇔(1 − qn−k)(1 − qn+k+1) ≤ (1 − qn−k+j)(1 − qn+k−j−1)

⇔(qj − 1)(q2k−j−1 − 1) ≥ 0

for all q > 0 and j = 1, 2, . . . , k − 1. �

Remark 3.4. It is worth mentioning that the numbers λ
(α,n)
k,q are the leading coefficients

of Tn,q,α(tk; x). That is, λ
(α,n)
k,q = a(k, k), and hence

Tn,q,α(tk, x) = λ
(α,n)
k,q xk + P

(α,n)
k−1 (x)

where P
(α,n)
k−1 (x) is a polynomial of degree k − 1.
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4. Eigenvalues and eigenvectors of Tn,q,α

In this part, the eigenvalues and the corresponding eigenvectors of Tn,q,α are found.
The coefficients of the eigenvectors are given recursively. For some specific values of n,
the eigenvalues are plotted.

Lemma 4.1. For all q > 0 and α ∈ [0, 1], the operator Tn,q,α has n+1 linearly independent
monic eigenvectors p

(α,n)
k,q (x) of degree k = 0, 1, . . . , n corresponding to the eigenvalues

λ
(α,n)
0,q = λ

(α,n)
1,q = 1 and

λ
(α,n)
k,q = q

k(k−1)
2 [n − 2]q!

[n − k]q![n]kq
((1 − α)[n − k]q[n − 1 + k]q + α[n]q[n − 1]q)

for k = 2, 3, . . ..

Proof. The proof is clear for k = 0 and k = 1. For k = 2, 3, . . ., we have

Tn,q,α(tk; x) = λ
(α,n)
k,q xk + P

(α,n)
k−1 (x),

where P
(α,n)
k−1 (x) is a polynomial of degree k − 1. Let

p
(α,n)
k,q (x) = xk + βk−1xk−1 + · · · + β1x

stand for the monic eigenvector of Tn,q,α corresponding to λ
(α,n)
k,q , that is,

Tn,q,α(p(α,n)
k,q (t); x) = λ

(α,n)
k,q p

(α,n)
k,q (x).

Since Tn,q,α is linear, this equality becomes

Tn,q,α(tk; x) + βk−1Tn,q,α(tk−1; x) + · · · + β1Tn,q,α(t; x) = λ(α,n)
m (xk + βk−1xk−1 + · · · + β1x).

Comparing the coefficients of xm, m = 1, 2, . . . , k − 1, we get the system in the unknowns
β1, β2, . . . , βk−1, whose coefficient matrix is

Λ =


λ

(α,n)
k,q − λ

(α,n)
k−1,q 0 0 · · · 0

∗ λ
(α,n)
k,q − λ

(α,n)
k−2,q 0 · · · 0

∗ ∗ λ
(α,n)
k,q − λ

(α,n)
k−3,q

. . . 0
∗ ∗ ∗ . . . λ

(α,n)
k,q − λ

(α,n)
1,q

 .

Clearly
det(Λ) = (λ(α,n)

k,q − λ
(α,n)
k−1,q)(λ(α,n)

k,q − λ
(α,n)
k−2,q) · · · (λ(α,n)

k,q − λ
(α,n)
1,q ) ̸= 0

by Lemma 3.3. Thus, there exist unique numbers β1, . . . , βk−1 and hence p
(α,n)
k,q (x) is an

eigenvector of Tn,q,α corresponding to the eigenvalue λ
(α,n)
k,q . �

Theorem 4.2. The monic eigenvector p
(α,n)
k,q (x) of Tn,q,α associated with λ

(α,n)
k,q is a poly-

nomial of degree k given by

p
(α,n)
k,q (x) =

k∑
j=0

cn,q(j, k)xj ,

where p
(α,n)
0,q (x) = 1, p

(α,n)
1,q (x) = x and

cn,q(k − j, k) = 1
λ

(α,n)
k,q − λ

(α,n)
k−j,q

j−1∑
i=0

cn,q(k − i, k)an,q(k − j, k − i)

for j = 1, 2, . . . , k, k = 2, 3, . . ..
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Proof. Let us write the eigenvector p
(α,n)
k,q (x) of Tn,q,α in the form

p
(α,n)
k,q (x) =

k∑
r=0

cn,q(r, k)xr.

By the assumption that cn,q(k, k) = 1, the relation

Tn,q,α(p(α,n)
k,q ; x) = λ

(α,n)
k,q p

(α,n)
k,q (x)

implies

λ
(α,n)
k,q

k∑
s=0

cn,q(s, k)xs =
k∑

r=0
cn,q(r, k)Tn,q,α(tr; x)

=
k∑

r=0
cn,q(r, k)

r∑
i=0

an,q(i, r)xi

=
k∑

s=0

k∑
r=s

cn,q(r, k)an,q(s, r)xs,

which leads to

λ
(α,n)
k,q cn,q(s, k) =

k∑
r=s

cn,q(r, k)an,q(s, r). (4.1)

Substituting s = k − j and r = k − i in (4.1), we obtain

λ
(α,n)
k,q cn,q(k − j, k) =

j∑
i=0

cn,q(k − i, k)an,q(k − j, k − i)

= cn,q(k − j, k)an,q(k − j, k − j) +
j−1∑
i=0

cn,q(k − i, k)an,q(k − j, k − i).

(4.2)

It is seen from (4.2) that

cn,q(k − j, k) = 1
λ

(α,n)
k,q − λ

(α,n)
k−j,q

j−1∑
i=0

cn,q(k − i, k)an,q(k − j, k − i).

The proof is completed. �

Example 4.3. As mentioned before p
(α,n)
0,q (x) = 1 and p

(α,n)
1,q (x) = x for all n. Also, by the

endpoint interpolation, one can easily derive that p
(α,n)
2,q (x) = x2 − x for all n. For n = 3

and k = 3, one has
p

(α,3)
3,q (x) = x3 + a2x2 + a1x

where

a2 = −(1 − α)q4 + (2 − α)q3 + 3q2 + (2α + 1)q + 2
(1 − α)q4 + q3 + 2q2 + (1 + α)q + 1

a1 = (1 − α)q3 + q2 + αq + 1
(1 − α)q4 + q3 + 2q2 + (1 + α)q + 1

.

The graph of p
(α,3)
3,q (x) for α = 0.4 and various values of q is plotted on Figure 1. Also, the

graph of p
(α,3)
3,q (x) for fixed q and variable α is depicted on Figure 2.
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0 0.2 0.4 0.6 0.8 1
-0.05

0

0.05

0.1

0.15

Figure 1. The eigenvector p
(α,3)
3,q (x) for α = 0.4 and different values of q.

0 0.2 0.4 0.6 0.8 1
-0.04

-0.02

0

0.02

0.04

0.06

0.08

Figure 2. The eigenvector p
(α,3)
3,q (x) for q = 0.6 and different values of α.

4.1. The limit behavior of the eigenvalues and eigenvectors of Tn,q,α

Lemma 4.4. For q ∈ (0, 1) and k = 2, 3, . . . , one has:

(i) lim
n→∞

an,q(r, k) = q
r(r−1)

2 (1 − q)k−rSq(k, r), r = 0, 1, . . . , k

(ii) lim
n→∞

λ
(α,n)
k,q = qk(k−1)/2.
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Proof. The proof follows, immediately, from the fact that limn→∞[n]q = 1/(1 − q), for all
q ∈ (0, 1). �

Theorem 4.5. Let 0 < q < 1 and p
(α,n)
k,q (x), k = 0, 1, . . . , n be the monic eigenvectors of

Tn,q,α given in Theorem 4.2. Then

lim
n→∞

cn,q(j, k) = bq(j, k)

holds for 0 ≤ j ≤ k, k = 0, 1, . . . , where

bq(j, k) =


1, j = k,
0, j = k − 1 = 0,

k∑
i=j+1

(1 − q)i−jSq(i, k)
q(k−j)(k+j−1)/2 − 1

bq(i, k), otherwise.

In other words, when q ∈ (0, 1), we have

lim
n→∞

p
(α,n)
k,q (x) = pk(x) =

k∑
j=0

bq(j, k)xj

uniformly on [0, 1].

Proof. p
(α,n)
0,q (x) = p0(x) = 1 and p

(α,n)
1,q (x) = p1(x) = x, by Theorem 4.2. So, it is enough

to consider the case k ≥ 2. Suppose that limn→∞ cn,q(k−i, k) = bq(k−i, k), i = 0, . . . , j−1,
where 0 ≤ j ≤ k.

One can easily see that

lim
n→∞

an,q(k − j, k − i)
λ

(α,n)
k,q − λ

(α,n)
k−j,q

= (1 − q)j−iSq(k − i, k − j)
qj(2k−j−1)/2 − 1

.

Then

lim
n→∞

cn,q(k − j, k) =
j−1∑
i=0

(1 − q)j−iSq(k − i, k − j)
qj(2k−j−1)/2 − 1

bq(k − i, k).

Substituting j by k − j and i by k − i, we obtain

lim
n→∞

cn,q(j, k) =
k∑

i=j+1

(1 − q)i−jSq(i, k)
q(k−j)(k+j−1)/2 − 1

bq(i, k)

which completes the proof. �

Lemma 4.6. For q > 1, one has:

(i) lim
n→∞

λ
(α,n)
k,q = 1.

(ii) lim
n→∞

an,q(k − j, k − i)
λ

(α,n)
k,q − λ

(α,n)
k−j,q

= 0 for i < j − 1, j = 1, 2, . . . , k − 1.

(iii)

lim
n→∞

an,q(k − j, k − j + 1)
λ

(α,n)
k,q − λ

(α,n)
k−j,q

= −Sq(k − j + 1, k − j) + (1 − α)qj−k[k − j]q[k − j + 1]q
[k − 1]q + [k − 2]q + · · · + [k − j]q

for j = 1, 2, . . . , k − 1.
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Proof. The proof of (i) is obvious. For the proof of (ii) and (iii), one can write

an,q(r, k) = q
r(r−1)

2 [n]q!
[n]kq [n − r]q!

{
(1 − α) [n − r]q[n − r + 1]q

[n]q[n − 1]q
Sq(k + 1, r + 1)

− (1 − α) [n − r]q
[n]q

[r + 1]qSq(k, r + 1) + αSq(k, r)
}

and

λ
(α,n)
k,q = q

k(k−1)
2 [n]q!

[n]kq [n − k]q!

{
(1 − α) [n − k]q[n + k − 1]q

[n]q[n − 1]q
+ α

}
.

Then,

an,q(k − j, k − i)
λ

(n,α)
k,q − λ

(n,α)
k−j,q

=
q

(k−j)(k−j−1)
2 [n]q !

[n]k−i
q [n−k+j]q !

An

q
k(k−1)

2 [n]q !
[n]kq [n−k]q ! Bn − q

(k−j)(k−j−1)
2 [n]q !

[n]k−j
q [n−k+j]q !

Cn

=
[n]iqAn

[n − k + j]q · · · [n − k + 1]qqj(2k−j−1)/2Bn − [n]jqCn

,

where

An = (1 − α) [n − k + j]q[n + k − j − 1]q
[n]q[n − 1]q

Sq(k − i + 1, k − j + 1)

− (1 − α) [n − k + j]q
[n]q

[k − j + 1]qSq(k − i, k − j + 1) + αSq(k − i, k − j),

Bn = (1 − α) [n − k]q[n + k − 1]q
[n]q[n − 1]q

+ α

and

Cn = (1 − α) [n − k + j]q[n + k − j − 1]q
[n]q[n − 1]q

+ α.

Using (2.2), one can write

an,q(k − j, k − i)
λ

(α,n)
k,q − λ

(α,n)
k−j,q

=
[n]iqAn

([n]q − [k − j]q)([n]q − [k − j − 1]q) · · · ([n]q − [k − 1]q)Bn − [n]jqCn

=
[n]iqAn

[n]jq(Bn − Cn) − [n]j−1
q ([k − 1]q + [k − 2]q + · · · + [k − j]q)Bn + O([n]j−2

q )
.

Note that
lim

n→∞
An = (1 − α)

(
Sq(k − i + 1, k − j + 1) − q−k+j [k − j + 1]Sq(k − i, k − j + 1)

)
+ αSq(k − i, k − j)

= Sq(k − j + 1, k − j) + (1 − α)q−k+j [k − j]q[k − j + 1]q
where (2.4) is used. Also, limn→∞ Bn = 1 and limn→∞ Cn = 1. It is obvious now that if
i < j − 1, then

lim
n→∞

an,q(k − j, k − i)
λ

(α,n)
k,q − λ

(α,n)
k−j,q

= 0

which is the claim in (ii). Moreover, if i = j − 1, then we have

lim
n→∞

an,q(k − j, k − i)
λ

(α,n)
k,q − λ

(α,n)
k−j,q

= −Sq(k − j + 1, k − j) + (1 − α)q−k+j [k − j]q[k − j + 1]q
[k − 1]q + [k − 2]q + · · · + [k − j]q
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which completes the proof. �
Theorem 4.7. For q > 1 and 0 ≤ j ≤ k, we have

lim
n→∞

cn,q(j, k) = dq(j, k),

where

dq(0, 1) = 0, dq(j, k) =
k−j∏
i=1

−Sq(k − i + 1, k − i) + (1 − α)q−k+i[k − i]q[k − i + 1]q
[k − 1]q + · · · + [k − i]q

Proof. For k = 0 and k = 1, there is nothing to prove. Assume that k ≥ 2, and use
strong induction on j. Since cn,q(k, k) = 1, the statement is true for j = k. Assume that
limn→∞ cn,q(k − i, k) = dq(k − i, k) for i = 0, 1, . . . , j − 1. Then, using Lemma 4.6 (i) and
(ii), we obtain

lim
n→∞

cn,q(k − j, k) =
j−1∑
i=0

dq(k − i, k) lim
n→∞

an,q(k − j, k − i)
λ

(α,n)
k,q − λ

(α,n)
k,q

= −Sq(k − j + 1, k − j) + (1 − α)q−k+j [k − j]q[k − j + 1]q
[k − 1]q + · · · + [k − i]q

dq(k − j + 1, k).

From the fact that

dq(k − j + 1, k) =
j−1∏
i=1

−Sq(k − i + 1, k − i) + (1 − α)q−k+i[k − i]q[k − i + 1]q
[k − 1]q + · · · + [k − i]q

then we get

dq(j, k) =
k−j∏
i=1

−Sq(k − i + 1, k − i) + (1 − α)q−k+i[k − i]q[k − i + 1]q
[k − 1]q + · · · + [k − i]q

which completes the induction. �
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