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ABSTRACT. The purpose of this paper is to provide a broad overview of the
generalization of the various dual—complex number sequences, especially in
the disciplines of mathematics and physics. By the help of dual numbers and
dual—complex numbers, in this paper, we define the dual—complex general-
ized k—Horadam numbers. Furthermore, we investigate the Binet formula,
generating function, some conjugation identities, summation formula and a
theorem which is generalization of the Catalan’s identity, Cassini’s identity
and d’Ocagne’s identity.

1. INTRODUCTION

Dual numbers and dual—complex numbers arise in many areas in physics and
mathematics such as coordinate transformation, matrix modeling, displacement
analysis, rigid body dynamics, velocity analysis, static analysis, dynamic analysis,
2D rigid transformation, mechanics, kinematics and applications of geometry. In
the 19 th century, Clifford described the dual numbers with in the form A = a+4-¢ca*,
where a,a* €R, 2 =0and e #0 . Up to this time, there are number of studies
in the literature that concern about the dual numbers and dual—complex num-
bers . For instance, Fjelstad and Gal examined the extensions of
the hyperbolic complex numbers to n dimensions and they presented n—dimensional
dual complex numbers ﬂgﬂ Matsuda et al. examine the ring of anti—commutative
dual complex numbers, which parametrizes two dimensional rotation and transla-
tion all together, by modifying the ordinary dual number construction for the com-
plex numbers . Majernik presented three types of the four—component number
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TABLE 1. Multiplication scheme of dual—complex numbers

z |1 i | e ie
111 i | e ie
i|i]|—1]ie]| —¢
ele|lic | 0] 0
ie|ie|—€| 0] O

systems which are built by using the complex, binary and dual two-component
number [17]. Messelmi, in [19], expressed the dual—complex numbers as

DC = {w = 21 +e2]21,20 € C where &2 =0,¢ # 0}. (1)

He also generalized the concept of holomorphicity to dual—complex functions in-
spired by topics in complex analysis. In Eq. , if 21 = x1 +1izg and 2z = y; + iyo,
then any dual—complex number can be formulated by

w = x1 + iz + eyp + icys. (2)

Moreover, multiplication and subtraction of dual—complex numbers w; and wo are
defined by

w1 we = (21 +€22) £ (23 +e24) = (21 £ 23) + € (22 £ 24) (3)
and

wy X we = (21 +€22) X (23 +€24) = 2123 + € (2124 + 2223) . (4)
Also, the division of dual—complex numbers can be given by

w 21+ ez 21 +e€z9) (23 — ez z 2023 — 21Z
wr _ A 2:(1 2)(3 4):714_523214. (5)

Wa Z3 + €24 (23 + 824) (23 — 6‘24) 23 23

Another important topic is the number sequences that have been studied over
many years. For n € Ny, the Fibonacci and Lucas numbers are defined by the
recurrence relations

Foyo=F, 1+ F,, k=0 F=1 (6)
and
Ln+2 = Ln+1 + Lna LO = 2a Ll = 17 (7)

respectively. Recently, many researchers have studied several applications and gen-
eralizations of the number sequences(see [6}(7,[11-15[21}22//24]). Yazlik and Tagkara
introduced the generalized k—Horadam sequence, which is generalization of many
number sequences in the literature [24]. For n € Ny and f(k)? 4 4g(k) > 0, the
generalized k—Horadam sequence is defined by

Hinyo = f(K)Hgm+1 +9(K)Hgn, Hgo=a, Hgi=0. (8)
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Note that, the Binet formula of the generalized k—Horadam sequence is given by,

for n € Ny,

Xa™ -Yp"

—_— (9)
a—p

where X = b —aff and Y = b — aa. Up until now, some researchers have studied
dual—complex numbers with Fibonacci and Lucas numbers. For example, Giingér
and Azak defined dual—complex Fibonacci and Lucas numbers and investigate some
properties of these numbers such as Binet formulas, Cassini and Catalan identities
[10]. Aydin, presented dual—complex k—Fibonacci numbers and then examine some
algebraic properties of dual—complex k—Fibonacci numbers which are related to
dual—complex numbers and k—Fibonacci numbers [1]. She also described some
algebraic properties of dual—complex k—Pell numbers and quaternions which are
related to dual—complex numbers and k—Pell numbers [2].

Inspiring by these studies and by combining dual—complex numbers and gener-
alized k—Horadam numbers, in this paper, we define the dual—complex generalized
k—Horadam numbers which is a generalization of the studies [10], [1] as presented
in Table 2. The next section describes the dual—complex generalized k—Horadam
numbers and contains various theorems and corollaries regarding the dual—complex
generalized k—Horadam numbers.

Hk,n =

2. DUAL—COMPLEX GENERALIZED k—HORADAM NUMBERS

Definition 1. Forn € Ny, the dual—complex generalized k— Horadam numbers are
defined by

DCHy p, = Hip +iHp 1 + €Hp g2 + ieHy ny3, (10)
where Hy, ,, is the generalized k— Horadam numbers which is defined in .
It can seen easily from the Table 2 that the dual—complex generalized k—Horadam
numbers can be reduced into several dual—complex numbers for the special cases
of f(k), g(k), a and b. Let DCHy, ,, and DCHj, ,,, be two dual—complex generalized

k—Horadam numbers. Then, the addition and subtraction of the dual—complex
generalized k—Horadam numbers are defined by

DCHy , £ DCHy, , = (Hgn + iHg nt1 + €Hi nyo + ieHy py3)
+ (Hpm + iHpgms1 + eHp g2 + ieHg me3) (11)
= (Hyn £ Hym) +1(Hg 1 = Himt1)
+ e (Hin+2 £ Himr2) +ie (Hgnts £ Himes) -

The multiplication of a dual—complex generalized k—Horadam number by the real
scalar A is defined as:

)\]D)(CH}CJL = )\Hk,n + i)\H}C,nJA + E)\Hk,n+2 + iE)\Hk;’nJrS.
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Furthermore, the multiplication of two dual—complex generalized k—Horadam num-
bers is defined by:

DCHy, ., X DCHym
= (Hgpn +iHgny1 + €Hpnto + 1eHg nys)
X (Hgm + iHg ms1 + €Hp a2 + ieHg my3)
= (Hk,nHk,m — Hk,7l+1Hk,m+1) (12)
+i(HinHims1 + Henp1Him)
+ e (HpnHim+2 + Henv2Higm — Hens1Higmas — HenrsHigmt1)
+ie (HpnHiymes + Hing3Him + He 1 Hy 2 + Hing2 Hig 1) -

In addition, complex, dual, coupled and anti—dual conjugations of the dual—complex
generalized k—Horadam numbers are defined by

(DCHy,)™ = Hip — iHpir + eHpnyo — ieHynss (13)
(DCHyp)? = Hip+iHipp1 — cHynso — ieHp s (14)
(DCHy,»)™® = Hyn—iHgnt1 — eHgpio +ieHg nys (15)
(DCH}C,”)M = Hynpto +iHynqs — eHyp — ieHg py1, (16)

respectively. Some properties about the conjugations of the dual—complex gener-
alized k—Horadam numbers are given in the following theorem.

Theorem 2. The four types of conjugation of the dual—complex generalized k— Horadam
numbers (DCHy, )™, (DCHy )™, (DCHg,,)™ and (DCHy )™ satisfies the fol-
lowing multiplication and summation identities.

(DCHp,n) (DCHin)™" = (HR,, + Hjp 1) + 26 (HonHintz + Hint Hens)

(DCHy,p) (DCHy,n)*™* = (Hy ,, — Hi y1) + 21 (H o He g1
(DCHp, ) (DCHy,n)™ = (ngn + Hl%,n+1) + 2ie (HynHynys — Henp1Hiny2)
(DCHg ) + (DCHy )™ =2 (Hgn + €Hp ns2)
(DCHp,n) + (DCHp )™ = 2 (Hpp + iHp nt1)
(DCHg. ) + (DCHy )" = 2 (Hg p + ieHp 1 3)
e (DCHg,n) + ( ) )

DCH}C n *a (Hk,n+2 + in,nJrB )
(]D)(CHk n)—S(D(CHk n)*4 = (Hkn+lHk n+1)~ (17)

Proof. By considering the Egs. . . . and ( ., the theorem can be

proved easily.

Theorem 3. Dual—complex generalized k—Horadam number, DCHy, ,,, satisfies
the following relation:

DCHy 12 = f(k)DCHy pt+1 + g(k) DCHy, 1. (18)
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Proof. By using Eq. we get,
f(E)DCHy, ny1 + g(k)DCH,

= f(k) (Hyn+1 +iHg o + €Hppys + ieHy nta)
+ g(k) (Hgn + iHg g1 + eHg nto + ieHg ny3)
= (f(k)Hp,n41 + 9(k)Hi ) +1(f(k)Hint2 + 9(k) Hnt1)
+e(f(k)Hynys + g(k)Hyny2) +ie (f(k)Hynya + g(k)Hyno3)
= Hy 2+ iHg i3 + eHg pya +ieHg nis
= DCHp o
O

Binet’s formula is a formula which is used to find the n—th term of the Fi-
bonacci sequence. Now, we give the Binet formula for the dual—complex generalized
k—Horadam numbers.

Theorem 4. The Binet formula for the dual—complex generalized k—Horadam
numbers is as follows:
Xaa" —YBB"
a—f ’
where @ =1+ia+¢ea? +ica®, B=1+if+ef*+ief®, X =b—aB, Y =b — aa,
_ [+ f(2k)2+49(k) and B8 = f(k)f\/f(Qk)2+4g(k).

DCHy, , = (19)

Proof. By considering the Binet formula of the generalized k—Horadam numbers
in @D, we have

]D)(CHk,n - Hk,n + in,n+1 + 5Hk,n+2 + i5Hk,n+3
_ Xa"-Yp"  Xantl—yprtt N Xant2 —ypgrt?

a—0 T a—pf c a—[
Xant3 —ypnts
+ ie
a—p
Xa" yg"
= 2% [14iatea®+ica®| - p 14+i8 +ef? +iep?
a—pf a—pf

- i 3 (Xaa” — Yﬁﬂ"),

where @ = 1 +ia+ea? +ica®, B = 14+i8+eB? +ief%, X =b—aB, Y =
b—aa, a = i)+ f;k)2+4g(k) and § = T(k) —y f;k)2+4g(k). Therefore the proof is

completed. [
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TABLE 2. The dual—complex generalized k—Horadam numbers

f(k) | g(k)

Dual—complex generalized k—Horadam numbers
]D)(CHkm = Hk,n +iHy py1 +eHy i +icHy pys
Hypn = f(k)Hppn-1+ g(k)Hp n—2,
ch,O =a and Hk71 =b

Dual—complex Fibonacci numbers [10]
DCF, = F, +iF,41 +eFp42 +icF 43
F,=F, 1+ F, o, Fp=0and F; =1

Dual—complex Lucas numbers [10]
]D)(CLn = Ln + iLn+1 + SLn+2 + iSLn+3
L,=Lp1+Ly 9, Lo=2and L; =1

Dual—complex Pell numbers
]D)Cpn = Pn + iP7L+1 + €Pn+2 + iEPn+3
PnZQPn,1+Pn,2,P0:08,HdP1:1

Dual—complex Pell-Lucas numbers
DCQ, = Qn +iQn41 + 5Qn+2 + i562n+3
Qn — 2anl + Qn72, QO = 2 and Ql =2

Dual—complex Jacobsthal numbers
HDCJ,L = Jn + iJn+1 + 5Jn+2 + i5Jn+3
Jp=Jn_1+2J,_92, Jg=0and J; =1

Dual—complex Jacobsthal—Lucas numbers
]D)Cjn = jn + ijn-i—l + 8.jn+2 + i€j7L+3
Jn = Jn-1+ 2Jn—2, Jo = 2 and n=1

Dual—complex k—Fibonacci numbers [1]
HD(CFk,n = Fk,n + iFkﬂ'L-‘rl + 5Fk:,n+2 + iEFk,n+3
Fk,n = ka,n—l + Fk‘,n—27
Fk70 =0 and Fk,l =1

Dual—complex k—Lucas numbers
]D)(CLk:,n = Lk,n + iLk,n+1 + 5Lk,n+2 + ieLk,n-‘r3
Lk,n = kLk,n—l + Lk,n—?v
Lk70 = 2 and Lk71 =k

Dual—complex Horadam numbers
DCHn = Hn + iI{n+1 + 5Hn+2 + i5H7L+3
H, = pHn—l + an—Q; HO =aand Hy =0

Theorem 5. Let DCHy ,, be the dual—complex generalized k—Horadam number.
Then the summation formula for DCHy, ,, is as follows:

n

Z DCHy, s =

s=1

|

DCHy, n+1+9(k)DCHk ,L*DCHk 1—9g(k)DCH, o

if f(k) +g(k) #1

f(k)
k)DCHy, ,,+DCH +(n—1 k)a+b](14+i+ +1 .
g(k) k, k, 115_9(]@))[9( ) I( € 5)7 ’Lf f(k') + g(k) =1

(20)
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Proof. We prove the theorem in two different cases. First we assume that f (k) +
g (k) # 1. By using the Eq. , we have

Z DCHk,s = Z Hk,s +i Z Hk,s+1 +e Z Hk,s+2 + ie Z Hk,s+3- (21)
s=1 s=1 s=1 s=1 s=1

Summation of the generalized k—Horadam numbers are defined in Eq. (12) in [16]
as:

e FR)+g(k) — 1

Furthermore, the following equations are defined in Eq. (2.22), Eq. (2.23) and Eq.
(2.24) in [23).

(22)

Hingo+ 9(k)Hypy1 — Hi o — g(k)Hy y
, : L 2
ZH’“ s+ = 70R) + gF) 1 2

" Hk n+3+g(k)Hk n+2 _Hk3_g(k;)Hk2
H = : : : 24
2 o 70R) + (i) 1 (24

Z o Hypya+g(k)Hy iz — Hya — g(k)Hy 3
e JR) +g(k) - 1 '

By substitutmg the Equations , , and in the Eq. , we can

obtain the equation as follows:

= DCHj, i1 + g(k)DCHy, ,, — DCHy 1 — g(k)DCHj, g
= 7 ’ : = 2
2 DCHs 7 + (b — 1 (26

Next, we assume that f (k) + g (k:) = 1. By using the Eq. (13) in [16], we have

(25)

(27)

k)Hyn+ Hi1 + (n—1)[g(k)a + D]
ZH’” T m '

Moreover, the following equations are defined in Eq. (2.27), Eq. (2.28) and Eq.
(2.29) in [23).

Z Hy 511 = (6 Hxins Hlki;_(gc) Dlg(k)a + 1 (28)
ZHk = (k)Hy,pny2 +I{1kj_—;_(§€) 1)[g(k)a + b] (20)
ZHk s (k)Hy iz + Hya+ (n—1)[g (k)a—i-b]. (30)

1+ g(k)
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Hence, by substituting the Equations (27), (28), and in Eq. (21), we can

obtain the equation as follows:

Z DCH, , — g(k)DCHy, , + DCHy 1 + (n — D[g(k)a+b](1+i+¢e+ 16). (31)
p ’ 1+ g(k)

O

In the following theorem, the general form of the some identities are given such as
Catalan’s identity, Cassini’s identity and d’Ocagne’s identity, for the dual—complex
generalized k—Horadam numbers for the special cases of s and r.

Theorem 6. The dual—complex generalized k— Horadam numbers satisfies the fol-
lowing identity:

]D)(CHk:,n ]D)(CHk,nfrJrs - DCHk,n+s ]D)(CHk,nfr

(—g(k)"" (bHy» — aHy r41) (bHyg s — aHy 541)
b? —a?g(k) — abf (k)

x |1+ g(k) +if(k)+e(1+g(k)) (f(k)+2g(k))

+ief(k) (f(k)* +2g(k)) |. (32)

Proof. By using Theorem 7 in [24] and definition of the generalized k—Horadam
numbers, we get

DCHy, s DCHyg o5 — DCHyg s DCHp v
= (Hgm +iHg i1 + €Hp pyo +icHg pny3)
X (Hgp—rts +1Hg n—rtst1 + EHpnrist2 +1Hy nrist3)
— (Hgpys +iHpgngsi1 +eHpnisio +ieHy nisi3)
X (Hgp—r +1Hp prt1 + eHgn—rio +i€Hg p_ri3)
=HinHinr+s — Hens1Hen—ryst1 — HentsHen—r + Hy nyps41Hp i1

+ i(Hk,’n“rlHk,n*TJrS +HynHypryst1 — Hypysr1Hignr — Hk,nJrsHk,an»l)
+ E(Hk,n+2Hk,n—r+s + Hk,7LHk,n—r+s+2 - Hk,n+1Hk,7L—r+s+3
—HypnisHy n—rist1 — HymtsHiyn—ri2 + Hy ngst1Hp n—ry3
— Hen—rHinyst2 + Hk,n—r+1Hk,n+s+3>
+ie <Hk,nHk,n—r+s+3 + Hk,n+3Hk,n—r+s + Hk,n+1Hk,n—r+s+2

+ Hk,'rL+2Hk',n—7'+s+1 - Hk,n—i—sHk','rL—r-‘rS - Hk,7z+s+3Hk,n—r
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- Hk7n+s+1Hk,n—r+2 - ch,n+s+2Hk,n—r+1>

~ (—=g(k))" " (bHyr — aHp, py1) (bHp s — aHy s11)
N b2 —a2g(k) — abf (k)

(—g(k))" " (bHg,r — aHyg r11) (bHy s — aHy s11)
7 — (k) — b (h) [ﬂ4

(_g(k))n—r (ka,r - aHk,r+1) (ka,s - aHk,s-i—l)
b* —a?g(k) — abf(k)

(L+g(k)) (f(k)* + 29(k)) ]

1+g(k)

+i

+¢€

X

(—g(k)" " (bHy,r — aHppy1) (bHg,s — aHp 541)
B — aZg(k) — abf (k)

X

1+ g(k) +if(k) +e (14 g(k) (f(k)* +2g(k)) +icf (k) (f(k)* + 2g(k)) ] :
O

Corollary 7. By taking s =m —n+r in the Theorem [, we obtain the following
identity:
DCHy » DCHy, y, — DCHy, . DCHy, gy

_ (_g(k))n_r (ka:,T - a/Hk,T-l-l) (ka,m—n—i-r - aHk,m—n-i—r—i—l)
B — a2g(k) — abf (k)

X |1+ g(k) +if(k)+e(1+g(k) (f(k)* +29(k))

+ief(k) (f(k)* +29(k)) |

Corollary 8. (Catalan’s identity) By taking m = n in the C’omllary@ we obtain
the Catalan’s identity for the dual—complex generalized k— Horadam numbers as:

(DCHy,.,)* — DCHy, py DCHy py

_ (_g(k))n—'r (ka,r - aHk,r+1)2
B — a2g(k) — abf (h)
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X |1+ g(k) +if (k) + e (1 +g(k)) (f(k)* +2g(k))

+ief(k) (f(k)* +29(k)) |.

Corollary 9. (Cassini’s identity) By taking m = n and r = 1 in the Corollary
[1 we obtain the Cassini’s identity for the dual—complex generalized k—Horadam
numbers as:

(]D)CHk,n)2 — DCHy 1 DCHy 1
= (—g(k)" ™" (b* — a®g(k) — abf (k))

x |1+ g(k) +if(k) +e(1+g(k)) (f(k)*+2g(k))

+ief(k) (f(k)*+2g(k)) |.

Corollary 10. (d’Ocagne’s identity) By taking n = n+1 and r = 1 in the Corollary
[1 we obtain the d’Ocagne’s identity for the dual—complex generalized k— Horadam
numbers as:

HDCHIC,TL-}-IHD(CHIC,WL - D(CHk,m-‘rl]D)(CHk,n
= (_g(k))n (ka,'m—n - aHk,m—n-‘rl)

x |1+ g(k) +if(k) +e(1+g(k)) (f(k)*+2g(k))

+ief(k) (f(k)* +29(k)) |-

Generating functions are useful tools with many applications to number se-
quences. The following theorem explains the generating function of the dual—complex
generalized k—Horadam numbers.

Theorem 11. For n € Ny, the generating function for the dual—complex general-
ized k— Horadam numbers is

H(t) = DCHy. o+ (DCHy,1 — f(k)DCHy0)t

T— J(R)t — g(k)P? |
Proof. We use the formal power series to obtain the generating function of DCHy, ,,.
Now, we define

(33)

H(t) = DCHynt" = DCHy o+ DCHy 1t + Y DCHj nt". (34)

n=0 n=2
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Multiplying the Eq. both f(k)t and g(k)t?, we get

FREH(E) = f(B)DCH ot"! = f()DCHiot + Y f(k)DCHj, 18" (35)
n=0

n=2

and
g(R)EH(t) = 3 g(K)DCHy. -t (36)

By considering the above equations and doing some basic operations, we get

(1= f(k)t — g(k)t*) H(2)
= DCHy, o+ DCHy 1t — f(k)DCHk@t

+ Z ]D)(CHk,n - f(k)]D)(CHk,n—l - g(k)]D)(CHk,n—Q t".

n=2

0
Therefore, we obtain
~ DCHy o+ (DCHyy — f(k)DCHy )t
B 1 — f(k)t — g(k)t? ’
which is the desired result. [

H(t) (37)

The matrix representation of the dual—complex generalized k—Horadam num-
bers can be given in the following theorem.

Theorem 12. Letn > 1 be integer. Then

n—1
DCHp, 2041 DCHy 2(n—1)+1 | _ [ DCHp241  DCHpy Fk)? +29(k) 1
DCHg 2(nt1)+1 DCHy,2n+1 DCHg ay1 DCHg 24y —g(k)? 0 ’

(38)
where | € {0,1}.

Proof. We prove the theorem by induction on n. If n = 1 then the result is clear.
Now we assume that, for any integer m such as 1 < m < n,

m—1
DCHy 2m+1 DCHy 2(m—-1)+1 \ _ ( DCHi241  DCHpy F(R)2+2g(k) 1
DCHy 2(m+1)+1 DCH, 2m+1 DCHy g441 DCHy 24y —g(k)? 0 ’

Then, for n =m + 1, we get

DCHy2+; DCHyg, f(k)?+2g(k) 1\"
DCHy 441 DCH 24 —g(k)? 0

_(DCHk,QH DCHk,z><f<k)2+2g(k> 1)”” (f(k)2+2g(k> 1)
- HD(CH;CA_H HD(CHIQ,Q_H —g(k))Q 0 —g(]{})Q 0
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_ ( DCHy 2m+1 DCHk,Q(m1)+l> (f(k)2 + 2g(k) 1>
DCH 2(m+1)+1 DCHpg 2m41 —g(k)? 0
_ (DCHk,Q(m+1)+l DCHp, 2m+1 )
DCHy 2(m42)+1 DCHp 2(m41)41)

where | € {0,1}. Therefore, the proof is completed. O

3. CONCLUSION

This study aims to generalize several dual—complex numbers in the literature
such as [1}|10]. Also, we obtain numerous new dual—complex numbers for the
special cases of f(k),g(k),a and b (see Table 2). Further, we present the Binet for-
mula, generating function, matrix representation and the summation formula for the
dual—complex generalized k—Horadam numbers. We also give Theorem @ which
is the generalization of the Catalan’s identity, Cassini’s identity and d’Ocagne’s
identity. Hence this study involves some new generalized results for dual—complex
numbers and it contributes to the literature in dual—complex numbers.
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