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1. INTRODUCTION

A classical well-known result in approximation theory is the Griiss inequality for positive
linear functionals L : C[0,1] — R, which gives an upper bound for the Chebyshev-type func-
tional

T(f.9) = L(f-9) = L(f) - L(g), [f,9 € C[0,1].
Starting also from a problem posed in [3], this inequality was investigated in terms of the least
concave majorants of the moduli of continuity and for positive linear operators H : C[0,1] —
C10, 1], for the first time in [1] and in the note [5], where the cases of classical Hermite-Fejér and
Fejér-Korovkin convolution operators were considered.

Refined versions of the Griiss-type inequality in the spirit of Voronovskaya’s theorem were
obtained in [4] for Bernstein and Péaltadnea operators of real variable and for complex Bernstein,
genuine Bernstein-Durrmeyer and Bernstein-Faber operators attached to analytic functions of
complex variable.

After the appearance of these results, several papers by other authors have developed these
directions of research.

For example, let Cyr = {f : R — R; f continuous and 27 periodic on R}. A classical method
to construct trigonometric approximating polynomials for f € Cy, is that of convolution of f
with various trigonometric even polynomials K, (¢) (called kernels), under the form

(1.1) L,(f)(z) = 1 flz =) K,(t)dt = 1 fw)Ky(x —u)du, ze€R,neN.
™ J)_x T™J—x
Upper estimate in the Griiss-type inequality for convolution trigonometric polynomials with

respect to general form of the kernel K, (t), was obtained in [1].
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Now, by analogy, for f analytic in a disk D = {# € C;|z] < R} and continuous in the
closure of the disk, one can attach the convolution complex (algebraic) polynomials by

s

12 L.(f)z) = % " ety K (1)t = % Fze=™) - Ko (t)dt,z € Dy, neN.

The goal of this paper is to continue the above mentioned directions of research, obtaining
Griiss and Griiss-Voronovskaya exact estimates (with respect to the degree) for the de la Vallée-
Poussin complex polynomials in Section 2, for Zygmund-Riesz complex polynomials in Section
3 and for Jackson complex polynomials in Section 4.

2. DE LA VALLEE-POUSSIN COMPLEX CONVOLUTION

In this section, we extend the Griiss and the Griiss-Voronovskaya estimates for the de la
Vallée-Poussin complex polynomials given by the general formula (1.2) and based on the con-
volution with the de la Vallée-Poussin kernel

1 (n!)?

K,(t) = 3 @ (2cos(t/2))*",
defined by
z) = L nc- 2n 2= nc-sz

attached to analytic functions in compact disks, f(z) = Z;’io cjzd.
Let us denote Dy = {z € C; |z| < R} and || f||, = max{|f(2)[; |z| < r}.
Firstly, we prove a theorem for the general complex convolutions given by (1.2).

Theorem 2.1. Suppose that R > 1 and f,g : Dr — C are analytic in Dg, that is f(2) = > o arz”

and g(2) = Y ey biz" for all z € Dp.
Let 1 < r < R and consider the operators L, given by (1.2). For all n € N, it follows

1£0(f9) = La(H)Lalg)llr < D [Zl%’l bm—jl - IIAn,m,jllr] ;

m=0 | j=0
where denoting Ay, m j(2) = Ln(em)(2) — Ln(e;)(2) - Ln(em—;)(2) and en(2) = 2™, m € NU {0},
we have

[An,m,j

lr < [[Ln(em) — emllr + ||6j||r : Hem—j - EH(GM—J')HT
+ 1£n(em—j)llr - llej — Ln(ej)llr-

Proof. Since f(2)g(z) = -, o cmz™, where ¢;, = 3770 a;b,—j, it follows

m=0
En(fg)(z) = Z |:Z ajbm—j] En(em)(z)
m=0 | j=0
Also,
Lo(£)(2) = arln(er)(2), Ln(g)(2) = beLlnlex)(2)
k=0 k=0
and

Ln(f)(2)Ln(9)(2) = Z |:Z a47‘bm—j£n(e4i)(z)£n(em—j)(z)] )

m=0 |j=0
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which immediately implies

1Ln(£9)(2) = La(f)(2)Ln(9)(2)] =

[Z ajbm—j (Ln(em)(2) = En(@j)(Z)En(em—j)(Z))] ‘

<> [Z% Nom—j| - [Ln(em)(2) —En(ej)(Z)ﬁn(em—j)(Z)ll -

Then, we get
| An,m,;(2)] =

F1Lnlem—;)(2)] - lej(z) = Lale;)(2)];
which immediately proves the lemma. O

The following Griiss-type estimate holds.

Corollary 2.1. Suppose that 1 < r < Rand f,g : Dr — C are analytic in Dg, that is f(z) =
Sreoarz® and g(z) = 377 bi2" forall z € Dp.
For all n € N, we have

[Va(f9) = Va(F)Vau(9)lr < % : Z m® [Z laj] - |bmj|] ',

j=0
where S0 m? [zgf;o ] boj|| 7™ < o0
Proof. We estimate [|A,, , ;|- in the statement of Theorem 2.1 for £,, = V,,. For that purpose,
by [2, p. 182], we easily get ||V, (ex)| < rF, forall n € N, k € N{J{0}, while from [2, p. 183],
we have ||V, (er) — ex|lr < ’jl—zrk, for all k, n. This implies, for all n,m,j € Nand j <m
2 _ )2 ) .52 )
[ An .l < Dy 4y (m—J)” i pmei L
n n mn

3
S - m2rm>
n

which by Theorem 2.1, immediately implies the estimate in the statement of the corollary.

It remains to show that Y °_, m? {Z;n:o laj] - \bm,j” r™ < oo. Indeed, since f and g are
analytic it follows that the series f(z) = Y ;- ax2” and g(z) = Y ;- bx2" converge uniformly
for |z| < randall 1 <r < R, that is the series Y ;= |ax|r® and > ;- |bx|r* converge for all

1 <r < R. Then, by Mertens’ theorem (see e.g. [6, Theorem 3.50, p. 74] their (Cauchy) product
is a convergent series and therefore

o0 m
ST lagl - bl 7™
m=0 | j=0

is a convergent series for all 1 < r < R. Denoting A,, = Z;”’:O la;| - |bm—j|, this means that
the power series F(z) = Y.~ Ap,2™ is uniformly convergent for |z| < r, forall1 < r < R,

oo

which implies that F”/(z) = > ~_, m(m — 1)A,,2™ 2 also is uniformly convergent for |z| < r,
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with 1 < r < R arbitrary, fixed. Indeed, choose an 7’ with 1 < r < v’ < R and consider the
uniformly convergent series F(z) = >~ A,z on |z < r'.
Therefore > >°_, m(m — 1)A,,,r™ % < oo, which immediately implies that

oo

m=

m
m? laj| - [bm—j| | ™ < o0.
1 j=0

In what follows, it is natural to ask for the limit
Tim nlVa(£0)(2) — Va(D(Vala) (=)
By simple calculation, we have

n[Va(f9)(2) = Vu(£)(2)Vu(9)(2)]
22 z
=n {Vn(fg)(Z) — f(2)g(2) + —(f(2)g9(2))" + = (f(2)g(2))’

n n

+ (Zo0+ 206 b - 16 - e o)}

Indeed, the above equality easily follows by simple algebraic manipulations, replacing in the
right-hand side of the equality [f(2)g(2)" = f'(2)9(2) + f(2)g'(2), [f(2)9(2)]" = ["(2)g9(2) +
2f'(2)¢'(z) + f(2)g"(#) and reducing the corresponding terms.

Taking into account the estimate in [2, Theorem 3.1.2, p. 183] applied successively there for
f g, f and g, passing to the limit it easily follows

lim nfVa(£9)(2) — ValD(2Valo)(2)] = ~222F(2)g(2).
This suggests us to prove the following Griiss-Voronovskaya-type estimate.

Theorem 2.2. Suppose that 1 <r < Rand f,g : Dr — C are analytic in Dg. Then, for all |z| <,
there exists a constant C(r, f,g) > 0 depending on r, f, g, such that

Z2 T
Vf0)() -V EVala):) + 2 g o) < CEED e

= n2

Proof. Firstly, note that we have the decomposition formula
222
Va(£9)(z) = Va () (2)Va(9)(2) + == f(2)g'(2)

= [Valta)) - 1)) + S0 + 2|

+19(2) = Vu(9)(2)] - Vn(£)(2) = f(2)]-
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Passing to modulus with |z| < r and taking into account the estimates in [2, Theorem 3.1.1, (i),
p- 182] and [2, Theorem 3.1.2, p. 183], we get

2
2z% ,

Valf9)(z) =Va(H)()Val9)(2) + == f'(2)g'(2)

2

ValF9)(2) = (f9)(=) + = (f(2)g(=))" +

252 z
Vi(9)(2) — g(2) + gg”(Z) + ;g’(Z)

z

Z(F(2)9(2))

<

+1f(2)]

2

Hg() Va(DE) = () + = () + = F(2)

+19(2) = Val9)(2)] - Vu(£)(2) = f(2)]-
<CI(T7 fvg) CZ(T’ g) + HgHr . 03(7;7 f) + 04(T7 g) . 05(7‘7 f)

_T—’—anr n? n n n

SC(T,f,g)

n2

i

foralln € Nand |z| < r, with C(r, f,g) > 0 independent of n and depending on r, f, g. O

In what follows, the above theorem is used to obtain a lower estimate in the Griiss-type
inequality.

Corollary 2.2. Suppose that 1 < r < Rand f,g : Dp — C are analytic in Dg. Then there exists an
ng € N, depending only on r, f and g, such that

1
Va(£9) = Va9l = — - lle2f'g I, n = no.
Proof. We can write

ValF9)(2) ~ Va2V o))
{22+ 1 [ (M) - VDV + g @) | |

n
Applying to the above identity, the obvious inequality
1 +Glle = [I1F [l = 1G] = [l = Gl

and denoting e>(z) = 22, we obtain

V() = Vala @l = 7 {12609 = 1 |12 [Vat0) = Vit vato) + 2227

I

Since f and g are not constant functions, we easily get ||2e2 f'¢’||, > 0.
Taking into account that by Theorem 2.2, we get

22

Vn(.fg) - Vn(f)vn(g) + n f/g/ S C(n f?g)

T

77,2
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and that % — 0, there exists an index n (depending only on 7, f, g), such that for all n > ny,
we have

1 2 2 11 ,
[2e2'd"llr — [n Valf9) = Va(£)Valo) + =2 1" } > M
= ||62f/gl||r
>0,

which for all n > ng implies

Val78) = ValFWalo)ll > - lleafd |1

O

As an immediate consequence of Corollary 2.1 and Corollary 2.2, we obtain the following
exact estimate.

Corollary 2.3. Suppose that 1 < r < Rand f,g : Dr — C are analytic in Dg. If f and g are not
constant functions, then there exists ny € N depending only on r, f and g, such that we have

Val79) = ValE (@l ~ 1 1 € Ny > o,

where the constants in the equivalence are independent of n but depend on r, f, g.

3. ZYGMUND-RIESZ COMPLEX CONVOLUTION

This section deals with the Griiss and the Griiss-Voronovskaya estimates for the Zygmund-
Riesz complex polynomials based on the convolution with the Zygmund-Riesz kernel

n—1 .
1 S
K, s(t) = 3 + Z (1 - ff) cos(jt), s € N fixed,

j=1

defined by

n—1 S\ S
64 Ron0) = 1= (2) ]
=0
attached to analytic functions in compact disks, f(z) = 3277 ¢;27.
Firstly, as a consequence of Theorem 2.1, the following Griiss-type estimate holds for Zygmund-
Riesz complex polynomial convolution.

Corollary 3.4. Suppose that 1 < r < R, s € Nare fixed arbitrary and f, g : Dr — C are analytic in
Dg, thatis f(2) = > pe, axz® and g(2) = > pe, bpz" for all z € Dp.
For all n € N, we have

n

3 o0 X m
||Rn,8(fg) - Rn,S(f)Rn,S<g)Hr < — Z m’ Z |aj| ) ‘bmfjl ",
m=1 7=0

where S0 m* [zgf; olail - bl ™ < +o0.

Proof. Denote e,,(z) = 2. We will estimate ||A,, , || in the case when in Theorem 2.1, we
take £,, = Ry 5.

From the formula (3.4), we immediately get that R, s(ex)(z) = 0if k > nand that R,, s(ex)(z) =
[1- %] ex(2) if k& < n — 1. This immediately implies | R, s(ex)|, < r* for all n,k. Also,
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Rn.s(er) —exllr =% < fT R if k> mnand |Rys(ex) — exllr < 1’%:7"“ if k < n — 1, which easily
implies

m’ (m = j)*

HAm,n,jHT < FTm 17

L= + pm=d . i < imsrm-
ns ns —nf

It remains to show that Y ~_, m* {ZT:O laj| - |bm—; |] 7™ < +o0. This follows immediately by
reasoning exactly as in the proof of Corollary 2.1. Indeed, keeping the notation there for the
series F'(2) = > °_, A, 2™, we analogously get that for any 1 < r < R, all the series F'(z), ...,

m=0
F(©)(z) are uniformly convergent for |z| < r.
In conclusion, we obtain the conclusions in the statement. O

In what follows, it is natural to ask for the limit
nh_{r;o n’ [Rn,s (f9)(2) = R (f) (2)Rn,s (9)(2)]-

For this purpose, for arbitrary k, s € N, let us denote the coefficients «; ; € N, independent of &
which satisfy (see, e.g., [2, Lemma 3.1.7, p. 190])

(3.5) K=Y ok —1)- .- (k= (j— 1)),
j=1

and the recurrence formula
(3.6) 0ot = Qj_1,s + 0 s, J =2,...,5,8 > 2, withoy s =55 =1, forall s > 1.

By simple calculation (see the indications for the relation after the proof of Corollary 2.1), we
have

ns[Rn,s(fg> (Z) - Rn,s(f) (2>Rn,s(g)(z)]

—n {Rn,s<fg><z> ~ FE)aE) + a5 Y e (F(2)g(2)

= 9(2) |Rns(f)(2) = f(2) + % Zaj,szjf(j)(z)]
- Rn,s(f)(z) Rn,s(g)(z) - g(Z) + nls Zaj,sz g(j)(z):|

s
j=

+ (nl Zaj,szfg@(z)) Ros(£)(2) —f(Z)]+En,s(f,g)(Z)},
where B, (f.9)(2) = 2 Gu(f.9)(2) with
(3.7) Gulf.9)(2) = 3 a2 [F(2)99(2) + 9(2) 9 (2) - (F()g() D).
j=1

Taking into account the estimate in [2, Theorem 3.1.8, p. 190], applied successively there for
f g, f and g, passing to the limit it easily follows

Tim 2[R s (f9)(2) = R s (F)(2) R s(0)(2)] = Gi(/,9)(2):

This suggests us to prove the following Griiss-Voronovskaya-type estimate.
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Theorem 3.3. Suppose that1 < r < R, s € Nand f,g : Dp — C are analytic in Dr. Then, for all
|z| < 7, there exists a constant C(r, s, f,g) > 0 depending on r, s, f, g, such that

R (F0)) = R DR ) = :Gul0)(2)] < CEEFD me

- nsti ’

Proof. Firstly, note that we have the decomposition formula

R (f9)(2) = R alF) (2R 2 (9)(2) — —Ga(f.9)(2)

n

Roa(F9)(2) — (F0)(2) + = > Oéj,szj(f(Z)g(Z))(j)]

—f(2)

Roa(9)(2) () + = > aj,szﬂ'g@(z)}

+19(2) = Rns(9)(2)] - [Rn s (F)(2) = f(2)]-

Passing to modulus with |z| < r and taking into account the estimates in the second line of
the proof of [2, Theorem 3.1.6, p. 189] and [2, Theorem 3.1.8, p. 190], we get

R s(F9)(2) — R F)(2) R (9)(2) ~ %Gsm 9)()

< Rn,s(fg)(z) + 72043 sZ] ))(])
HFE! [Rus(9)(2) ~ 9(2) + 3 0y.427g9(2)
j=1
Ho(@) [Rus ()~ £+ 2= >y, £0) )
Jj=1
Hg(2) = Ras (0] [Rus(1)(2) = (2)
SELLHT TR UL B P UL UL e
_Clrs.1.9)

ns-{-l ’

foralln € Nand |z| < r, with C(r, s, f,g) > 0 independent of n and depending on r, s, f, g.
U

Remark 3.1. Taking s = 1 in Theorem 3.3 and using that G1(f, g)(z) = 0 for all z € Dg, in this case
we get a better estimate in the Griiss-type inequality than that in Corollary 3.4, namely

0Ug)

[Rn1(f9) = Ru 1 (fIRna(g)llr <
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In what follows, the above theorem is used to obtain lower estimate in the Griiss-type in-
equality.

Corollary 3.5. Suppose that 1 <r < R,s € N, s > 2and f,g : Dr — C are analytic in Dg. Then
there exists ng € N depending on r, s, f and g, such that

1 G9 ) r
RocaF0) ~ Roe R0}l > - NELDr ) g5,
where G(f, g)(=) is given by relation (3.7).

Proof. We can write
Ris(f9)(2) = Rays(f)(2)Rn,s(9)(2)
G 0E + o [ (Rl ) = R DNERnn0)) — G0 )]}

Applying to the above identity, the obvious inequality
1+ Gl = [I1F [l = 1G] = [ [l = Gl
we obtain
Han(fg) - Rn,s(f)Rn,S(g)”r

1 1
>7 _ 2s
> {16l — o |

By hypothesis, we easily get [|Gs(f, )] > 0.
Taking into account that by Theorem 3.3, we get

R s(79) = Ros (P Ross (0) + -Gl 0)

R a(£9) ~ R R (9) — -Gl ,0)

It

ns+1

S C(r7s7f7g)

r

and that % — 0, there exists an index ng (depending only on 7, f, g), such that for all n > ny,
we have

G190 = s 12| Raal7) = Rl 1) Ros(0) + Gl )

K
>|Gu(f.9)]r — %fg)
NGs (.9l
- 2
>0,

which for all n > ny implies

(R (£9) = R (FRs (@) > — - 1GelS:9) e

ns 2

The corollary is proved. O

As an immediate consequence of Corollary 3.4 and Corollary 3.5, we obtain the following
exact estimate.

Corollary 3.6. Suppose that1 <r < R,s € N, s > 2and f,g : Dr — C are analytic in Dg. If f
and g are such that G,(f, g)(z) is not identical zero in D, , then there exists ng € N depending only on
r, s, f, g, such that we have

HRn,S(fg) - Rn,S(f)Rn,S(g)‘

7"\’EvnEN7nZnOv
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where the constants in the equivalence are independent of n but depend on r, s, f, g.

Remark 3.2. The statements of Corollaries 3.5 and 3.6 suggest to be of interest to examine the pair of
functions f, g, for which Gs(f, g)(z) = 0. For example, in the particular case s = 2, taking into account
the formula for G4(f, g)(2) in (3.7), we easily obtain that

f(2)g"(2) + ["(2)9(2) = [f(2)9(2)]" = 0.

This easily one reduces to f'(z)g¢'(z) = 0, which means that f is a constant function and g is
an arbitrary analytic function, or f is an arbitrary analytic function and g is a constant function.
The cases s > 3 are more complicated and remain as open questions.

4. JACKSON COMPLEX CONVOLUTION

In this section, we study the Jackson complex polynomials based on the convolution with
the Jackson kernel

Ko (t) = 3 . (m(m/z) )4’

2n(2n? +1) sin(t/2)
defined by
2n—2
(4.8) VA —00+Zc7 jm 2

4n®—652n+3;°—3j+2n
2n(2n2+1)

attached to analytic functions on compact disks, f(z) = 372 ¢;2/, where \; ,, =

if 1<) <n, Ay = 2250220 i < j < 20 - 2.
As a consequence of Theorem 2.1, the following Griiss-type estimate holds for Jackson

complex convolution.

Corollary 4.7. Suppose that 1 < r < Rand f,g : Dr — C are analytic in Dg, that is f(z) =

S no anz® and g(z) = 377 bz" forall z € Dp.
For all n € N, we have

o m

m? > laj| - o]
=0

1Tn(f9) = Tn(f)Tn(g

m=

Here, C;. > 0 is a constant depending only on r.

Proof. Denote e,,(z) = 2. We will estimate ||A,, , ;|| in the case when in Theorem 2.1, we
take £,, = J,.

From the formula for 7, in (4.8), we get J,,(ex)(z) = 0,if k > 2n — 2 and 7, (ex) = A,ner(2)
if 0 < k < 2n — 2, which implies that || 7, (ex)||» < r*, for all k, n (here we take into account that
by e.g. [2, Remark 3, p. 195], we have 0 < A, < 1 for all &, n).

Also, from [2, Theorem 3.1.10, (iv), p. 195], combined with the mean value theorem applied

to the divided difference of the complex valued function g(t) = f(re’), we immediately get
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‘jn(f)(z) - f('z)' < CTW2(f§ 1/”)8@
CT 1
< *Hg ||[0,27r]

C
— (171 + 1771

<

C,
< Z\ck\krk 1+Z|ck| — 1)krk
k=2

k=1
C
<=3 ) el - Kk
n
k=1

Note that here, the constant . depends only on r and is different at each occurrence.

It is worth noting here that the above estimate corrects a little the constant in the estimate
in [2, Corollary 3.1.11, (i)] (where instead of Y, |cx| - k% - ¥ we got the incorrect constant
> oy lek] - k(k — 1) - r*=2, which appears because in [2, p. 196] we used the incorrect estimate

1 < 1"
9" 0.2 < 1 Il2)-
Now, if we put above e, instead of f, we easily arrive at

Cr
Inex) = exllr < o5 -2t

for all k, n.
Therefore, for all j < m, it follows
C, . C, . . i Cr 5
HAmmJ |T < ﬁm%ﬂm +TJ 3 ﬁ(m —])27“m J +rm J . ﬁ]%ﬂ]
< 302r - m2rm,
n
which combined with Theorem 2.1 proves the corollary. O

In what follows, it is natural to ask for the limit
T 27, (F9)(2) — Tu(D(2) () (2)].

By simple calculation, we have (see the indications for the relation after the proof of Corollary
2.1)

n?[Tn(f9)(2) = Tu(£)(2)Tu(9)(2)]

212 z
= {20~ 1Nl + S (FR)" + g

- 4) [TNE = 1)+ 2+ 2

2
3z° ,

- D) | Tl)e) ~ 906) + 50" () + g (2]
+ (564 5500 G - 16 - 1 o)}

2n2 2n n?
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Taking into account the estimate in [2, Theorem 3.1.12, p. 196], applied successively there
for f - g, f and g, passing to the limit it easily follows

T n[7,(£9)(2) — Tu(1)(2)Ta(9) ()] = —32F(2)g/(2).
This suggests us to prove the following Griiss-Voronovskaya-type estimate.
Theorem 4.4. Suppose that 1 < r < Rand f,g : Dr — C are analytic in Dg. Then, for all |z| < r,
there exists a constant C(r, f, g) > 0 depending on r, f, g, such that

322

Tu($9)(2) = Tul D) Tn(9)(2) + 51 (2)'(2) clr.f.9)

3 ,neN.

<
Proof. Firstly, note that we have the decomposition formula

T = TNETDE + S5 1 ()

322 . ¥

= |7(0)6) - 1)) + 55 ()

—f(z) [Jn(g)(z) —g(2) + 322 3z ]

229 (2) + ﬁg/(Z)
~02) |0 ~ )+ 5 )+ s )]
Hol2) = Tul9))] - () — S

Passing to modulus with |z| < r and taking into account the estimates in [2, Theorem 3.1.12,
p- 196] and the estimate in the proof of Corollary 4.7, we get

2
TlF)2) — Tl F)Tn(0) o) + 2 /() (2)

322 z

<|TuF9)(E) ~ (F)() + oy (FR() + 5 (F(g())
212 z
HIG | T10)(2) ~ 9(2) + 5230 (2) + g (2)
2 z
HIE TR = FC) + 550" + 2 f(2)

+Hy(2) = Tl 1)) — 52
<ACLD gy, BTy,

<<,f,>

= n3

(7’ f) C4(T7 g) . 05(7’7 f)

n? n?

foralln € Nand |z| < r, with C(r, f,g) > 0 independent of n and depending on r, f,g. O

In what follows, the above theorem is used to obtain a lower estimate in the Griiss-type
inequality.

Corollary 4.8. Suppose that 1 < r < Rand f,g : Dr — C are analytic in Dg. Then there exists an
ng € N, depending only on r, f and g, such that

1 [3e2s"- gl

17a(£9) = Tn(H)Tn(9)llr = — 5 neNnzng
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Proof. We can write
Tn(f9)(2) = Tu([)(2) Tn(9)(2)
{4 5 [ (R0 - 2EI0E + Erede) | |
Applying to the above identity, the obvious inequality
1+ Glle = [I1F [l = 1G] = [l = Gl
and denoting e>(z) = 22, we obtain

19:009) = Tl = o { 13eaf 91, — 5 [

362
n2

TIn(f9) = Tn(f)Tn(g) + n2 f'd

I}

Since f and g are not constant functions, we easily get ||3e2f'¢’||, > 0.
Taking into account that by Theorem 4.4, we get

362

n® TIn(fg) = Tn()Tn(g) + n2 f'g

<C(rf.9)

s

and that }L — 0, there exists an index n (depending only on 7, f, g), such that for all n > ng,
we have

1 3e 3eaf'qd' |-
seat's'l, = & [0 9ts0) - Tunte) + 22y | | 2 Pl
>0,
which for all n > n implies
L [Beaf'dll
AT RNAUNAGIRSE L A
The corollary is proved. U

As an immediate consequence of Corollary 4.7 and Corollary 4.8, we obtain the following
exact estimate.

Corollary 4.9. Suppose that 1 < r < Rand f,g : Dg — C are analytic in Dg. If f and g are not
constant functions, then there exists ng € N depending only on r, f and g, such that we have

172(£9) = Ta(F)Tn(@)llr ~ =, 1 €N,n > n,

2 )
n
where the constants in the equivalence are independent of n but depend on r, f, g.
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