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ABSTRACT. In the present paper, we consider certain classes of bi-univalent Bazilevi¢ functions with bounded
boundary rotation involving Sdldgean operator to obtain the estimates of their second and third coefficients. Further,
certain special cases are also indicated. Some interesting remarks about the results presented here are also discussed.
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1. INTRODUCTION

Let A denote the class of functions of the form:
(1.1) fz)=2z+ Z anz",
n=2

which are analytic in the open unit disk U = {z € C: |z| < 1}. Further, by S we shall denote
the class of all functions in .4 which are univalent in U. It is well known that every function
f € Shasaninverse f~!, defined by

) =2 (z€0)

and
P @) =w (lol<nin()= 1),
where
(1.2) Hw) = w — agw? + (2@% — a3) w? — (5a§ — basas + a4) w ...

A function f € A is said to be bi-univalent in U if both f and f~! are univalent in U. Let &
denote the class of bi-univalent functions in U given by (1.1). For a brief history and interesting
examples in the class X (see [26]).

For functions f € A, Sdldgean [27] (see also [4] and [28]) defined the linear operator
D" : A— A(meNy=NU{0},N={1,2,3,...}) as follows:

D°f(2) = f(2),
oo
DU () =Df(z) =21 (2) =2+ > nays"
n=2
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and (in general)
(1.3) D™ f(z) =D (D" f(2) —z—i—Zn anz

From (1.3), we can easily deduce that

(1.4) D (2) = 2 (D f(2))
Let P} () be the class of analytic functions p (z) in U normalized by p (0) = 1 and satisfying

(1.5) /0 %

where z = re?, 0 <r < 1,|A| < 5,0 < a < 1and k > 2. The class P} (a) was introduced and
studied by Moulis [16] (see also Aouf [3] and Noor et al. [21]). We note that
(i) PP (0) = Py, is the class of functions have their real parts bounded in the mean on U, intro-
duced by Robertson [25] and studied Pinchuk [24];
(ii) PP (0) = P, is the class of functions introduced by Robertson [25] and he derived a varia-
tional formula for functions in this class;
(iii) PP (o) = Px (), is the class of functions introduced by Padmanabhan and Parvatham [23]
(see also Umarani and Aouf [31]);
(iv) P9 (o) = P («), is the class of functions with positive real part of order o, 0 < o < 1;
(v) P9 (0) = P, is the class of functions having positive real part for z € U.

Using Saldgedn operator D™ and the class Pj;, we now introduce the following subclass of
Bi-Bazilevi¢ analytic functions of the class ¥ as follows:

R{e?p(2)} — acosA

df < kmcos A,
1l—«

Definition 1.1. A function f € X is said to be in the class B (v, 6, b; k) if it satisfies the following
subordination condition:

m = 9 m—+1 2 m 2 é
(1.6) 1+% (1—7)<D f( )) +7DDmeE£))(D f( )) —1| eP,
and

M (w 4 m—+1 w M (w 4
1.7) 1+% (1-7) <D fu( )) +7DD; g(fu)) (D fu( )) —1| e Py,

where g = f~1,b € C* = C\ {0},v,d € C,m € Ny, k > 2 and all powers are understood as principle
values.

Taking additional choices of m,~, d, k and b, the class BY (v, J, b; k) reduces to the following
subclasses of X:

(i) BE, (7,0, 1;k) = Bs, (v, 6; k)

ey g
)

(1) enf
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(ii) BS: (7,0,1 —1;2) = Bs (7,6,1) (0 < n < 1) (see [15] for f € A)(see also [29])
fremafun (1) £ (1))
i i1 (222) ) (s}
(iif) B%: (v, 1,1;k) = By (v; k)

{fEE:(lv)

f(z)

z

+7f (2) € Py and <1w>‘c’7(7w)+vg’ (w) em};

(iv) BE (7,1,1 —1;2) = Bs (7,1) (0 < 1 < 1) (see [10] for f € A)
z{erzé)%{(l—fy)f(z)

z

(w)

#af ()] > nand 019 2 4 a6 )} >

(v) B (1,6,1 = 1;2) = Bx (6,n) (0 < n < 1) (see [22] for f € A)
’ P ’ 5
dpexn.pl# (f(z)> < pand R4 29 (@) (g(“’)> > b
f(z) z g (w) w
(vi) BY (1,0,b; k) = Sx. (b; k) (see Nasr and Aouf [20] for f € A)

:{f62:1+2<2;;£§)—1> ePkand1+Z<w5;£;))_1> 67%};

(vii) B (1,0,b;2) = Sx. (b) (see Nasr and Aouf [19] for f € A) (see also [5])

B , 1(zf (2) N 1 fwg (w) ,
fresih (9 onmanfiod (2ol

(viii) BL (1,0, b; k) = Cx (b; k) (see Nasr and Aouf [20] for f € A)

_ 12 Lwg (w) ,
_{f62.1+b ) ePkand1+b o w) ePk},

(ix) BL (1,0,b;2) = Cx, (b) (see Nasr and Aouf [18] for f € A) (see also [5])
_ , 12" (2) Lwg (w) ,
= {feE.?R{lJr b () }>Oand§R{1+ b g (w) }>0},
(x) B (1,0,1; k) = Ss, (k) (see Pinchuk [24] for f € A)

_ Q) g wg (W) ,
—{feE. B € P, and o(w) ePk},




142 M. K. Aouf and T. M. Seoudy

(xi) By, (1,0,1; k) = Cx, (k) (see Pinchuk [24] for f € A)

:{f62:1+zf (z>€7?kand1+wg <w)€7’k}§

f(z) g (w)
(xii) B% (1,0,1 — 1:2) = Sz (1) (0 < < 1) (see [9] and [30])
_ (2 (2) wg' (w) ,
_{er.é)%< 15 > >77and%< o(w) ) >77}7
(xiii) By (1,0,1 = 7;2) = Cx (1) (0 <7 < 1) (see [9] and [30])
_ , 2 (2) wy (w) ,
= {feE.éﬁ‘:(l%— ) ) >77and§R<1+ o @) ) >77},
(xiv) B (7,5, (1—a)e ™ cos\; k) =By (7,6, a, A\ k) (\)\| < g,O <a< 1)

et [(l—v)(%z))éﬁ-'yiz;;z()z)(%z))é} —a cos A—isin A
=qfed:

(1—a) cos A € Pk

and

(1—a) cos A

7
etr [(l—v)( g(;u) )6-&-771”5(121;’) (79(5) )6:| —acos A—isin A
€ P

or

- {feE S(1—7) (fiz)>6+vzf/ z) (fiz)Y € Pp (a)

f(z)
and (1—7) <g$))>5 +vm (gsﬂw))& € Py (a)};

(xv) B2 (1,0,be”"* cos \; 2) = S (b) (|)\| < g, be (C*) (see Al-Oboudi and Haidan [2] for f € A)

_ {feEZ%{lerce;;/\ (2;(5) _1>} .
oo (20} o)
(cvi) BY (1,0,be™ cos X:2) = €2 (5) (A < 5,b € C*) (see ALOboudi and Haidan [2] for f € A)
- {f €x: m{1+ bfozA (ZJ{(S)>} -f
and %{H bce(:)\ (wgg(g)>} g 0};
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(xvii) BY (1,0, (1 — @) e cos \; k) = S (k) (|)\\ < g,O <a< 1)
ei)‘zf (2)

— @ Ccos\ —isin A\

_ A C))
= fGE. (1—a)cos)\ € Py

eiA U)g/ (w)
g (w)
(1 —a)cos

— @Ccos\ —isin A\

and € Ps

or

= {f € Z;(ij) € P (o) and wgg(s;}) Py (oz)};

(xviii) BE (1,0, (1 — a) e cos A k) = c (k) (|)\\ < g,() <a< 1)

i Zf” (Z) _
; e <1+ 20 ) — acos\ —isin \

(1 —a)cos

fE € Py

et (1+ w9 (w)) — acos A —isin A
d

g (w)
an (1 —a)cos € P
or
= {feE:l—kZJ{/(S) € P (o) and 1+wgg,(1(uu))) G”P,;\(a)}.

In order to establish our main results, we need the following lemma:
Lemma 1.1. [3, Theorem 5 withp = 1] Ifp(2) =1+ Y ¢,2" € Py () in U, then
n=1

(1.8) len| < (1—a)kcosh  (neN).

The result is sharp. Equality is attained for the odd coefficients and even coefficients, respectively, for the
functions

pr(2) =1+ (1 —a)cos\ e Kk12> G;i) - (1@;2) (Tj) —1}7
m =t a-mene [(52) (15) - (55) (1H5) 1]

Remark 1.1. For A = o = 0 in Lemma 1.1, we obtain the result obtained by Goswami et al. [11] for
the class Py,.
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Lewin [13] defined the class of bi-univalent functions and obtained the bound for the sec-
ond coefficient. Brannan and Taha [9] considered certain subclasses of bi-univalent functions,
similar to the familiar subclasses of univalent functions consisting of strongly starlike, starlike
and convex functions. They introduced the concept of bi-starlike functions and the bi-convex
functions, and obtained estimates for the initial coefficients. Recently, Srivastava et al. [26],
Ali et al. [1], Frasin and Aouf [10], Goyal and Goswami [12] and many others (see [6], [7], [8],
[14], [17] and [32]) have introduced and investigated subclasses of bi-univalent functions and
obtained non-sharp bounds for the initial coefficients.

In the present paper, we estimates on the coefficients for second and third coefficients for the
functions in the subclass BY (v, 6, b; k) and its special subclasses.

2. MAIN RESULTS

Unless otherwise mentioned, we assume throughout this paper that g = f~1,b € C*,~,
0 € C,k>2,me Ny and all powers are understood as principle values.

Theorem 2.1. Let f(z) given by (1.1) belongs to the class BE (v, 0, b; k) with 6 # 1 — 2237"11, 0 # —v
and § # —2~, then

. b k |b] k
29 as| < min ,
@9) la] < {¢K5D2%11+WWM+Zﬂ2mM+7|
and
3m . [0+2[[1-6][blk,
(2.10) las| < blkmin{ 1+ ‘(6_|1§-2+22mﬂ§+fﬁnb‘|z’cl +3"l|ai'§+ﬁ)ll2k ’ }
‘ — am Ylo— 2l
310+ 2 L+ omr 22T [ ?

Proof. If f € BY (7,0, b; k), according to the Definition 1.1, we have

(1—7) (Dmﬁ(z)ys + VD;;}JEZ()Z) (Dmi (2))6 — 1] =p(2)

1
2.11) 1+

and

1
2.12) 1+ =

b w Dmg(w) w

(I—=7) (Dmgw)é + 'meHg (w) (Dmg (w>>6 - 11 =q(w),

where p (z) , ¢ (w) € Py and g = f~!. Using the fact that the functions p (z) and ¢ (w) have the
following Taylor expansions

(2.13) p(2) =1+ prz+pe2® + ...
and
(2.14) q(w)=1+qw+gpu*+ ...
Since
1 D f(2)\° | D" () (D ()’
teg |0 (TEE) T ()

2 -1
(2.15) =1+ (b) 2Magz + (6_2 7) {3"‘&3 + (52227”@%} 224 ..
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and according to (1.2), we have

1 Dg(w))' D" lg(w) (D7g(w)\
1+ (11— (2 —1
+b ( 7)( w ) 7 Dmg(w) w
2 -1
(2.16) =1- (T) 2" aqw + (5—|—b’y) [(2@% —a3) 3™+ (5222’”@%} w? + ...
from (2.13) and (2.14), combined with (2.15) and (2.16), it follows that
(2.17) p o= (T) My,
d+2 d—1
(2.18) p2 = ( —2 7) [Smag + 222ma§} )
)

(2.19) gqQ = - (T) 2™aq,

2 -1
(2.20) @ = (5+b 7) [(2a§ —a3) 3™+ 5222%5} .
Now, from (2.18) and (2.20), we deduce that

b(p2 + q2)
2.21 5=
@21) TG -1 22 + (2)37] (6 + 2v)
and
b(p2 — ¢2)
— 2 _ = @77
(2.22) as —ay = 3 G129 30"
Using (2.21) in (2.22), we obtain
b P2 — Q2 P2 +q2

2.23 =
223 = 5—1—27[(2)37”+(5—1)22m+(2)3m]

From (2.17) and (2.18), we get

(2.24) as p2

_ (0+27) (1 —9)pid
3m (8 + 27) 2(8+7)°
while from (2.19) and (2.20), we deduce that

b (04+27) (6 —1)bg?  2(6 +27)3™bg?
T 3m (5 + o) 2 + 2 |-

3m (6 +2) 2(5+7) 22m (§ + )
Combining (2.17) and (2.21) for the computation of the upper-bound of |az|, and (2.23), (2.24)

and (2.25) for the computation of |a3|, by using Lemma 1.1 (with & = A = 0), we easily find the
estimates of Theorem 2.1. This completes the proof of Theorem 2.1. O

(2.25) as

—q2

Taking m = 0 and b = 1 in Theorem 2.1, we obtain the following result for the functions
belonging to the class B (7, d; k).

Corollary 2.1. Let f(z) given by (1.1) belongs to the class By, (v, d; k) with 6 # —1, § # —v and

0 #£ —2~, then
|a2| < min 2k , i
[0+ 11164+ 2] |6 + |
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and

k 2 5+ 29| |1 — 6|k 5+ 2916+ 3| k
al < —F il 14 82l 2| q \+7\|+23| .
0 + 2] |0+ 1] 210+l 216 + |

Takingm = 0,b =1—-7(0 <7 < 1) and k = 2 in Theorem 2.1, we obtain the following result
for the functions belonging to the class By, (v, d,7).

Corollary 2.2. Let f(z) given by (1.1) belongs to the class Bs (v,0,n) with0 < n < 1,5 # —1,

0 # —vyand § # —2~, then
. 4(—=n) 2(1-n)
<
|“2|—mm{ S+ 116 +29] 6 +7]

and

20=m) {1+ 2 M+2vH—ﬂHl—m_L+M+2ﬂ5+3(l—m}.

a3| < ———min 1+ ;
< Ty 5 1] 5 1P 5P

Takingm =0, =1,b=1-7(0 <75 < 1) and k = 2 in Theorem 2.1, we obtain the following
corollary which improves the result of Frasin and Aouf [10, Theorem 3.2].
Corollary 2.3. Let f(z) given by (1.1) belongs to the class Bx; (y,n) with0 < n < 1, v # —1 and
v # —3, then

2(1-7n) 2(1-n)
2y +1]7 [y +1]

las| < min{

and

|a3|< 2(1_77)

T2y + 1]

42 1 (1 —
min<q 2,1+ 12y + |(2 n) .
Iy + 1]

Takingm =0,y =1,b=1-7n(0 <7 < 1)and k = 2in Theorem 2.1, we obtain the following
result for the functions belonging to the class By, (4, n).

Corollary 2.4. Let f(z) given by (1.1) belongs to the class By, (6,n) with § # —1 and 6 # —2, then

. 4(l—-n) 2(1-n)
<
|“2|—mm{ S+1[6+2] [6+1]

and

a <7 ) b
Jos] < 6+ 1] TENTE 6+ 1P

2§;$Hm{y+ 2 6+2u—ﬂa—mi+w+mw+mu—m},

Taking 6 = m = 0,7 = 1 and k¥ = 2 in Theorem 2.1, we obtain the following result for the
functions belonging to the class Sy, (b) .

Corollary 2.5. Let f(z) given by (1.1) belongs to the class Sx. (b), then

laz] < min {v/2]0], 26/}

and
las| < b min{3,1+21b|}.

Taking § = 0,m = 1,7 = 1 and k = 2 in Theorem 2.1, we obtain the following result for the
functions belonging to the class Cs; (b).
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Corollary 2.6. Let f(z) given by (1.1) belongs to the class Cs; (b), then

|@|gmm{¢ﬁmm}

las| < %min{&l +21bl}.

and

Takingm = 0and b = (1 — a) e~ cos A (|/\\ < %, 0<ax< 1) in Theorem 2.1, we obtain the
following result for the functions belonging to the class Bs; (7,0, @, A; k).

Corollary 2.7. Let f(z) given by (1.1) belongs to the class By, (v, 9, e, \; k) with § # —1, 6 # —~ and
& #£ —2~, then

4] < min 2k (1 —a)cosA k(1 —a)cosA
2= B+1[[0+29]"  [0+1]

and

las| <

2 . [64+27]|(1—0)|k(1—a) cos A ,
k(= a)cosd in{ t |5+1|’1|(:2 [o+5lk( a0 s }
v —a) cos
|0 + 27| 1+ ST

Takingm = 6 = 0,7 = 1,k = 2 and b — be~* cos A (|)\| < g,O <a< 1) in Theorem 2.1, we
obtain the following result for the functions belonging to the class S3 (b).

Corollary 2.8. Let f(z) given by (1.1) belongs to the class S (b), then

|az| < min {\/2 |b] cos A, 2 || cos /\}

and
las| < |b] cos A min{3,1+ 2|b|cos A}.

Takingm =~ =1,6 = 0,k = 2and b — be~** cos A (|/\| < g,O <a< 1) in Theorem 2.1, we
obtain the following result for the functions belonging to the class C: (b).

Corollary 2.9. Let f(z) given by (1.1) belongs to the class C3 (b), then

|a2| < min {\/ |b| cos A, |b| cos )\}

|b] cos A
3

and
las] <

min {4, 1+ 21]b|cos A}.

Takingd =m =0,y =1land b = (1 — a)e " cos A (\)\| < g,() <a< 1) in Theorem 2.1, we

obtain the following result for the functions belonging to the class S}, (k).

Corollary 2.10. Let f(z) given by (1.1) belongs to the class S (k) (|)\| < g,O <a< 1>, then

las| < min{\/k(l —a)cos A\ k(1 fa)cos)\}

and
k(1 —a)cos

2
Taking§ =0,y =m =land b = (1 — a)e " cos A (\)\| < g,O <a< 1) in Theorem 2.1, we

obtain the following result for the functions belonging to the class C, (k).

las| < min {3,1+ k(1 — a)cosA}.



148 M. K. Aouf and T. M. Seoudy

Corollary 2.11. Let f(z) given by (1.1) belongs to the class C) (k) <|)\| < go <a< 1), then

kE(1—a)cosA k(1 —a)cosA
2 ’ 2

|a2| < min

and
k(1 —a)cosA

G min{4,1+ k(1 — a)cosA}.

laz| <
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